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QUANTUM PARAMETER ESTIMATION

 𝜃

<latexit sha1_base64="rQ+W36tDDEyE85XJBT7nclUiUiY=">AAACGHicbVC7TsMwFHXKq5RXgZHFokIqS5WgChgrWBiLRB9SE1WO67RW7SSybxBV1N9gYIFPYUOsbHwJK06bgbYcydLROffqHh8/FlyDbX9bhbX1jc2t4nZpZ3dv/6B8eNTWUaIoa9FIRKrrE80ED1kLOAjWjRUj0hes449vM7/zyJTmUfgAk5h5kgxDHnBKwEiuq0ZR1YURA3LeL1fsmj0DXiVOTiooR7Nf/nEHEU0kC4EKonXPsWPwUqKAU8GmJTfRLCZ0TIasZ2hIJNNeOss8xWdGGeAgUuaFgGfq342USK0n0jeTksBIL3uZ+K/ny4XLKTxlB/RSHAiuvZSHcQIspPM0QSIwRDhrCQ+4YhTExBBCFTcfwnREFKFguiyZppzlXlZJ+6LmXNbq9/VK4ybvrIhO0CmqIgddoQa6Q03UQhTF6Bm9ojfrxXq3PqzP+WjByneO0QKsr1/zL6EU</latexit>

⇢(✓)
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QUANTUM PARAMETER ESTIMATION

 𝜃

Measurement

<latexit sha1_base64="GsHNhybsisA3/Ecg2UWIcZBSBLk=">AAACF3icbVC7TsMwFHXKq5RXgZElokIqS5WgChgrWBiLRB9SG1WO67RW7Tiyb1Cr0M9gYIFPYUOsjHwJK06bgbYcydLROffqHh8/4kyD43xbubX1jc2t/HZhZ3dv/6B4eNTUMlaENojkUrV9rClnIW0AA07bkaJY+Jy2/NFt6rceqdJMhg8wiagn8CBkASMYjNSJyuOnLgwp4PNeseRUnBnsVeJmpIQy1HvFn25fkljQEAjHWndcJwIvwQoY4XRa6MaaRpiM8IB2DA2xoNpLZpGn9plR+nYglXkh2DP170aChdYT4ZtJgWGol71U/NfzxcLlBMbpAb0UB4JrL2FhFAMNyTxNEHMbpJ2WZPeZogT4xBBMFDMfsskQK0zAVFkwTbnLvayS5kXFvaxU76ul2k3WWR6doFNURi66QjV0h+qogQiS6Bm9ojfrxXq3PqzP+WjOynaO0QKsr19edaDJ</latexit>

p(x|✓)

<latexit sha1_base64="2zRqhtdU9z6EE2SNsKZKScSg6P4=">AAACI3icbVBNS8NAFNzUr1q/ouLJS7AIHkpJSlGPRS8eK9haaEPYbDft0t0k7L5IS+iP8eBFf4o38eLB3+HVTZuDbR1YGGbe482OH3OmwLa/jMLa+sbmVnG7tLO7t39gHh61VZRIQlsk4pHs+FhRzkLaAgacdmJJsfA5ffRHt5n/+ESlYlH4AJOYugIPQhYwgkFLnnky9pzK2KtVev0IlGZpTyRTzyzbVXsGa5U4OSmjHE3P/NH7JBE0BMKxUl3HjsFNsQRGOJ2WeomiMSYjPKBdTUMsqHLTWfypda6VvhVEUr8QrJn6dyPFQqmJ8PWkwDBUy14m/uv5YuFyCuPsgFqKA8G1m7IwToCGZJ4mSLgFkZUVZvWZpAT4RBNMJNMfssgQS0xA11rSTTnLvaySdq3qXFbr9/Vy4ybvrIhO0Rm6QA66Qg10h5qohQhK0TN6RW/Gi/FufBif89GCke8cowUY379tPKTv</latexit>x1, x2, . . . , xµ
Results:

Distribution:
<latexit sha1_base64="rQ+W36tDDEyE85XJBT7nclUiUiY=">AAACGHicbVC7TsMwFHXKq5RXgZHFokIqS5WgChgrWBiLRB9SE1WO67RW7SSybxBV1N9gYIFPYUOsbHwJK06bgbYcydLROffqHh8/FlyDbX9bhbX1jc2t4nZpZ3dv/6B8eNTWUaIoa9FIRKrrE80ED1kLOAjWjRUj0hes449vM7/zyJTmUfgAk5h5kgxDHnBKwEiuq0ZR1YURA3LeL1fsmj0DXiVOTiooR7Nf/nEHEU0kC4EKonXPsWPwUqKAU8GmJTfRLCZ0TIasZ2hIJNNeOss8xWdGGeAgUuaFgGfq342USK0n0jeTksBIL3uZ+K/ny4XLKTxlB/RSHAiuvZSHcQIspPM0QSIwRDhrCQ+4YhTExBBCFTcfwnREFKFguiyZppzlXlZJ+6LmXNbq9/VK4ybvrIhO0CmqIgddoQa6Q03UQhTF6Bm9ojfrxXq3PqzP+WjByneO0QKsr1/zL6EU</latexit>

⇢(✓)

2



QUANTUM PARAMETER ESTIMATION

 𝜃
<latexit sha1_base64="xsH62dURT62W/KIo88TVoVJqknY="></latexit>

✓est(x1, x2, . . . , xµ)

EstimationMeasurement

<latexit sha1_base64="GsHNhybsisA3/Ecg2UWIcZBSBLk=">AAACF3icbVC7TsMwFHXKq5RXgZElokIqS5WgChgrWBiLRB9SG1WO67RW7Tiyb1Cr0M9gYIFPYUOsjHwJK06bgbYcydLROffqHh8/4kyD43xbubX1jc2t/HZhZ3dv/6B4eNTUMlaENojkUrV9rClnIW0AA07bkaJY+Jy2/NFt6rceqdJMhg8wiagn8CBkASMYjNSJyuOnLgwp4PNeseRUnBnsVeJmpIQy1HvFn25fkljQEAjHWndcJwIvwQoY4XRa6MaaRpiM8IB2DA2xoNpLZpGn9plR+nYglXkh2DP170aChdYT4ZtJgWGol71U/NfzxcLlBMbpAb0UB4JrL2FhFAMNyTxNEHMbpJ2WZPeZogT4xBBMFDMfsskQK0zAVFkwTbnLvayS5kXFvaxU76ul2k3WWR6doFNURi66QjV0h+qogQiS6Bm9ojfrxXq3PqzP+WjOynaO0QKsr19edaDJ</latexit>

p(x|✓)

<latexit sha1_base64="2zRqhtdU9z6EE2SNsKZKScSg6P4=">AAACI3icbVBNS8NAFNzUr1q/ouLJS7AIHkpJSlGPRS8eK9haaEPYbDft0t0k7L5IS+iP8eBFf4o38eLB3+HVTZuDbR1YGGbe482OH3OmwLa/jMLa+sbmVnG7tLO7t39gHh61VZRIQlsk4pHs+FhRzkLaAgacdmJJsfA5ffRHt5n/+ESlYlH4AJOYugIPQhYwgkFLnnky9pzK2KtVev0IlGZpTyRTzyzbVXsGa5U4OSmjHE3P/NH7JBE0BMKxUl3HjsFNsQRGOJ2WeomiMSYjPKBdTUMsqHLTWfypda6VvhVEUr8QrJn6dyPFQqmJ8PWkwDBUy14m/uv5YuFyCuPsgFqKA8G1m7IwToCGZJ4mSLgFkZUVZvWZpAT4RBNMJNMfssgQS0xA11rSTTnLvaySdq3qXFbr9/Vy4ybvrIhO0Rm6QA66Qg10h5qohQhK0TN6RW/Gi/FufBif89GCke8cowUY379tPKTv</latexit>x1, x2, . . . , xµ
Results:

Distribution:
<latexit sha1_base64="rQ+W36tDDEyE85XJBT7nclUiUiY=">AAACGHicbVC7TsMwFHXKq5RXgZHFokIqS5WgChgrWBiLRB9SE1WO67RW7SSybxBV1N9gYIFPYUOsbHwJK06bgbYcydLROffqHh8/FlyDbX9bhbX1jc2t4nZpZ3dv/6B8eNTWUaIoa9FIRKrrE80ED1kLOAjWjRUj0hes449vM7/zyJTmUfgAk5h5kgxDHnBKwEiuq0ZR1YURA3LeL1fsmj0DXiVOTiooR7Nf/nEHEU0kC4EKonXPsWPwUqKAU8GmJTfRLCZ0TIasZ2hIJNNeOss8xWdGGeAgUuaFgGfq342USK0n0jeTksBIL3uZ+K/ny4XLKTxlB/RSHAiuvZSHcQIspPM0QSIwRDhrCQ+4YhTExBBCFTcfwnREFKFguiyZppzlXlZJ+6LmXNbq9/VK4ybvrIhO0CmqIgddoQa6Q03UQhTF6Bm9ojfrxXq3PqzP+WjByneO0QKsr1/zL6EU</latexit>

⇢(✓)

2



QUANTUM PARAMETER ESTIMATION

 𝜃
<latexit sha1_base64="xsH62dURT62W/KIo88TVoVJqknY="></latexit>

✓est(x1, x2, . . . , xµ)

EstimationMeasurement

<latexit sha1_base64="GsHNhybsisA3/Ecg2UWIcZBSBLk=">AAACF3icbVC7TsMwFHXKq5RXgZElokIqS5WgChgrWBiLRB9SG1WO67RW7Tiyb1Cr0M9gYIFPYUOsjHwJK06bgbYcydLROffqHh8/4kyD43xbubX1jc2t/HZhZ3dv/6B4eNTUMlaENojkUrV9rClnIW0AA07bkaJY+Jy2/NFt6rceqdJMhg8wiagn8CBkASMYjNSJyuOnLgwp4PNeseRUnBnsVeJmpIQy1HvFn25fkljQEAjHWndcJwIvwQoY4XRa6MaaRpiM8IB2DA2xoNpLZpGn9plR+nYglXkh2DP170aChdYT4ZtJgWGol71U/NfzxcLlBMbpAb0UB4JrL2FhFAMNyTxNEHMbpJ2WZPeZogT4xBBMFDMfsskQK0zAVFkwTbnLvayS5kXFvaxU76ul2k3WWR6doFNURi66QjV0h+qogQiS6Bm9ojfrxXq3PqzP+WjOynaO0QKsr19edaDJ</latexit>

p(x|✓)

