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0 Motivation
@ What are entangled states useful for?



What are entangled states useful for?

@ Entangled states are useful, but not all of them are useful for
some task.

@ Entanglement is needed for beating the shot-noise limit in
quantum metrology.

@ Intriguing questions:

e Can a quantum state become useful metrologically, if an ancilla or a
second copy is added?

e How to find the local Hamiltonian, for which a quantum state is the
most useful compared to separable states?



What are entangled states useful for?

PPT states
separable
states
metrologically local states

useless

Téth and Vértesi, Phys. Rev. Lett. 2018.



@ Bacground
@ Quantum Fisher information



Quantum metrology

@ Fundamental task in metrology

0 U (6)=exp(—id0) op

@ We have to estimate 6 in the dynamics

U = exp(—IiA¥b).



The quantum Fisher information

@ Cramér-Rao bound on the precision of parameter estimation

1
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where where m is the number of independent repetitions and
Falo, A] is the quantum Fisher information.

@ The quantum Fisher information is

(/\k /\/) |

Falo, Al = 22 (kIA[D),

where o = >, A¢|k) (k|



Error propagation formula

@ Measure an operator M to get the estimate 6. The error
propagation formula is

(A0)2 — (AMy?

06 (M)[2*

e tana=0,(M)|,_,

» 0




Relation between (Af)? and the error propagation

formula (A6)3,

@ The relation ]
2 2
(A0)" > E(AG) Mopt

holds, where m is the number of independent repetitions and M
is the optimal observable.

@ The relation can be saturated if mis large and the distribution
fulfills certain requirements.
L. Pezze, A. Smerzi, M. K. Oberthaler, R. Schmied, and P. Treutlein, Rev. Mod.
Phys. 2018.

@ Morover,

P 1
(Ae) Mopt FQ[Qv A] .
M. Hotta and M. Ozawa, Phys. Rev. A 2004; B. M. Escher, arXiv:1212.2533; F.
Fréwis, R. Schmied, and N. Gisin, Phys. Rev. A 2015. For a summary, see, e.g.,
the Supplemental Material of Téth, Vértesi, Horodecki, Horodecki, PRL 2020.



Special case A = J,

@ The operator A is defined as

N
A=J = Zjl(”), le{x,y,z}.
n=1

@ Magnetometry with a linear interferometer




© Bacground

@ Recent findings on the quantum Fisher information



Properties of the Fisher information

Many bounds on the quantum Fisher information can be derived from
these simple properties:

@ For pure states, it equals four times the variance,

FIIW) (W], Al = 4(AA),.

@ For mixed states, it is convex.



The quantum Fisher information vs. entanglement

@ For separable states
Falo. ] <N, I=xy,z

[Pezze, Smerzi, Phys. Rev. Lett. 102, 100401 (2009); Hyllus, Glihne, Smerzi,
Phys. Rev. A 82, 012337 (2010)]

@ For states with at most k-particle entanglement (k is divisor of N)
FO[Qv J/] < KN.

[P. Hyllus et al., Phys. Rev. A 85, 022321 (2012); GT, Phys. Rev. A 85, 022322
(2012)].

@ Macroscopic superpositions (e.g, GHZ states, Dicke states)

Fale, Ji] o< N2,

[F. Frowis, W. Dir, New J. Phys. 14 093039 (2012).]



Behavior under noise

Even a little uncorrelated local noise leads to shot-noise scaling above
a certain particle number.

The quantum Fisher information is the convex roof over the
purifications of the dynamics

Faleo] = min Fo[|Wy)],
[Wo)
where the purification is |Wy) is related to the state as

09 = Tre(|Wo) (Wol).

[R. Demkowicz-Dobrzanski, J. Kotodynski, M. Guta, Nature Comm. 2012.]




Most important characteristics used for estimation

The quantum Fisher information is the convex roof of the variance
Folo, Al = 4 mi AA?,,
alo, Al pT,'u?kzk:pk( )k

where
0= E P Vi) (Wk|.
K

[GT, D. Petz, Phys. Rev. A 87, 032324 (2013); S. Yu, arXiv1302.5311 (2013);
GT, I. Apellaniz, J. Phys. A: Math. Theor. 47, 424006 (2014)]

@ Extended convexity for non-unitary dynamics.
[S. Alipour, A. T. Rezakhani, Phys. Rev. A 91, 042104 (2015).]