<latexit sha1_base64="2zRqhtdU9z6EE2SNsKZKScSg6P4=">AAACI3icbVBNS8NAFNzUr1q/ouLJS7AIHkpJSlGPRS8eK9haaEPYbDft0t0k7L5IS+iP8eBFf4o38eLB3+HVTZuDbR1YGGbe482OH3OmwLa/jMLa+sbmVnG7tLO7t39gHh61VZRIQlsk4pHs+FhRzkLaAgacdmJJsfA5ffRHt5n/+ESlYlH4AJOYugIPQhYwgkFLnnky9pzK2KtVev0IlGZpTyRTzyzbVXsGa5U4OSmjHE3P/NH7JBE0BMKxUl3HjsFNsQRGOJ2WeomiMSYjPKBdTUMsqHLTWfypda6VvhVEUr8QrJn6dyPFQqmJ8PWkwDBUy14m/uv5YuFyCuPsgFqKA8G1m7IwToCGZJ4mSLgFkZUVZvWZpAT4RBNMJNMfssgQS0xA11rSTTnLvaySdq3qXFbr9/Vy4ybvrIhO0Rm6QA66Qg10h5qohQhK0TN6RW/Gi/FufBif89GCke8cowUY379tPKTv</latexit>x1, x2, . . . , xµ
Results:

Distribution:

<latexit sha1_base64="vwBn6Z1jGpOihaOo93RMOB+cCjE="></latexit>

(�✓est)2 � 1
µF(✓)

� 1
µFQ[⇢(✓)]

Objective:


Minimize

<latexit sha1_base64="rQ+W36tDDEyE85XJBT7nclUiUiY=">AAACGHicbVC7TsMwFHXKq5RXgZHFokIqS5WgChgrWBiLRB9SE1WO67RW7SSybxBV1N9gYIFPYUOsbHwJK06bgbYcydLROffqHh8/FlyDbX9bhbX1jc2t4nZpZ3dv/6B8eNTWUaIoa9FIRKrrE80ED1kLOAjWjRUj0hes449vM7/zyJTmUfgAk5h5kgxDHnBKwEiuq0ZR1YURA3LeL1fsmj0DXiVOTiooR7Nf/nEHEU0kC4EKonXPsWPwUqKAU8GmJTfRLCZ0TIasZ2hIJNNeOss8xWdGGeAgUuaFgGfq342USK0n0jeTksBIL3uZ+K/ny4XLKTxlB/RSHAiuvZSHcQIspPM0QSIwRDhrCQ+4YhTExBBCFTcfwnREFKFguiyZppzlXlZJ+6LmXNbq9/VK4ybvrIhO0CmqIgddoQa6Q03UQhTF6Bm9ojfrxXq3PqzP+WjByneO0QKsr1/zL6EU</latexit>

⇢(✓)

<latexit sha1_base64="zPHfGib0TFczu9KknK7VeIWbWQo=">AAACO3icbVA9SwNBEN2L3/ErammzGAQbw52I2giijaWCUSEXwt5mkizZ3Tt258Rw5Ff4ayxs9FdY24mt2LqXRDDRgYHHezPMmxclUlj0/VevMDU9Mzs3v1BcXFpeWS2trV/bODUcqjyWsbmNmAUpNFRRoITbxABTkYSbqHuW6zd3YKyI9RX2Eqgr1taiJThDRzVKu6Fkui2BhtgBZI0sVAw7RmVgsd8PzVA8/pFLZb/iD4r+BcEIlMmoLhqlr7AZ81SBRi6ZtbXAT7CeMYOCS+gXw9RCwniXtaHmoGYKbD0bvNWn245p0lZsXGukA/b3RsaUtT0VucnctJ3UcvJfLVJjlzO8zw/YCTvYOqpnQicpguZDN61UUoxpHiRtCgMcZc8Bxo1wD1HeYYZxdHEXXVLBZC5/wfVeJTio7F/ul09OR5nNk02yRXZIQA7JCTknF6RKOHkgj+SZvHhP3pv37n0MRwveaGeDjJX3+Q2r0a/M</latexit>h✓esti = ✓

2



QUANTUM PARAMETER ESTIMATION

 𝜃
<latexit sha1_base64="xsH62dURT62W/KIo88TVoVJqknY="></latexit>

✓est(x1, x2, . . . , xµ)

EstimationMeasurement

<latexit sha1_base64="GsHNhybsisA3/Ecg2UWIcZBSBLk=">AAACF3icbVC7TsMwFHXKq5RXgZElokIqS5WgChgrWBiLRB9SG1WO67RW7Tiyb1Cr0M9gYIFPYUOsjHwJK06bgbYcydLROffqHh8/4kyD43xbubX1jc2t/HZhZ3dv/6B4eNTUMlaENojkUrV9rClnIW0AA07bkaJY+Jy2/NFt6rceqdJMhg8wiagn8CBkASMYjNSJyuOnLgwp4PNeseRUnBnsVeJmpIQy1HvFn25fkljQEAjHWndcJwIvwQoY4XRa6MaaRpiM8IB2DA2xoNpLZpGn9plR+nYglXkh2DP170aChdYT4ZtJgWGol71U/NfzxcLlBMbpAb0UB4JrL2FhFAMNyTxNEHMbpJ2WZPeZogT4xBBMFDMfsskQK0zAVFkwTbnLvayS5kXFvaxU76ul2k3WWR6doFNURi66QjV0h+qogQiS6Bm9ojfrxXq3PqzP+WjOynaO0QKsr19edaDJ</latexit>

p(x|✓)

<latexit sha1_base64="2zRqhtdU9z6EE2SNsKZKScSg6P4=">AAACI3icbVBNS8NAFNzUr1q/ouLJS7AIHkpJSlGPRS8eK9haaEPYbDft0t0k7L5IS+iP8eBFf4o38eLB3+HVTZuDbR1YGGbe482OH3OmwLa/jMLa+sbmVnG7tLO7t39gHh61VZRIQlsk4pHs+FhRzkLaAgacdmJJsfA5ffRHt5n/+ESlYlH4AJOYugIPQhYwgkFLnnky9pzK2KtVev0IlGZpTyRTzyzbVXsGa5U4OSmjHE3P/NH7JBE0BMKxUl3HjsFNsQRGOJ2WeomiMSYjPKBdTUMsqHLTWfypda6VvhVEUr8QrJn6dyPFQqmJ8PWkwDBUy14m/uv5YuFyCuPsgFqKA8G1m7IwToCGZJ4mSLgFkZUVZvWZpAT4RBNMJNMfssgQS0xA11rSTTnLvaySdq3qXFbr9/Vy4ybvrIhO0Rm6QA66Qg10h5qohQhK0TN6RW/Gi/FufBif89GCke8cowUY379tPKTv</latexit>x1, x2, . . . , xµ
Results:

Distribution:

Quantum system:
<latexit sha1_base64="vwBn6Z1jGpOihaOo93RMOB+cCjE="></latexit>

(�✓est)2 � 1
µF(✓)

� 1
µFQ[⇢(✓)]

Objective:


Minimize

<latexit sha1_base64="rQ+W36tDDEyE85XJBT7nclUiUiY=">AAACGHicbVC7TsMwFHXKq5RXgZHFokIqS5WgChgrWBiLRB9SE1WO67RW7SSybxBV1N9gYIFPYUOsbHwJK06bgbYcydLROffqHh8/FlyDbX9bhbX1jc2t4nZpZ3dv/6B8eNTWUaIoa9FIRKrrE80ED1kLOAjWjRUj0hes449vM7/zyJTmUfgAk5h5kgxDHnBKwEiuq0ZR1YURA3LeL1fsmj0DXiVOTiooR7Nf/nEHEU0kC4EKonXPsWPwUqKAU8GmJTfRLCZ0TIasZ2hIJNNeOss8xWdGGeAgUuaFgGfq342USK0n0jeTksBIL3uZ+K/ny4XLKTxlB/RSHAiuvZSHcQIspPM0QSIwRDhrCQ+4YhTExBBCFTcfwnREFKFguiyZppzlXlZJ+6LmXNbq9/VK4ybvrIhO0CmqIgddoQa6Q03UQhTF6Bm9ojfrxXq3PqzP+WjByneO0QKsr1/zL6EU</latexit>

⇢(✓)

<latexit sha1_base64="zPHfGib0TFczu9KknK7VeIWbWQo=">AAACO3icbVA9SwNBEN2L3/ErammzGAQbw52I2giijaWCUSEXwt5mkizZ3Tt258Rw5Ff4ayxs9FdY24mt2LqXRDDRgYHHezPMmxclUlj0/VevMDU9Mzs3v1BcXFpeWS2trV/bODUcqjyWsbmNmAUpNFRRoITbxABTkYSbqHuW6zd3YKyI9RX2Eqgr1taiJThDRzVKu6Fkui2BhtgBZI0sVAw7RmVgsd8PzVA8/pFLZb/iD4r+BcEIlMmoLhqlr7AZ81SBRi6ZtbXAT7CeMYOCS+gXw9RCwniXtaHmoGYKbD0bvNWn245p0lZsXGukA/b3RsaUtT0VucnctJ3UcvJfLVJjlzO8zw/YCTvYOqpnQicpguZDN61UUoxpHiRtCgMcZc8Bxo1wD1HeYYZxdHEXXVLBZC5/wfVeJTio7F/ul09OR5nNk02yRXZIQA7JCTknF6RKOHkgj+SZvHhP3pv37n0MRwveaGeDjJX3+Q2r0a/M</latexit>h✓esti = ✓

2



State preparation Parameter imprinting

<latexit sha1_base64="blBUI267SucZsOxtB5tUB0mP5ds=">AAACEHicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2Ae0Q8mkmTY0yQxJRixDf8GFG/0Ud+LWP/BL3JppZ2FbDwQO59zLPTlBzJk2rvvtFNbWNza3itulnd29/YPy4VFLR4kitEkiHqlOgDXlTNKmYYbTTqwoFgGn7WB8m/ntR6o0i+SDmcTUF3goWcgINpnUU6OoX664VXcGtEq8nFQgR6Nf/ukNIpIIKg3hWOuu58bGT7EyjHA6LfUSTWNMxnhIu5ZKLKj201nWKTqzygCFkbJPGjRT/26kWGg9EYGdFNiM9LKXif96gVi4nJqn7IBeimPCaz9lMk4MlWSeJkw4MhHK2kEDpigxfGIJJorZDyEywgoTYzss2aa85V5WSeui6l1Wa/e1Sv0m76wIJ3AK5+DBFdThDhrQBAIjeIZXeHNenHfnw/mcjxacfOcYFuB8/QIdtZ4B</latexit>⇢

QUANTUM PARAMETER ESTIMATION

 𝜃
<latexit sha1_base64="xsH62dURT62W/KIo88TVoVJqknY="></latexit>

✓est(x1, x2, . . . , xµ)

EstimationMeasurement

<latexit sha1_base64="GsHNhybsisA3/Ecg2UWIcZBSBLk=">AAACF3icbVC7TsMwFHXKq5RXgZElokIqS5WgChgrWBiLRB9SG1WO67RW7Tiyb1Cr0M9gYIFPYUOsjHwJK06bgbYcydLROffqHh8/4kyD43xbubX1jc2t/HZhZ3dv/6B4eNTUMlaENojkUrV9rClnIW0AA07bkaJY+Jy2/NFt6rceqdJMhg8wiagn8CBkASMYjNSJyuOnLgwp4PNeseRUnBnsVeJmpIQy1HvFn25fkljQEAjHWndcJwIvwQoY4XRa6MaaRpiM8IB2DA2xoNpLZpGn9plR+nYglXkh2DP170aChdYT4ZtJgWGol71U/NfzxcLlBMbpAb0UB4JrL2FhFAMNyTxNEHMbpJ2WZPeZogT4xBBMFDMfsskQK0zAVFkwTbnLvayS5kXFvaxU76ul2k3WWR6doFNURi66QjV0h+qogQiS6Bm9ojfrxXq3PqzP+WjOynaO0QKsr19edaDJ</latexit>

p(x|✓)

<latexit sha1_base64="2zRqhtdU9z6EE2SNsKZKScSg6P4=">AAACI3icbVBNS8NAFNzUr1q/ouLJS7AIHkpJSlGPRS8eK9haaEPYbDft0t0k7L5IS+iP8eBFf4o38eLB3+HVTZuDbR1YGGbe482OH3OmwLa/jMLa+sbmVnG7tLO7t39gHh61VZRIQlsk4pHs+FhRzkLaAgacdmJJsfA5ffRHt5n/+ESlYlH4AJOYugIPQhYwgkFLnnky9pzK2KtVev0IlGZpTyRTzyzbVXsGa5U4OSmjHE3P/NH7JBE0BMKxUl3HjsFNsQRGOJ2WeomiMSYjPKBdTUMsqHLTWfypda6VvhVEUr8QrJn6dyPFQqmJ8PWkwDBUy14m/uv5YuFyCuPsgFqKA8G1m7IwToCGZJ4mSLgFkZUVZvWZpAT4RBNMJNMfssgQS0xA11rSTTnLvaySdq3qXFbr9/Vy4ybvrIhO0Rm6QA66Qg10h5qohQhK0TN6RW/Gi/FufBif89GCke8cowUY379tPKTv</latexit>x1, x2, . . . , xµ
Results:

Distribution:

Quantum system:
<latexit sha1_base64="vwBn6Z1jGpOihaOo93RMOB+cCjE="></latexit>

(�✓est)2 � 1
µF(✓)

� 1
µFQ[⇢(✓)]

Objective:


Minimize

<latexit sha1_base64="rQ+W36tDDEyE85XJBT7nclUiUiY=">AAACGHicbVC7TsMwFHXKq5RXgZHFokIqS5WgChgrWBiLRB9SE1WO67RW7SSybxBV1N9gYIFPYUOsbHwJK06bgbYcydLROffqHh8/FlyDbX9bhbX1jc2t4nZpZ3dv/6B8eNTWUaIoa9FIRKrrE80ED1kLOAjWjRUj0hes449vM7/zyJTmUfgAk5h5kgxDHnBKwEiuq0ZR1YURA3LeL1fsmj0DXiVOTiooR7Nf/nEHEU0kC4EKonXPsWPwUqKAU8GmJTfRLCZ0TIasZ2hIJNNeOss8xWdGGeAgUuaFgGfq342USK0n0jeTksBIL3uZ+K/ny4XLKTxlB/RSHAiuvZSHcQIspPM0QSIwRDhrCQ+4YhTExBBCFTcfwnREFKFguiyZppzlXlZJ+6LmXNbq9/VK4ybvrIhO0CmqIgddoQa6Q03UQhTF6Bm9ojfrxXq3PqzP+WjByneO0QKsr1/zL6EU</latexit>

⇢(✓)

<latexit sha1_base64="zPHfGib0TFczu9KknK7VeIWbWQo=">AAACO3icbVA9SwNBEN2L3/ErammzGAQbw52I2giijaWCUSEXwt5mkizZ3Tt258Rw5Ff4ayxs9FdY24mt2LqXRDDRgYHHezPMmxclUlj0/VevMDU9Mzs3v1BcXFpeWS2trV/bODUcqjyWsbmNmAUpNFRRoITbxABTkYSbqHuW6zd3YKyI9RX2Eqgr1taiJThDRzVKu6Fkui2BhtgBZI0sVAw7RmVgsd8PzVA8/pFLZb/iD4r+BcEIlMmoLhqlr7AZ81SBRi6ZtbXAT7CeMYOCS+gXw9RCwniXtaHmoGYKbD0bvNWn245p0lZsXGukA/b3RsaUtT0VucnctJ3UcvJfLVJjlzO8zw/YCTvYOqpnQicpguZDN61UUoxpHiRtCgMcZc8Bxo1wD1HeYYZxdHEXXVLBZC5/wfVeJTio7F/ul09OR5nNk02yRXZIQA7JCTknF6RKOHkgj+SZvHhP3pv37n0MRwveaGeDjJX3+Q2r0a/M</latexit>h✓esti = ✓

2



State preparation Parameter imprinting

<latexit sha1_base64="blBUI267SucZsOxtB5tUB0mP5ds=">AAACEHicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2Ae0Q8mkmTY0yQxJRixDf8GFG/0Ud+LWP/BL3JppZ2FbDwQO59zLPTlBzJk2rvvtFNbWNza3itulnd29/YPy4VFLR4kitEkiHqlOgDXlTNKmYYbTTqwoFgGn7WB8m/ntR6o0i+SDmcTUF3goWcgINpnUU6OoX664VXcGtEq8nFQgR6Nf/ukNIpIIKg3hWOuu58bGT7EyjHA6LfUSTWNMxnhIu5ZKLKj201nWKTqzygCFkbJPGjRT/26kWGg9EYGdFNiM9LKXif96gVi4nJqn7IBeimPCaz9lMk4MlWSeJkw4MhHK2kEDpigxfGIJJorZDyEywgoTYzss2aa85V5WSeui6l1Wa/e1Sv0m76wIJ3AK5+DBFdThDhrQBAIjeIZXeHNenHfnw/mcjxacfOcYFuB8/QIdtZ4B</latexit>⇢

QUANTUM PARAMETER ESTIMATION

 𝜃
<latexit sha1_base64="xsH62dURT62W/KIo88TVoVJqknY="></latexit>

✓est(x1, x2, . . . , xµ)

EstimationMeasurement

<latexit sha1_base64="GsHNhybsisA3/Ecg2UWIcZBSBLk=">AAACF3icbVC7TsMwFHXKq5RXgZElokIqS5WgChgrWBiLRB9SG1WO67RW7Tiyb1Cr0M9gYIFPYUOsjHwJK06bgbYcydLROffqHh8/4kyD43xbubX1jc2t/HZhZ3dv/6B4eNTUMlaENojkUrV9rClnIW0AA07bkaJY+Jy2/NFt6rceqdJMhg8wiagn8CBkASMYjNSJyuOnLgwp4PNeseRUnBnsVeJmpIQy1HvFn25fkljQEAjHWndcJwIvwQoY4XRa6MaaRpiM8IB2DA2xoNpLZpGn9plR+nYglXkh2DP170aChdYT4ZtJgWGol71U/NfzxcLlBMbpAb0UB4JrL2FhFAMNyTxNEHMbpJ2WZPeZogT4xBBMFDMfsskQK0zAVFkwTbnLvayS5kXFvaxU76ul2k3WWR6doFNURi66QjV0h+qogQiS6Bm9ojfrxXq3PqzP+WjOynaO0QKsr19edaDJ</latexit>

p(x|✓)

<latexit sha1_base64="2zRqhtdU9z6EE2SNsKZKScSg6P4=">AAACI3icbVBNS8NAFNzUr1q/ouLJS7AIHkpJSlGPRS8eK9haaEPYbDft0t0k7L5IS+iP8eBFf4o38eLB3+HVTZuDbR1YGGbe482OH3OmwLa/jMLa+sbmVnG7tLO7t39gHh61VZRIQlsk4pHs+FhRzkLaAgacdmJJsfA5ffRHt5n/+ESlYlH4AJOYugIPQhYwgkFLnnky9pzK2KtVev0IlGZpTyRTzyzbVXsGa5U4OSmjHE3P/NH7JBE0BMKxUl3HjsFNsQRGOJ2WeomiMSYjPKBdTUMsqHLTWfypda6VvhVEUr8QrJn6dyPFQqmJ8PWkwDBUy14m/uv5YuFyCuPsgFqKA8G1m7IwToCGZJ4mSLgFkZUVZvWZpAT4RBNMJNMfssgQS0xA11rSTTnLvaySdq3qXFbr9/Vy4ybvrIhO0Rm6QA66Qg10h5qohQhK0TN6RW/Gi/FufBif89GCke8cowUY379tPKTv</latexit>x1, x2, . . . , xµ
Results:

Distribution:

Quantum system:
<latexit sha1_base64="vwBn6Z1jGpOihaOo93RMOB+cCjE="></latexit>

(�✓est)2 � 1
µF(✓)

� 1
µFQ[⇢(✓)]

Objective:


Minimize

• measurement observable

• initial state

Quantum strategies
Making optimal choices for

<latexit sha1_base64="rQ+W36tDDEyE85XJBT7nclUiUiY=">AAACGHicbVC7TsMwFHXKq5RXgZHFokIqS5WgChgrWBiLRB9SE1WO67RW7SSybxBV1N9gYIFPYUOsbHwJK06bgbYcydLROffqHh8/FlyDbX9bhbX1jc2t4nZpZ3dv/6B8eNTWUaIoa9FIRKrrE80ED1kLOAjWjRUj0hes449vM7/zyJTmUfgAk5h5kgxDHnBKwEiuq0ZR1YURA3LeL1fsmj0DXiVOTiooR7Nf/nEHEU0kC4EKonXPsWPwUqKAU8GmJTfRLCZ0TIasZ2hIJNNeOss8xWdGGeAgUuaFgGfq342USK0n0jeTksBIL3uZ+K/ny4XLKTxlB/RSHAiuvZSHcQIspPM0QSIwRDhrCQ+4YhTExBBCFTcfwnREFKFguiyZppzlXlZJ+6LmXNbq9/VK4ybvrIhO0CmqIgddoQa6Q03UQhTF6Bm9ojfrxXq3PqzP+WjByneO0QKsr1/zL6EU</latexit>

⇢(✓)

<latexit sha1_base64="zPHfGib0TFczu9KknK7VeIWbWQo=">AAACO3icbVA9SwNBEN2L3/ErammzGAQbw52I2giijaWCUSEXwt5mkizZ3Tt258Rw5Ff4ayxs9FdY24mt2LqXRDDRgYHHezPMmxclUlj0/VevMDU9Mzs3v1BcXFpeWS2trV/bODUcqjyWsbmNmAUpNFRRoITbxABTkYSbqHuW6zd3YKyI9RX2Eqgr1taiJThDRzVKu6Fkui2BhtgBZI0sVAw7RmVgsd8PzVA8/pFLZb/iD4r+BcEIlMmoLhqlr7AZ81SBRi6ZtbXAT7CeMYOCS+gXw9RCwniXtaHmoGYKbD0bvNWn245p0lZsXGukA/b3RsaUtT0VucnctJ3UcvJfLVJjlzO8zw/YCTvYOqpnQicpguZDN61UUoxpHiRtCgMcZc8Bxo1wD1HeYYZxdHEXXVLBZC5/wfVeJTio7F/ul09OR5nNk02yRXZIQA7JCTknF6RKOHkgj+SZvHhP3pv37n0MRwveaGeDjJX3+Q2r0a/M</latexit>h✓esti = ✓