Witnessing the quantum Fisher information based

on few measurements

@ Let us bound the quantum Fisher information based on some

measurements.
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Quantum Fisher information vs. Fidelity with respect to (a) GHZ states
and (b) Dicke states for N = 4,6,12.

[Apellaniz et al., Phys. Rev. A 2017]



Continuity of QFl and QFI for symmetric states

@ Arbitrarily small entanglement can be used to get close to

Heisenberg scaling.
@ The difference between the QFI of two states can be bounded by

the distance of the two states.
@ Bound on the QFI with the geometric measure of entanglement.
[R. Augusiak, J. Kotodynski, A. Streltsov, M. N. Bera, A. Acin, M. Lewenstein,
PRA 2016]
@ Continuity in the non-unitary case:
[A. T. Rezakhani, S. Alipour, M. Hassani, PRA 2019]

@ Random pure states of distinguishable particles typically do not
lead to super-classical scaling of precision.
@ Random states from the symmetric subspace typically achieve the
optimal Heisenberg scaling.
[M. Oszmaniec, R. Augusiak, C. Gogolin, J. Kotodynski, A. Acin, M. Lewenstein,
PRX 2016]



Metrologically useful PPT states

@ Bound entangled states with PPT and some non-PPT partitions.
@ Violates an entanglement criterion with three QFI terms.
[ P. Hyllus, W. Laskowski, R. Krischek, C. Schwemmer, W. Wieczorek, H.
Weinfurter, L. Pezze, and A. Smerzi, PRA 85, 022321 (2012). ]

@ Non-unlockable bound entangled states with PPT and some
non-PPT partitions.

@ Violates the criterion with a single QFI term, better than shot-noise
limit.
[ L. Czekaj, A. Przysiezna, M. Horodecki, P. Horodecki, Phys. Rev. A 92, 062303
(2015). ]

@ Bipartite PPT entangled states can be useful for metrology, and

they are close to be maximally useful for large dimensions.
[ Téth and Vértesi, Phys. Rev. Lett. 2018;

K. F. Pal, G. Téth, E. Bene. T. Vértesi, arxiv 2020. ]



e Metrological gain and the optimal local Hamiltonian
@ Metrological usefulness of a quantum state.



Metrological usefulness

@ Metrological gain for a given Hamiltonian

_ JaloH]

gH(Q) - se )
FP (H)

where J-“Sep)(?-[) is the maximum of the QFI for separable states.

@ Metrological gain optimized over all local Hamiltonians

_ _ Falo, H]
9(e) = a3 90 = I, o)y

@ The metrological gain is convex in the state.
[G. Toth, T. Vertesi, P. Hordecki, R. Horodecki, PRL 2020.]

@ We would like to detmine g.



Metrological usefulness i

@ So we would like optimize over local H the expression

Falo, H]
9(0) = max —= .
local® f.’é p)(H)

@ First observation: we really optimize the QFI over H, but we
normalize it with something meaningful.

@ This is needed, since otherwise H’ = 100X would be better than
H.

@ Second observation: difficult task, since both the numerator and
the denominator depend on H.



Maximally entangled state

@ |t is a difficult task to obtain g(o) and the optimal local Hamiltonian
for any o.

@ As a first step, we consider the d x d maximally entangled state,
which is defined as

|wme)y — nyk k).

@ Due to the symmetry of the state, the optimal Hamiltonian is
H™) = Do1+1®D,
where the diagonal matrix D is given as

D = diag(+1,—-1,+1,—-1,...).



Maximally entangled state Ii

@ For the 3 x 3-case, we consider the noisy quantum state
ot = (1 =PI 4 pu /.

which is useful if

< 25— V177

2 ~ 0.3655.

@ Note that it is entangled if

p<

Wl



Maximally entangled state lll

3x3 4 x4 5x5

Metrology with isotropic states, p is the weight of the maximally
entangled state,

Hgiosl(l))(H(iSO)) _ H(iso) R1+1® (H(iso))*7
(- - - -) Separable states. .

(e » o) Isotropic states for two-body Hamiltonians #5%) (7(is0)), where
#(s0) are chosen randomly.

(- ) Isotropic states with a larger p are useful for metrology.



e Metrological gain and the optimal local Hamiltonian

@ Activation of metrological usefulness



Activation by an ancilla qubit or a second copy

A\[B

a AB

4B
(a) (b)

(a) An ancilla ("a") is added to bipartite state o45.

(b) An additional copy or a different state is added to the state.