2



State preparation Parameter imprinting

<latexit sha1_base64="blBUI267SucZsOxtB5tUB0mP5ds=">AAACEHicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2Ae0Q8mkmTY0yQxJRixDf8GFG/0Ud+LWP/BL3JppZ2FbDwQO59zLPTlBzJk2rvvtFNbWNza3itulnd29/YPy4VFLR4kitEkiHqlOgDXlTNKmYYbTTqwoFgGn7WB8m/ntR6o0i+SDmcTUF3goWcgINpnUU6OoX664VXcGtEq8nFQgR6Nf/ukNIpIIKg3hWOuu58bGT7EyjHA6LfUSTWNMxnhIu5ZKLKj201nWKTqzygCFkbJPGjRT/26kWGg9EYGdFNiM9LKXif96gVi4nJqn7IBeimPCaz9lMk4MlWSeJkw4MhHK2kEDpigxfGIJJorZDyEywgoTYzss2aa85V5WSeui6l1Wa/e1Sv0m76wIJ3AK5+DBFdThDhrQBAIjeIZXeHNenHfnw/mcjxacfOcYFuB8/QIdtZ4B</latexit>⇢

QUANTUM PARAMETER ESTIMATION

 𝜃
<latexit sha1_base64="xsH62dURT62W/KIo88TVoVJqknY="></latexit>

✓est(x1, x2, . . . , xµ)

EstimationMeasurement

<latexit sha1_base64="GsHNhybsisA3/Ecg2UWIcZBSBLk=">AAACF3icbVC7TsMwFHXKq5RXgZElokIqS5WgChgrWBiLRB9SG1WO67RW7Tiyb1Cr0M9gYIFPYUOsjHwJK06bgbYcydLROffqHh8/4kyD43xbubX1jc2t/HZhZ3dv/6B4eNTUMlaENojkUrV9rClnIW0AA07bkaJY+Jy2/NFt6rceqdJMhg8wiagn8CBkASMYjNSJyuOnLgwp4PNeseRUnBnsVeJmpIQy1HvFn25fkljQEAjHWndcJwIvwQoY4XRa6MaaRpiM8IB2DA2xoNpLZpGn9plR+nYglXkh2DP170aChdYT4ZtJgWGol71U/NfzxcLlBMbpAb0UB4JrL2FhFAMNyTxNEHMbpJ2WZPeZogT4xBBMFDMfsskQK0zAVFkwTbnLvayS5kXFvaxU76ul2k3WWR6doFNURi66QjV0h+qogQiS6Bm9ojfrxXq3PqzP+WjOynaO0QKsr19edaDJ</latexit>

p(x|✓)

<latexit sha1_base64="2zRqhtdU9z6EE2SNsKZKScSg6P4=">AAACI3icbVBNS8NAFNzUr1q/ouLJS7AIHkpJSlGPRS8eK9haaEPYbDft0t0k7L5IS+iP8eBFf4o38eLB3+HVTZuDbR1YGGbe482OH3OmwLa/jMLa+sbmVnG7tLO7t39gHh61VZRIQlsk4pHs+FhRzkLaAgacdmJJsfA5ffRHt5n/+ESlYlH4AJOYugIPQhYwgkFLnnky9pzK2KtVev0IlGZpTyRTzyzbVXsGa5U4OSmjHE3P/NH7JBE0BMKxUl3HjsFNsQRGOJ2WeomiMSYjPKBdTUMsqHLTWfypda6VvhVEUr8QrJn6dyPFQqmJ8PWkwDBUy14m/uv5YuFyCuPsgFqKA8G1m7IwToCGZJ4mSLgFkZUVZvWZpAT4RBNMJNMfssgQS0xA11rSTTnLvaySdq3qXFbr9/Vy4ybvrIhO0Rm6QA66Qg10h5qohQhK0TN6RW/Gi/FufBif89GCke8cowUY379tPKTv</latexit>x1, x2, . . . , xµ
Results:

Distribution:

Quantum system:
<latexit sha1_base64="vwBn6Z1jGpOihaOo93RMOB+cCjE="></latexit>

(�✓est)2 � 1
µF(✓)

� 1
µFQ[⇢(✓)]

Objective:


Minimize

• measurement observable

• initial state

Quantum strategies
Making optimal choices for

Fundamental limitation:

Quantum fluctuations

<latexit sha1_base64="rQ+W36tDDEyE85XJBT7nclUiUiY=">AAACGHicbVC7TsMwFHXKq5RXgZHFokIqS5WgChgrWBiLRB9SE1WO67RW7SSybxBV1N9gYIFPYUOsbHwJK06bgbYcydLROffqHh8/FlyDbX9bhbX1jc2t4nZpZ3dv/6B8eNTWUaIoa9FIRKrrE80ED1kLOAjWjRUj0hes449vM7/zyJTmUfgAk5h5kgxDHnBKwEiuq0ZR1YURA3LeL1fsmj0DXiVOTiooR7Nf/nEHEU0kC4EKonXPsWPwUqKAU8GmJTfRLCZ0TIasZ2hIJNNeOss8xWdGGeAgUuaFgGfq342USK0n0jeTksBIL3uZ+K/ny4XLKTxlB/RSHAiuvZSHcQIspPM0QSIwRDhrCQ+4YhTExBBCFTcfwnREFKFguiyZppzlXlZJ+6LmXNbq9/VK4ybvrIhO0CmqIgddoQa6Q03UQhTF6Bm9ojfrxXq3PqzP+WjByneO0QKsr1/zL6EU</latexit>

⇢(✓)

<latexit sha1_base64="zPHfGib0TFczu9KknK7VeIWbWQo=">AAACO3icbVA9SwNBEN2L3/ErammzGAQbw52I2giijaWCUSEXwt5mkizZ3Tt258Rw5Ff4ayxs9FdY24mt2LqXRDDRgYHHezPMmxclUlj0/VevMDU9Mzs3v1BcXFpeWS2trV/bODUcqjyWsbmNmAUpNFRRoITbxABTkYSbqHuW6zd3YKyI9RX2Eqgr1taiJThDRzVKu6Fkui2BhtgBZI0sVAw7RmVgsd8PzVA8/pFLZb/iD4r+BcEIlMmoLhqlr7AZ81SBRi6ZtbXAT7CeMYOCS+gXw9RCwniXtaHmoGYKbD0bvNWn245p0lZsXGukA/b3RsaUtT0VucnctJ3UcvJfLVJjlzO8zw/YCTvYOqpnQicpguZDN61UUoxpHiRtCgMcZc8Bxo1wD1HeYYZxdHEXXVLBZC5/wfVeJTio7F/ul09OR5nNk02yRXZIQA7JCTknF6RKOHkgj+SZvHhP3pv37n0MRwveaGeDjJX3+Q2r0a/M</latexit>h✓esti = ✓
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MODES AND STATES IN QUANTUM OPTICS

What defines the quantum state of light?

<latexit sha1_base64="+b8GyjwJTYnvYGtlOKAT/NXgibk="></latexit>

|↵i = e↵â†�↵⇤â|0i
“where      creates a photon.” 

<latexit sha1_base64="KdTlq6NRFGnCQlhTXrXRWB5I+SU=">AAACH3icbVDLSsNAFJ3UV62vVJdugkVwVRIRdVl047KCfUBTy810kg6dPJi5UUvIp7hwo5/iTtz2S9w6fSxs64GBwzn3cs8cLxFcoW2PjcLa+sbmVnG7tLO7t39glg+bKk4lZQ0ai1i2PVBM8Ig1kKNg7UQyCD3BWt7wduK3nphUPI4ecJSwbghBxH1OAbXUM8vuADCD/DFz+xAETOY9s2JX7SmsVeLMSYXMUe+ZP24/pmnIIqQClOo4doLdDCRyKlheclPFEqBDCFhH0whCprrZNHpunWqlb/mx1C9Ca6r+3cggVGoUenoyBByoZW8i/ut54cLlDF8mB9RSHPSvuxmPkhRZRGdp/FRYGFuTsqw+l4yiGGkCVHL9IYsOQAJFXWlJN+Us97JKmudV57J6cX9Rqd3MOyuSY3JCzohDrkiN3JE6aRBKnskreScfxpvxaXwZ37PRgjHfOSILMMa/reekHQ==</latexit>

â†

3



MODES AND STATES IN QUANTUM OPTICS

What defines the quantum state of light?

<latexit sha1_base64="+b8GyjwJTYnvYGtlOKAT/NXgibk="></latexit>

|↵i = e↵â†�↵⇤â|0i
“where      creates a photon.” 

• Phase

• Number of photons

<latexit sha1_base64="KdTlq6NRFGnCQlhTXrXRWB5I+SU=">AAACH3icbVDLSsNAFJ3UV62vVJdugkVwVRIRdVl047KCfUBTy810kg6dPJi5UUvIp7hwo5/iTtz2S9w6fSxs64GBwzn3cs8cLxFcoW2PjcLa+sbmVnG7tLO7t39glg+bKk4lZQ0ai1i2PVBM8Ig1kKNg7UQyCD3BWt7wduK3nphUPI4ecJSwbghBxH1OAbXUM8vuADCD/DFz+xAETOY9s2JX7SmsVeLMSYXMUe+ZP24/pmnIIqQClOo4doLdDCRyKlheclPFEqBDCFhH0whCprrZNHpunWqlb/mx1C9Ca6r+3cggVGoUenoyBByoZW8i/ut54cLlDF8mB9RSHPSvuxmPkhRZRGdp/FRYGFuTsqw+l4yiGGkCVHL9IYsOQAJFXWlJN+Us97JKmudV57J6cX9Rqd3MOyuSY3JCzohDrkiN3JE6aRBKnskreScfxpvxaXwZ37PRgjHfOSILMMa/reekHQ==</latexit>

â†

3



MODES AND STATES IN QUANTUM OPTICS

What defines the quantum state of light?

<latexit sha1_base64="+b8GyjwJTYnvYGtlOKAT/NXgibk="></latexit>

|↵i = e↵â†�↵⇤â|0i
“where      creates a photon.” 

• Phase

• Number of photons Properties of the (coherent) state

<latexit sha1_base64="5x+cAcklYADe5SDpaCFIr5wjo6o=">AAACN3icbVC7TsMwFHXKq5RXgZHFokKCpUpQBYwVLIxFog+pqSrHvW2t2k5kO4gq6jfwNQws8B1MbIiViRWnzUBbrmTp+Jz7PEHEmTau++7kVlbX1jfym4Wt7Z3dveL+QUOHsaJQpyEPVSsgGjiTUDfMcGhFCogIODSD0U2qNx9AaRbKezOOoCPIQLI+o8RYqls88wMYMJlQ20NPfN8f6ohQSDwqJth+QfYyrVssuWV3GngZeBkooSxq3eKP3wtpLEAayonWbc+NTCchyjDKYVLwYw121ogMoG2hJAJ0J5meNMEnlunhfqjskwZP2b8VCRFaj0VgMwUxQ72opeS/WiDmJifmMR2gF9Yx/atOwmQUG5B0tk0/5tiEODUR95gCavjYAkIVswdhOiSKUGOtLlinvEVflkHjvOxdlCt3lVL1OvMsj47QMTpFHrpEVXSLaqiOKHpCz+gVvTkvzofz6XzNUnNOVnOI5sL5/gWwCq5a</latexit>8>><
>>:

<latexit sha1_base64="KdTlq6NRFGnCQlhTXrXRWB5I+SU=">AAACH3icbVDLSsNAFJ3UV62vVJdugkVwVRIRdVl047KCfUBTy810kg6dPJi5UUvIp7hwo5/iTtz2S9w6fSxs64GBwzn3cs8cLxFcoW2PjcLa+sbmVnG7tLO7t39glg+bKk4lZQ0ai1i2PVBM8Ig1kKNg7UQyCD3BWt7wduK3nphUPI4ecJSwbghBxH1OAbXUM8vuADCD/DFz+xAETOY9s2JX7SmsVeLMSYXMUe+ZP24/pmnIIqQClOo4doLdDCRyKlheclPFEqBDCFhH0whCprrZNHpunWqlb/mx1C9Ca6r+3cggVGoUenoyBByoZW8i/ut54cLlDF8mB9RSHPSvuxmPkhRZRGdp/FRYGFuTsqw+l4yiGGkCVHL9IYsOQAJFXWlJN+Us97JKmudV57J6cX9Rqd3MOyuSY3JCzohDrkiN3JE6aRBKnskreScfxpvxaXwZ37PRgjHfOSILMMa/reekHQ==</latexit>

â†

3



MODES AND STATES IN QUANTUM OPTICS

What defines the quantum state of light?

<latexit sha1_base64="+b8GyjwJTYnvYGtlOKAT/NXgibk="></latexit>

|↵i = e↵â†�↵⇤â|0i
“where      creates a photon.” 

• Phase

• Number of photons

• When?

• Where?

• With which frequency?

But also:

Properties of the (coherent) state
<latexit sha1_base64="5x+cAcklYADe5SDpaCFIr5wjo6o=">AAACN3icbVC7TsMwFHXKq5RXgZHFokKCpUpQBYwVLIxFog+pqSrHvW2t2k5kO4gq6jfwNQws8B1MbIiViRWnzUBbrmTp+Jz7PEHEmTau++7kVlbX1jfym4Wt7Z3dveL+QUOHsaJQpyEPVSsgGjiTUDfMcGhFCogIODSD0U2qNx9AaRbKezOOoCPIQLI+o8RYqls88wMYMJlQ20NPfN8f6ohQSDwqJth+QfYyrVssuWV3GngZeBkooSxq3eKP3wtpLEAayonWbc+NTCchyjDKYVLwYw121ogMoG2hJAJ0J5meNMEnlunhfqjskwZP2b8VCRFaj0VgMwUxQ72opeS/WiDmJifmMR2gF9Yx/atOwmQUG5B0tk0/5tiEODUR95gCavjYAkIVswdhOiSKUGOtLlinvEVflkHjvOxdlCt3lVL1OvMsj47QMTpFHrpEVXSLaqiOKHpCz+gVvTkvzofz6XzNUnNOVnOI5sL5/gWwCq5a</latexit>8>><
>>:

<latexit sha1_base64="KdTlq6NRFGnCQlhTXrXRWB5I+SU=">AAACH3icbVDLSsNAFJ3UV62vVJdugkVwVRIRdVl047KCfUBTy810kg6dPJi5UUvIp7hwo5/iTtz2S9w6fSxs64GBwzn3cs8cLxFcoW2PjcLa+sbmVnG7tLO7t39glg+bKk4lZQ0ai1i2PVBM8Ig1kKNg7UQyCD3BWt7wduK3nphUPI4ecJSwbghBxH1OAbXUM8vuADCD/DFz+xAETOY9s2JX7SmsVeLMSYXMUe+ZP24/pmnIIqQClOo4doLdDCRyKlheclPFEqBDCFhH0whCprrZNHpunWqlb/mx1C9Ca6r+3cggVGoUenoyBByoZW8i/ut54cLlDF8mB9RSHPSvuxmPkhRZRGdp/FRYGFuTsqw+l4yiGGkCVHL9IYsOQAJFXWlJN+Us97JKmudV57J6cX9Rqd3MOyuSY3JCzohDrkiN3JE6aRBKnskreScfxpvxaXwZ37PRgjHfOSILMMa/reekHQ==</latexit>

â†

3



MODES AND STATES IN QUANTUM OPTICS

What defines the quantum state of light?

<latexit sha1_base64="+b8GyjwJTYnvYGtlOKAT/NXgibk="></latexit>

|↵i = e↵â†�↵⇤â|0i
“where      creates a photon.” 

• Phase

• Number of photons

• When?

• Where?

• With which frequency?

But also:

<latexit sha1_base64="BlwUYkozWIR5w7LwXo1Un3Y05EE=">AAACDXicdVDLTgIxFO3gC/GFunTTSExcTToyCOyIblxCIo8ECOmUDjR2OpO2YyQTvsCFG/0Ud8at3+CXuLUDmAjRkzQ5Oefe3NPjRZwpjdCnlVlb39jcym7ndnb39g/yh0ctFcaS0CYJeSg7HlaUM0GbmmlOO5GkOPA4bXt316nfvqdSsVDc6klE+wEeCeYzgrWRGv4gX0B2FRWLlRJEtosq1VLZEMetlktF6NhohgJYoD7If/WGIYkDKjThWKmugyLdT7DUjHA6zfViRSNM7vCIdg0VOKCqn8yCTuGZUYbQD6V5QsOZ+nsjwYFSk8AzkwHWY7XqpeKfnhcsXU70Q3pArcTRfqWfMBHFmgoyT+PHHOoQptXAIZOUaD4xBBPJzIcgGWOJiTYF5kxTP3XA/0nrwnYubbfhFmpXi86y4AScgnPggDKogRtQB01AAAWP4Bm8WE/Wq/Vmvc9HM9Zi5xgswfr4BiminP4=</latexit>

f

<latexit sha1_base64="FW7imSkIFzR7rjLNujJsrq0vHS4="></latexit>8>><
>>: Properties of the mode

Properties of the (coherent) state
<latexit sha1_base64="5x+cAcklYADe5SDpaCFIr5wjo6o=">AAACN3icbVC7TsMwFHXKq5RXgZHFokKCpUpQBYwVLIxFog+pqSrHvW2t2k5kO4gq6jfwNQws8B1MbIiViRWnzUBbrmTp+Jz7PEHEmTau++7kVlbX1jfym4Wt7Z3dveL+QUOHsaJQpyEPVSsgGjiTUDfMcGhFCogIODSD0U2qNx9AaRbKezOOoCPIQLI+o8RYqls88wMYMJlQ20NPfN8f6ohQSDwqJth+QfYyrVssuWV3GngZeBkooSxq3eKP3wtpLEAayonWbc+NTCchyjDKYVLwYw121ogMoG2hJAJ0J5meNMEnlunhfqjskwZP2b8VCRFaj0VgMwUxQ72opeS/WiDmJifmMR2gF9Yx/atOwmQUG5B0tk0/5tiEODUR95gCavjYAkIVswdhOiSKUGOtLlinvEVflkHjvOxdlCt3lVL1OvMsj47QMTpFHrpEVXSLaqiOKHpCz+gVvTkvzofz6XzNUnNOVnOI5sL5/gWwCq5a</latexit>8>><
>>:

<latexit sha1_base64="KdTlq6NRFGnCQlhTXrXRWB5I+SU=">AAACH3icbVDLSsNAFJ3UV62vVJdugkVwVRIRdVl047KCfUBTy810kg6dPJi5UUvIp7hwo5/iTtz2S9w6fSxs64GBwzn3cs8cLxFcoW2PjcLa+sbmVnG7tLO7t39glg+bKk4lZQ0ai1i2PVBM8Ig1kKNg7UQyCD3BWt7wduK3nphUPI4ecJSwbghBxH1OAbXUM8vuADCD/DFz+xAETOY9s2JX7SmsVeLMSYXMUe+ZP24/pmnIIqQClOo4doLdDCRyKlheclPFEqBDCFhH0whCprrZNHpunWqlb/mx1C9Ca6r+3cggVGoUenoyBByoZW8i/ut54cLlDF8mB9RSHPSvuxmPkhRZRGdp/FRYGFuTsqw+l4yiGGkCVHL9IYsOQAJFXWlJN+Us97JKmudV57J6cX9Rqd3MOyuSY3JCzohDrkiN3JE6aRBKnskreScfxpvxaXwZ37PRgjHfOSILMMa/reekHQ==</latexit>

â†

3



<latexit sha1_base64="BlwUYkozWIR5w7LwXo1Un3Y05EE=">AAACDXicdVDLTgIxFO3gC/GFunTTSExcTToyCOyIblxCIo8ECOmUDjR2OpO2YyQTvsCFG/0Ud8at3+CXuLUDmAjRkzQ5Oefe3NPjRZwpjdCnlVlb39jcym7ndnb39g/yh0ctFcaS0CYJeSg7HlaUM0GbmmlOO5GkOPA4bXt316nfvqdSsVDc6klE+wEeCeYzgrWRGv4gX0B2FRWLlRJEtosq1VLZEMetlktF6NhohgJYoD7If/WGIYkDKjThWKmugyLdT7DUjHA6zfViRSNM7vCIdg0VOKCqn8yCTuGZUYbQD6V5QsOZ+nsjwYFSk8AzkwHWY7XqpeKfnhcsXU70Q3pArcTRfqWfMBHFmgoyT+PHHOoQptXAIZOUaD4xBBPJzIcgGWOJiTYF5kxTP3XA/0nrwnYubbfhFmpXi86y4AScgnPggDKogRtQB01AAAWP4Bm8WE/Wq/Vmvc9HM9Zi5xgswfr4BiminP4=</latexit>

f“where      creates a photon in the mode   .” 

MODES AND STATES IN QUANTUM OPTICS

What defines the quantum state of light?

<latexit sha1_base64="+b8GyjwJTYnvYGtlOKAT/NXgibk="></latexit>

|↵i = e↵â†�↵⇤â|0i

• Phase

• Number of photons

• When?

• Where?

• With which frequency?