Activation by an ancilla qubit

@ Now we consider the previous state, after a pure ancilla qubit is
added

@ Then, with the operator
HE) = 1.2C4 ® 1g + 144 ® Dg,

where an operator acting on the ancilla and A is
9
Can = 54 (20x +02), @ 10)(0]a + L2 @ ([2)(2]a — [1){1]a),
we have g, g (0@9)) > 1 if

p < 0.3752.

@ Hence larger part of the noisy maximally entangled states are
useful in the case with the ancilla (For a single copy, the limit was
p<0.3655.)



Activation by a second copy

@ We consider now two copies of the noisy 3 x 3 maximally
entangled state

(tc) (p) (p)

0" = 0p ® oppr-

@ Then, with the two-copy operator
H(tc) =Da® Dy @ 1gg + 1aa @ D ® Dg,
we have g, (o)) > 1 if
p < 0.4164.
@ Hence larger part of the noisy maximally entangled states are

useful in the two-copy case, than with a single copy. (For a single
copy, the limit was p < 0.3655.)



e Metrological gain and the optimal local Hamiltonian

@ Optimal local Hamiltonian



Method for finding the optimal local Hamiltonian -

Exisiting work for qubits

@ For qubits, the local Hamiltonians with eigenvalues +1 and —1
differ from each other by local unitaries

H="UjoU @1+1® Uso,U}.

@ ltis possible to obtain bounds on the quantum Fisher information.

@ All pure two-qubit entangled states are useful, while not all pure
multi-qubit entangled states are useful.

[ P. Hyllus, O. Giihne, and A. Smerzi, Phys. Rev. A 82, 012337 (2010). ]
@ When looking at }“Q/]-'SEP), the value of ]—"Sep) does not depend
on the particular Hamiltonian. For instance for spin operators
(sep) _
Fq o =N.
[ L. Pezze and A. Smerzi, Phys. Rev. Lett. 2009. ]



Method for finding the optimal local Hamiltonian

for qudits with d > 2

@ The case of qudits is more complicated than the case of qubits,
since the local Hamiltonians cannot be converted to each other by
unitaries.

@ We need to maximize Fq[p, ] over H for a given p.
However, Fq convex in ‘H, maximizing it over # is a difficult task.

@ Instead of the quantum Fisher information, let us consider the
error propagation formula

(AMY?
(M. H])2

which provides a bound on the quantum Fisher information
Falo, H] = 1/(86)%y.

We will now minimize (A8)2,,.

(AH)QM =



Method for finding the optimal Hamiltonian i

@ To be more specific, we use
(ilM, H])5
(AM)?
[ M. G. Paris, Int. J. Quantum Inform. 2009. Used, e.g., in F. Fréwis, R. Schmied,

and N. Gisin, 2015; Used in K. Macieszczak, arXiv:1312.1356; |. Appelaniz et al., NJP
2015.]

Falo, H] = mlax

The maximum over local Hamiltonians can be obtained as

max Fglo, H] = max maxw
local 31~ 9@ local M (AM)2

Similar idea for optimizing over the state, rather than over H :
[ K. Macieszczak, arXiv:1312.1356; K. Macieszczak, M. Fraas, and
R. Demkowicz-Dobrzanski, New J. Phys. 16, 113002 (2014);

Téth and Vértesi, Phys. Rev. Lett. (2018). ]




See-saw algorithm for maximizing the precision

for given ¢, ¢

Random
operator M

maximize over % = %, + ¥,

maximize over M

Note that H4, H> fulfill
chl+H,>0.



Maximize over X

@ We have to maximize
(iM, H]).
@ Simple algebra yields
(iIM, H]) = Tr(A1H1) + Tr(AxHo),

where
An = Treq 23\n(ilo, M])
are operators acting on a single subsytem.

@ Hence, we can maximize (i[M,H]) over 1 and Ho.



Maximize over H Il

@ The optimal H,, is the one that maximizes Tr(A,Hn) under these
constraints. It can straightforwardly be obtained as

HgOpt) = UnDnU;Ln
where the eigendecompisition of A is given as
An — UnDnU,T,

and )
(Dn)k.k = €nS((Dn)k k),
where s(x) = 1if x > 0, and —1 otherwise.

@ Clearly, Hf,"pt) has the same eigenvectors as A, and has only
eigenvalues +c, and —cp,.