But also:

<latexit sha1_base64="BlwUYkozWIR5w7LwXo1Un3Y05EE=">AAACDXicdVDLTgIxFO3gC/GFunTTSExcTToyCOyIblxCIo8ECOmUDjR2OpO2YyQTvsCFG/0Ud8at3+CXuLUDmAjRkzQ5Oefe3NPjRZwpjdCnlVlb39jcym7ndnb39g/yh0ctFcaS0CYJeSg7HlaUM0GbmmlOO5GkOPA4bXt316nfvqdSsVDc6klE+wEeCeYzgrWRGv4gX0B2FRWLlRJEtosq1VLZEMetlktF6NhohgJYoD7If/WGIYkDKjThWKmugyLdT7DUjHA6zfViRSNM7vCIdg0VOKCqn8yCTuGZUYbQD6V5QsOZ+nsjwYFSk8AzkwHWY7XqpeKfnhcsXU70Q3pArcTRfqWfMBHFmgoyT+PHHOoQptXAIZOUaD4xBBPJzIcgGWOJiTYF5kxTP3XA/0nrwnYubbfhFmpXi86y4AScgnPggDKogRtQB01AAAWP4Bm8WE/Wq/Vmvc9HM9Zi5xgswfr4BiminP4=</latexit>

f

<latexit sha1_base64="FW7imSkIFzR7rjLNujJsrq0vHS4="></latexit>8>><
>>: Properties of the mode

Properties of the (coherent) state
<latexit sha1_base64="5x+cAcklYADe5SDpaCFIr5wjo6o=">AAACN3icbVC7TsMwFHXKq5RXgZHFokKCpUpQBYwVLIxFog+pqSrHvW2t2k5kO4gq6jfwNQws8B1MbIiViRWnzUBbrmTp+Jz7PEHEmTau++7kVlbX1jfym4Wt7Z3dveL+QUOHsaJQpyEPVSsgGjiTUDfMcGhFCogIODSD0U2qNx9AaRbKezOOoCPIQLI+o8RYqls88wMYMJlQ20NPfN8f6ohQSDwqJth+QfYyrVssuWV3GngZeBkooSxq3eKP3wtpLEAayonWbc+NTCchyjDKYVLwYw121ogMoG2hJAJ0J5meNMEnlunhfqjskwZP2b8VCRFaj0VgMwUxQ72opeS/WiDmJifmMR2gF9Yx/atOwmQUG5B0tk0/5tiEODUR95gCavjYAkIVswdhOiSKUGOtLlinvEVflkHjvOxdlCt3lVL1OvMsj47QMTpFHrpEVXSLaqiOKHpCz+gVvTkvzofz6XzNUnNOVnOI5sL5/gWwCq5a</latexit>8>><
>>:

<latexit sha1_base64="KdTlq6NRFGnCQlhTXrXRWB5I+SU=">AAACH3icbVDLSsNAFJ3UV62vVJdugkVwVRIRdVl047KCfUBTy810kg6dPJi5UUvIp7hwo5/iTtz2S9w6fSxs64GBwzn3cs8cLxFcoW2PjcLa+sbmVnG7tLO7t39glg+bKk4lZQ0ai1i2PVBM8Ig1kKNg7UQyCD3BWt7wduK3nphUPI4ecJSwbghBxH1OAbXUM8vuADCD/DFz+xAETOY9s2JX7SmsVeLMSYXMUe+ZP24/pmnIIqQClOo4doLdDCRyKlheclPFEqBDCFhH0whCprrZNHpunWqlb/mx1C9Ca6r+3cggVGoUenoyBByoZW8i/ut54cLlDF8mB9RSHPSvuxmPkhRZRGdp/FRYGFuTsqw+l4yiGGkCVHL9IYsOQAJFXWlJN+Us97JKmudV57J6cX9Rqd3MOyuSY3JCzohDrkiN3JE6aRBKnskreScfxpvxaXwZ37PRgjHfOSILMMa/reekHQ==</latexit>

â†

3



<latexit sha1_base64="BlwUYkozWIR5w7LwXo1Un3Y05EE=">AAACDXicdVDLTgIxFO3gC/GFunTTSExcTToyCOyIblxCIo8ECOmUDjR2OpO2YyQTvsCFG/0Ud8at3+CXuLUDmAjRkzQ5Oefe3NPjRZwpjdCnlVlb39jcym7ndnb39g/yh0ctFcaS0CYJeSg7HlaUM0GbmmlOO5GkOPA4bXt316nfvqdSsVDc6klE+wEeCeYzgrWRGv4gX0B2FRWLlRJEtosq1VLZEMetlktF6NhohgJYoD7If/WGIYkDKjThWKmugyLdT7DUjHA6zfViRSNM7vCIdg0VOKCqn8yCTuGZUYbQD6V5QsOZ+nsjwYFSk8AzkwHWY7XqpeKfnhcsXU70Q3pArcTRfqWfMBHFmgoyT+PHHOoQptXAIZOUaD4xBBPJzIcgGWOJiTYF5kxTP3XA/0nrwnYubbfhFmpXi86y4AScgnPggDKogRtQB01AAAWP4Bm8WE/Wq/Vmvc9HM9Zi5xgswfr4BiminP4=</latexit>

f“where      creates a photon in the mode   .” 

MODES AND STATES IN QUANTUM OPTICS

What defines the quantum state of light?

<latexit sha1_base64="+b8GyjwJTYnvYGtlOKAT/NXgibk="></latexit>

|↵i = e↵â†�↵⇤â|0i

• Phase

• Number of photons

• When?

• Where?

• With which frequency?

But also:

<latexit sha1_base64="BlwUYkozWIR5w7LwXo1Un3Y05EE=">AAACDXicdVDLTgIxFO3gC/GFunTTSExcTToyCOyIblxCIo8ECOmUDjR2OpO2YyQTvsCFG/0Ud8at3+CXuLUDmAjRkzQ5Oefe3NPjRZwpjdCnlVlb39jcym7ndnb39g/yh0ctFcaS0CYJeSg7HlaUM0GbmmlOO5GkOPA4bXt316nfvqdSsVDc6klE+wEeCeYzgrWRGv4gX0B2FRWLlRJEtosq1VLZEMetlktF6NhohgJYoD7If/WGIYkDKjThWKmugyLdT7DUjHA6zfViRSNM7vCIdg0VOKCqn8yCTuGZUYbQD6V5QsOZ+nsjwYFSk8AzkwHWY7XqpeKfnhcsXU70Q3pArcTRfqWfMBHFmgoyT+PHHOoQptXAIZOUaD4xBBPJzIcgGWOJiTYF5kxTP3XA/0nrwnYubbfhFmpXi86y4AScgnPggDKogRtQB01AAAWP4Bm8WE/Wq/Vmvc9HM9Zi5xgswfr4BiminP4=</latexit>

f

<latexit sha1_base64="FW7imSkIFzR7rjLNujJsrq0vHS4="></latexit>8>><
>>: Properties of the mode

Properties of the (coherent) state
<latexit sha1_base64="5x+cAcklYADe5SDpaCFIr5wjo6o=">AAACN3icbVC7TsMwFHXKq5RXgZHFokKCpUpQBYwVLIxFog+pqSrHvW2t2k5kO4gq6jfwNQws8B1MbIiViRWnzUBbrmTp+Jz7PEHEmTau++7kVlbX1jfym4Wt7Z3dveL+QUOHsaJQpyEPVSsgGjiTUDfMcGhFCogIODSD0U2qNx9AaRbKezOOoCPIQLI+o8RYqls88wMYMJlQ20NPfN8f6ohQSDwqJth+QfYyrVssuWV3GngZeBkooSxq3eKP3wtpLEAayonWbc+NTCchyjDKYVLwYw121ogMoG2hJAJ0J5meNMEnlunhfqjskwZP2b8VCRFaj0VgMwUxQ72opeS/WiDmJifmMR2gF9Yx/atOwmQUG5B0tk0/5tiEODUR95gCavjYAkIVswdhOiSKUGOtLlinvEVflkHjvOxdlCt3lVL1OvMsj47QMTpFHrpEVXSLaqiOKHpCz+gVvTkvzofz6XzNUnNOVnOI5sL5/gWwCq5a</latexit>8>><
>>:

Goal: Identify quantum precision limits and optimal strategies for the estimation of a mode parameter

<latexit sha1_base64="KdTlq6NRFGnCQlhTXrXRWB5I+SU=">AAACH3icbVDLSsNAFJ3UV62vVJdugkVwVRIRdVl047KCfUBTy810kg6dPJi5UUvIp7hwo5/iTtz2S9w6fSxs64GBwzn3cs8cLxFcoW2PjcLa+sbmVnG7tLO7t39glg+bKk4lZQ0ai1i2PVBM8Ig1kKNg7UQyCD3BWt7wduK3nphUPI4ecJSwbghBxH1OAbXUM8vuADCD/DFz+xAETOY9s2JX7SmsVeLMSYXMUe+ZP24/pmnIIqQClOo4doLdDCRyKlheclPFEqBDCFhH0whCprrZNHpunWqlb/mx1C9Ca6r+3cggVGoUenoyBByoZW8i/ut54cLlDF8mB9RSHPSvuxmPkhRZRGdp/FRYGFuTsqw+l4yiGGkCVHL9IYsOQAJFXWlJN+Us97JKmudV57J6cX9Rqd3MOyuSY3JCzohDrkiN3JE6aRBKnskreScfxpvxaXwZ37PRgjHfOSILMMa/reekHQ==</latexit>

â†

3



QUANTUM METROLOGY

<latexit sha1_base64="rQ+W36tDDEyE85XJBT7nclUiUiY=">AAACGHicbVC7TsMwFHXKq5RXgZHFokIqS5WgChgrWBiLRB9SE1WO67RW7SSybxBV1N9gYIFPYUOsbHwJK06bgbYcydLROffqHh8/FlyDbX9bhbX1jc2t4nZpZ3dv/6B8eNTWUaIoa9FIRKrrE80ED1kLOAjWjRUj0hes449vM7/zyJTmUfgAk5h5kgxDHnBKwEiuq0ZR1YURA3LeL1fsmj0DXiVOTiooR7Nf/nEHEU0kC4EKonXPsWPwUqKAU8GmJTfRLCZ0TIasZ2hIJNNeOss8xWdGGeAgUuaFgGfq342USK0n0jeTksBIL3uZ+K/ny4XLKTxlB/RSHAiuvZSHcQIspPM0QSIwRDhrCQ+4YhTExBBCFTcfwnREFKFguiyZppzlXlZJ+6LmXNbq9/VK4ybvrIhO0CmqIgddoQa6Q03UQhTF6Bm9ojfrxXq3PqzP+WjByneO0QKsr1/zL6EU</latexit>

⇢(✓)
Quantum 

Metrology

S. L. Braunstein and C. M. Caves,  
Phys. Rev. Lett. 72, 3439 (1994).


M. G. A. Paris, Int. J. Quant. Inf. 7, 125 (2009).


V. Giovannetti, S. Lloyd and L. Maccone,  
Nat. Phot. 5, 222 (2011).


G. Tóth and I. Apellaniz,  
J. Phys. A 47, 424006 (2014).


L. Pezzé et al.,  
Rev. Mod. Phys. 90, 035005 (2018).
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QUANTUM METROLOGY

<latexit sha1_base64="rQ+W36tDDEyE85XJBT7nclUiUiY=">AAACGHicbVC7TsMwFHXKq5RXgZHFokIqS5WgChgrWBiLRB9SE1WO67RW7SSybxBV1N9gYIFPYUOsbHwJK06bgbYcydLROffqHh8/FlyDbX9bhbX1jc2t4nZpZ3dv/6B8eNTWUaIoa9FIRKrrE80ED1kLOAjWjRUj0hes449vM7/zyJTmUfgAk5h5kgxDHnBKwEiuq0ZR1YURA3LeL1fsmj0DXiVOTiooR7Nf/nEHEU0kC4EKonXPsWPwUqKAU8GmJTfRLCZ0TIasZ2hIJNNeOss8xWdGGeAgUuaFgGfq342USK0n0jeTksBIL3uZ+K/ny4XLKTxlB/RSHAiuvZSHcQIspPM0QSIwRDhrCQ+4YhTExBBCFTcfwnREFKFguiyZppzlXlZJ+6LmXNbq9/VK4ybvrIhO0CmqIgddoQa6Q03UQhTF6Bm9ojfrxXq3PqzP+WjByneO0QKsr1/zL6EU</latexit>

⇢(✓)

Sensitivity limit: 

quantum Cramér-Rao bound

<latexit sha1_base64="eYoqhyVFva1J6oG2EGXQBtzjMFM="></latexit>

(�✓est)2 � 1
F(✓)

� 1
FQ[⇢,H]

<latexit sha1_base64="on4JGeo0kz/iO3nkwGqR4/wS8zA=">AAACLnicbVA9SwNBEN3zM8avqKXNYhC0CXciaikKYpmASYTcEfY2c8ni3oe7c2I4rvXXWNjoTxEsxNZ/YOsmuUKjDwYe780wM89PpNBo22/WzOzc/MJiaam8vLK6tl7Z2GzpOFUcmjyWsbr2mQYpImiiQAnXiQIW+hLa/s35yG/fgdIijq5wmIAXsn4kAsEZGqlboW4fbqkbKMYzJ88uuo2OqwbxnosDQLbv5d1K1a7ZY9C/xClIlRSodytfbi/maQgRcsm07jh2gl7GFAouIS+7qYaE8RvWh46hEQtBe9n4k5zuGqVHg1iZipCO1Z8TGQu1Hoa+6QwZDvS0NxL/9fzw1+YM70cL9NQ5GJx4mYiSFCHik2uCVFKM6Sg72hMKOMqhIYwrYR6ifMBMdGgSLpuknOlc/pLWQc05qh02DqunZ0VmJbJNdsgeccgxOSWXpE6ahJMH8kieyYv1ZL1a79bHpHXGKma2yC9Yn99sw6mN</latexit>

� 1
FQ[⇢(✓)]

Quantum 

Metrology

S. L. Braunstein and C. M. Caves,  
Phys. Rev. Lett. 72, 3439 (1994).


M. G. A. Paris, Int. J. Quant. Inf. 7, 125 (2009).


V. Giovannetti, S. Lloyd and L. Maccone,  
Nat. Phot. 5, 222 (2011).


G. Tóth and I. Apellaniz,  
J. Phys. A 47, 424006 (2014).


L. Pezzé et al.,  
Rev. Mod. Phys. 90, 035005 (2018).
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QUANTUM METROLOGY

<latexit sha1_base64="rQ+W36tDDEyE85XJBT7nclUiUiY=">AAACGHicbVC7TsMwFHXKq5RXgZHFokIqS5WgChgrWBiLRB9SE1WO67RW7SSybxBV1N9gYIFPYUOsbHwJK06bgbYcydLROffqHh8/FlyDbX9bhbX1jc2t4nZpZ3dv/6B8eNTWUaIoa9FIRKrrE80ED1kLOAjWjRUj0hes449vM7/zyJTmUfgAk5h5kgxDHnBKwEiuq0ZR1YURA3LeL1fsmj0DXiVOTiooR7Nf/nEHEU0kC4EKonXPsWPwUqKAU8GmJTfRLCZ0TIasZ2hIJNNeOss8xWdGGeAgUuaFgGfq342USK0n0jeTksBIL3uZ+K/ny4XLKTxlB/RSHAiuvZSHcQIspPM0QSIwRDhrCQ+4YhTExBBCFTcfwnREFKFguiyZppzlXlZJ+6LmXNbq9/VK4ybvrIhO0CmqIgddoQa6Q03UQhTF6Bm9ojfrxXq3PqzP+WjByneO0QKsr1/zL6EU</latexit>

⇢(✓)

Sensitivity limit: 

quantum Cramér-Rao bound

<latexit sha1_base64="eYoqhyVFva1J6oG2EGXQBtzjMFM="></latexit>

(�✓est)2 � 1
F(✓)

� 1
FQ[⇢,H]

<latexit sha1_base64="on4JGeo0kz/iO3nkwGqR4/wS8zA=">AAACLnicbVA9SwNBEN3zM8avqKXNYhC0CXciaikKYpmASYTcEfY2c8ni3oe7c2I4rvXXWNjoTxEsxNZ/YOsmuUKjDwYe780wM89PpNBo22/WzOzc/MJiaam8vLK6tl7Z2GzpOFUcmjyWsbr2mQYpImiiQAnXiQIW+hLa/s35yG/fgdIijq5wmIAXsn4kAsEZGqlboW4fbqkbKMYzJ88uuo2OqwbxnosDQLbv5d1K1a7ZY9C/xClIlRSodytfbi/maQgRcsm07jh2gl7GFAouIS+7qYaE8RvWh46hEQtBe9n4k5zuGqVHg1iZipCO1Z8TGQu1Hoa+6QwZDvS0NxL/9fzw1+YM70cL9NQ5GJx4mYiSFCHik2uCVFKM6Sg72hMKOMqhIYwrYR6ifMBMdGgSLpuknOlc/pLWQc05qh02DqunZ0VmJbJNdsgeccgxOSWXpE6ahJMH8kieyYv1ZL1a79bHpHXGKma2yC9Yn99sw6mN</latexit>

� 1
FQ[⇢(✓)]

Optimal measurement observables

Quantum 

Metrology

S. L. Braunstein and C. M. Caves,  
Phys. Rev. Lett. 72, 3439 (1994).


M. G. A. Paris, Int. J. Quant. Inf. 7, 125 (2009).


V. Giovannetti, S. Lloyd and L. Maccone,  
Nat. Phot. 5, 222 (2011).


G. Tóth and I. Apellaniz,  
J. Phys. A 47, 424006 (2014).


L. Pezzé et al.,  
Rev. Mod. Phys. 90, 035005 (2018).
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QUANTUM METROLOGY

<latexit sha1_base64="rQ+W36tDDEyE85XJBT7nclUiUiY=">AAACGHicbVC7TsMwFHXKq5RXgZHFokIqS5WgChgrWBiLRB9SE1WO67RW7SSybxBV1N9gYIFPYUOsbHwJK06bgbYcydLROffqHh8/FlyDbX9bhbX1jc2t4nZpZ3dv/6B8eNTWUaIoa9FIRKrrE80ED1kLOAjWjRUj0hes449vM7/zyJTmUfgAk5h5kgxDHnBKwEiuq0ZR1YURA3LeL1fsmj0DXiVOTiooR7Nf/nEHEU0kC4EKonXPsWPwUqKAU8GmJTfRLCZ0TIasZ2hIJNNeOss8xWdGGeAgUuaFgGfq342USK0n0jeTksBIL3uZ+K/ny4XLKTxlB/RSHAiuvZSHcQIspPM0QSIwRDhrCQ+4YhTExBBCFTcfwnREFKFguiyZppzlXlZJ+6LmXNbq9/VK4ybvrIhO0CmqIgddoQa6Q03UQhTF6Bm9ojfrxXq3PqzP+WjByneO0QKsr1/zL6EU</latexit>

⇢(✓)

Sensitivity limit: 

quantum Cramér-Rao bound

<latexit sha1_base64="eYoqhyVFva1J6oG2EGXQBtzjMFM="></latexit>

(�✓est)2 � 1
F(✓)

� 1
FQ[⇢,H]
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N: average number of probe particles

(photons, atoms, …)

<latexit sha1_base64="blBUI267SucZsOxtB5tUB0mP5ds=">AAACEHicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2Ae0Q8mkmTY0yQxJRixDf8GFG/0Ud+LWP/BL3JppZ2FbDwQO59zLPTlBzJk2rvvtFNbWNza3itulnd29/YPy4VFLR4kitEkiHqlOgDXlTNKmYYbTTqwoFgGn7WB8m/ntR6o0i+SDmcTUF3goWcgINpnUU6OoX664VXcGtEq8nFQgR6Nf/ukNIpIIKg3hWOuu58bGT7EyjHA6LfUSTWNMxnhIu5ZKLKj201nWKTqzygCFkbJPGjRT/26kWGg9EYGdFNiM9LKXif96gVi4nJqn7IBeimPCaz9lMk4MlWSeJkw4MhHK2kEDpigxfGIJJorZDyEywgoTYzss2aa85V5WSeui6l1Wa/e1Sv0m76wIJ3AK5+DBFdThDhrQBAIjeIZXeHNenHfnw/mcjxacfOcYFuB8/QIdtZ4B</latexit>⇢
<latexit sha1_base64="e3n+whdTm4XbPW+HPe6VpvJLCrs=">AAACF3icbVDLTgIxFO3gC/GFunTTSExckRlD1CXRjUs08khgQjqlQEM7nbR3VDLhM1y40U9xZ9y69Evc2oFZCHiSJifn3Jt7eoJIcAOu++3kVlbX1jfym4Wt7Z3dveL+QcOoWFNWp0oo3QqIYYKHrA4cBGtFmhEZCNYMRtep33xg2nAV3sM4Yr4kg5D3OSVgpXbnjg+GQLRWj91iyS27U+Bl4mWkhDLUusWfTk/RWLIQqCDGtD03Aj8hGjgVbFLoxIZFhI7IgLUtDYlkxk+mkSf4xCo93FfavhDwVP27kRBpzFgGdlISGJpFLxX/9QI5dzmBp/SAWYgD/Us/4WEUAwvpLE0/FhgUTkvCPa4ZBTG2hFDN7YcwHRJNKNgqC7Ypb7GXZdI4K3vn5cptpVS9yjrLoyN0jE6Rhy5QFd2gGqojihR6Rq/ozXlx3p0P53M2mnOynUM0B+frF/qHoSc=</latexit>)
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 𝜃
<latexit sha1_base64="blBUI267SucZsOxtB5tUB0mP5ds=">AAACEHicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2Ae0Q8mkmTY0yQxJRixDf8GFG/0Ud+LWP/BL3JppZ2FbDwQO59zLPTlBzJk2rvvtFNbWNza3itulnd29/YPy4VFLR4kitEkiHqlOgDXlTNKmYYbTTqwoFgGn7WB8m/ntR6o0i+SDmcTUF3goWcgINpnUU6OoX664VXcGtEq8nFQgR6Nf/ukNIpIIKg3hWOuu58bGT7EyjHA6LfUSTWNMxnhIu5ZKLKj201nWKTqzygCFkbJPGjRT/26kWGg9EYGdFNiM9LKXif96gVi4nJqn7IBeimPCaz9lMk4MlWSeJkw4MhHK2kEDpigxfGIJJorZDyEywgoTYzss2aa85V5WSeui6l1Wa/e1Sv0m76wIJ3AK5+DBFdThDhrQBAIjeIZXeHNenHfnw/mcjxacfOcYFuB8/QIdtZ4B</latexit>⇢