Maximize over M

@ For a state g, the best precision is obtained with the operator
given by the symmetric logarithmic derivative

MZZ

Ik (I[(k|AlT),

where

0= Alk)(k
k



Metrological gain for given c;, ¢; and for all ¢;, ¢

@ After several iterations of the two steps above, we obtain the
maximal quantum Fisher information over a certain set of
Hamiltonians.

@ Based on that, we can calculate the quantity
Falo,H1 @1+ 1® Hp)
gC1,02(Q) = max (sep)
Ha,He Fq (e, e)

where we assumed that #,, are constrained with
chl +H, > 0.

@ The separable limit for Hamiltonians of the form
H=Hi1+1RQHsis

FEDH) = 3 [omax(Hn) = owin(Ha)P.
n=1,2

which leads to .FSEP)(Q ,C2) = 4(c? + ¢3). It is a constant.



Metrological gain for given c;, c; and for all ¢y, ¢ |l

@ Then, the gain can be expressed as
g(Q) = mcing1,Cg(Q)7

where the optimization is only over ¢, and, without the loss of
generality, we set
ClH = 1.

@ Why do we do it this way? Because direct maximization of

_ fQ[Qv H]

g =
FoP (M)

over the Hamiltonian is difficult, since both the numerator and the
denominator must be maximized.



Convergence of the method

The precision cannot get worse with the iteration!



Numerical results

@ We remember that the 3 x 3 isotropic state is useful if

p < 25_32 AL 0.3655.

@ Then, we have the following results for activation.

Analytic example | Numerics
Ancilla 0.3752 0.3941
Extra copy | 0.4164 0.4170




Robustness of the metrological usefulness

Q(p) = (1 - p)Q + POnoise

@ Robustness of entanglement: the maximal p for which o(p) is
entangled for any separable gpoise-
[ Vidal and Tarrach, PRA 59, 141 (1999). ]

@ Robustness of metrological usefulness: the maximal p for which
o(p) outperforms separable state for any separable gnoise-



Activating by a separable state

@ Some PPT state can be activated by a pure product state

(PPT) . (sep)
Opg D Opp -

@ The optimal separable state is a pure product state = 2 pure
ancilla qudits.



e Metrological gain and the optimal local Hamiltonian

@ All bipartite pure entangled states are useful



All bipartite pure entangled states are useful |

@ All entangled bipartite pure states are metrologically useful.
@ Proof—For the two-qubit case, see

P. Hyllus, O. Gihne, and A. Smerzi, Phys. Rev. A 82, 012337 (2010).

@ General case, pure state with a Schmidt decomposition
S
W) = oxlk)alk)s,
k=1

where s is the Schmidt number, and the real positive o Schmidt
coefficients are in a descending order.

@ We define

Ha= > [{Hanm — D) {lann,
n=135,....5—1
where § is the largest even number for which s < s, and

|E)anntt = (IMa=£|n+ 1>A)/\/§



All bipartite pure entangled states are useful Il

@ We define Hp in a similar manner.

@ We also define the collective Hamiltonian
Hiap=Ha®1+1Q Hp.

Then, we have (Hg)w = 0.

@ Direct calculation yields

FollV), Hasl = 4(AHag)?y =8 > (on+0n11)?
n=135...51

which is larger than the separable bound, FSQP) = 8, whenever
the Schmidt rank is larger than 1.



All bipartite pure entangled states are useful lll

@ For even s, this can be seen noting that

)
FallV), Hagl >8> of

n=1

holds, where we took into account that o, > 0forn=1,2,3, ...,
and Y 0_,02=1.

@ For odd s, we need that

s—1

S
Fall¥),Has] > 8 (Z 02 + 204 0—2> >8) o2

n=1 n=1

holds, where we used that o10p > 2. [



Infinite number of copies

@ In the infinite copy limit, all bipartite pure entangled states are
maximally useful.

@ For the proof, see the
[ Supplemental Material of Téth, Vértesi, Horodecki, Horodecki, PRL 2020. ]



@ Some entangled quantum states that are not more useful for
metrology than separable states can still be made more useful, if
an ancilla or an additional copy is added.

@ We have shown a general method to get the optimal local
Hamiltonian for a quantum state.

@ All bipartite pure entangled states are useful metrologically. If
infinite number of copies are given, they are maximally useful.

See:
Géza Téth, Tamas Vértesi, Pawet Horodecki, Ryszard Horodecki,
Activating hidden metrological usefulness,
Phys. Rev. Lett. 125, 020402 (2020). (open access)
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