<latexit sha1_base64="eYoqhyVFva1J6oG2EGXQBtzjMFM="></latexit>

(�✓est)2 � 1
F(✓)

� 1
FQ[⇢,H]

<latexit sha1_base64="on4JGeo0kz/iO3nkwGqR4/wS8zA=">AAACLnicbVA9SwNBEN3zM8avqKXNYhC0CXciaikKYpmASYTcEfY2c8ni3oe7c2I4rvXXWNjoTxEsxNZ/YOsmuUKjDwYe780wM89PpNBo22/WzOzc/MJiaam8vLK6tl7Z2GzpOFUcmjyWsbr2mQYpImiiQAnXiQIW+hLa/s35yG/fgdIijq5wmIAXsn4kAsEZGqlboW4fbqkbKMYzJ88uuo2OqwbxnosDQLbv5d1K1a7ZY9C/xClIlRSodytfbi/maQgRcsm07jh2gl7GFAouIS+7qYaE8RvWh46hEQtBe9n4k5zuGqVHg1iZipCO1Z8TGQu1Hoa+6QwZDvS0NxL/9fzw1+YM70cL9NQ5GJx4mYiSFCHik2uCVFKM6Sg72hMKOMqhIYwrYR6ifMBMdGgSLpuknOlc/pLWQc05qh02DqunZ0VmJbJNdsgeccgxOSWXpE6ahJMH8kieyYv1ZL1a79bHpHXGKma2yC9Yn99sw6mN</latexit>

� 1
FQ[⇢(✓)]

Classical source state
<latexit sha1_base64="F8pCwg3j6myUxjaO2FdrAL0J5DI=">AAACFXicbVDLSgMxFM3UV62vqks3wSK4KjMi6rIoiCtpwT6kHUomvdOGJjNjkhHL0K9w4UY/xZ24de2XuDXTzsK2HggczrmXe3K8iDOlbfvbyi0tr6yu5dcLG5tb2zvF3b2GCmNJoU5DHsqWRxRwFkBdM82hFUkgwuPQ9IZXqd98BKlYGNzpUQSuIP2A+YwSbaT7626tw+EB33aLJbtsT4AXiZOREspQ7RZ/Or2QxgICTTlRqu3YkXYTIjWjHMaFTqwgInRI+tA2NCAClJtMAo/xkVF62A+leYHGE/XvRkKEUiPhmUlB9EDNe6n4r+eJmcuJfkoPqLk42r9wExZEsYaATtP4Mcc6xGlFuMckUM1HhhAqmfkQpgMiCdWmyIJpypnvZZE0TsrOWfm0dlqqXGad5dEBOkTHyEHnqIJuUBXVEUUCPaNX9Ga9WO/Wh/U5Hc1Z2c4+moH19Qskop+Q</latexit>

FQ  N
<latexit sha1_base64="suLR71/EuVuQXHDGiapdfRThrQ8="></latexit>

(�✓est)2 � 1
N

Standard quantum limit (SQL)

Fluctuations of the vacuum

<latexit sha1_base64="+SVtRt0gGsIBjYPgpvoqZws7E/Q=">AAACDXicbVDLSgMxFM3UV62vqks3wSK4KjNS1GXRjStpwT6gHUomTdvQJDMkd8Qy9AtcuNFPcSdu/Qa/xK2Zdha29UDgcM693JMTRIIbcN1vJ7e2vrG5ld8u7Ozu7R8UD4+aJow1ZQ0ailC3A2KY4Io1gINg7UgzIgPBWsH4NvVbj0wbHqoHmETMl2So+IBTAlaq3/eKJbfszoBXiZeREspQ6xV/uv2QxpIpoIIY0/HcCPyEaOBUsGmhGxsWETomQ9axVBHJjJ/Mgk7xmVX6eBBq+xTgmfp3IyHSmIkM7KQkMDLLXir+6wVy4XICT+kBsxQHBtd+wlUUA1N0nmYQCwwhTqvBfa4ZBTGxhFDN7YcwHRFNKNgCC7Ypb7mXVdK8KHuX5Uq9UqreZJ3l0Qk6RefIQ1eoiu5QDTUQRQw9o1f05rw4786H8zkfzTnZzjFagPP1C3KYnIw=</latexit>

N: average number of probe particles

(photons, atoms, …)

<latexit sha1_base64="blBUI267SucZsOxtB5tUB0mP5ds=">AAACEHicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2Ae0Q8mkmTY0yQxJRixDf8GFG/0Ud+LWP/BL3JppZ2FbDwQO59zLPTlBzJk2rvvtFNbWNza3itulnd29/YPy4VFLR4kitEkiHqlOgDXlTNKmYYbTTqwoFgGn7WB8m/ntR6o0i+SDmcTUF3goWcgINpnUU6OoX664VXcGtEq8nFQgR6Nf/ukNIpIIKg3hWOuu58bGT7EyjHA6LfUSTWNMxnhIu5ZKLKj201nWKTqzygCFkbJPGjRT/26kWGg9EYGdFNiM9LKXif96gVi4nJqn7IBeimPCaz9lMk4MlWSeJkw4MhHK2kEDpigxfGIJJorZDyEywgoTYzss2aa85V5WSeui6l1Wa/e1Sv0m76wIJ3AK5+DBFdThDhrQBAIjeIZXeHNenHfnw/mcjxacfOcYFuB8/QIdtZ4B</latexit>⇢
<latexit sha1_base64="e3n+whdTm4XbPW+HPe6VpvJLCrs=">AAACF3icbVDLTgIxFO3gC/GFunTTSExckRlD1CXRjUs08khgQjqlQEM7nbR3VDLhM1y40U9xZ9y69Evc2oFZCHiSJifn3Jt7eoJIcAOu++3kVlbX1jfym4Wt7Z3dveL+QcOoWFNWp0oo3QqIYYKHrA4cBGtFmhEZCNYMRtep33xg2nAV3sM4Yr4kg5D3OSVgpXbnjg+GQLRWj91iyS27U+Bl4mWkhDLUusWfTk/RWLIQqCDGtD03Aj8hGjgVbFLoxIZFhI7IgLUtDYlkxk+mkSf4xCo93FfavhDwVP27kRBpzFgGdlISGJpFLxX/9QI5dzmBp/SAWYgD/Us/4WEUAwvpLE0/FhgUTkvCPa4ZBTG2hFDN7YcwHRJNKNgqC7Ypb7GXZdI4K3vn5cptpVS9yjrLoyN0jE6Rhy5QFd2gGqojihR6Rq/ozXlx3p0P53M2mnOynUM0B+frF/qHoSc=</latexit>)

Nonclassical source state
<latexit sha1_base64="xKukvCqAEvVgmMHu8vKQvj3jbAk="></latexit>

(�✓est)2 � 1
N2

<latexit sha1_base64="HvSiAqfBO6tWe2lBDJ75sTbVK/Q=">AAACF3icbVDLSgMxFM3UV62vqks3wSK4KjOlqMuiIK6kBfuAdiyZNG1D8xiTjFiGfoYLN/op7sStS7/ErZl2Frb1QOBwzr3ckxOEjGrjut9OZmV1bX0ju5nb2t7Z3cvvHzS0jBQmdSyZVK0AacKoIHVDDSOtUBHEA0aawegq8ZuPRGkqxZ0Zh8TnaCBon2JkrNS+7tY6jDzA2/tSN19wi+4UcJl4KSmAFNVu/qfTkzjiRBjMkNZtzw2NHyNlKGZkkutEmoQIj9CAtC0ViBPtx9PIE3hilR7sS2WfMHCq/t2IEdd6zAM7yZEZ6kUvEf/1Aj53OTZPyQG9EMf0L/yYijAyROBZmn7EoJEwKQn2qCLYsLElCCtqPwTxECmEja0yZ5vyFntZJo1S0TsrlmvlQuUy7SwLjsAxOAUeOAcVcAOqoA4wkOAZvII358V5dz6cz9loxkl3DsEcnK9fZFegNA==</latexit>

FQ  N2 Heisenberg limit (HL)

<latexit sha1_base64="blBUI267SucZsOxtB5tUB0mP5ds=">AAACEHicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2Ae0Q8mkmTY0yQxJRixDf8GFG/0Ud+LWP/BL3JppZ2FbDwQO59zLPTlBzJk2rvvtFNbWNza3itulnd29/YPy4VFLR4kitEkiHqlOgDXlTNKmYYbTTqwoFgGn7WB8m/ntR6o0i+SDmcTUF3goWcgINpnUU6OoX664VXcGtEq8nFQgR6Nf/ukNIpIIKg3hWOuu58bGT7EyjHA6LfUSTWNMxnhIu5ZKLKj201nWKTqzygCFkbJPGjRT/26kWGg9EYGdFNiM9LKXif96gVi4nJqn7IBeimPCaz9lMk4MlWSeJkw4MhHK2kEDpigxfGIJJorZDyEywgoTYzss2aa85V5WSeui6l1Wa/e1Sv0m76wIJ3AK5+DBFdThDhrQBAIjeIZXeHNenHfnw/mcjxacfOcYFuB8/QIdtZ4B</latexit>⇢
<latexit sha1_base64="e3n+whdTm4XbPW+HPe6VpvJLCrs=">AAACF3icbVDLTgIxFO3gC/GFunTTSExckRlD1CXRjUs08khgQjqlQEM7nbR3VDLhM1y40U9xZ9y69Evc2oFZCHiSJifn3Jt7eoJIcAOu++3kVlbX1jfym4Wt7Z3dveL+QcOoWFNWp0oo3QqIYYKHrA4cBGtFmhEZCNYMRtep33xg2nAV3sM4Yr4kg5D3OSVgpXbnjg+GQLRWj91iyS27U+Bl4mWkhDLUusWfTk/RWLIQqCDGtD03Aj8hGjgVbFLoxIZFhI7IgLUtDYlkxk+mkSf4xCo93FfavhDwVP27kRBpzFgGdlISGJpFLxX/9QI5dzmBp/SAWYgD/Us/4WEUAwvpLE0/FhgUTkvCPa4ZBTG2hFDN7YcwHRJNKNgqC7Ypb7GXZdI4K3vn5cptpVS9yjrLoyN0jE6Rhy5QFd2gGqojihR6Rq/ozXlx3p0P53M2mnOynUM0B+frF/qHoSc=</latexit>)

5



QUANTUM METROLOGY

S. L. Braunstein and C. M. Caves,  
Phys. Rev. Lett. 72, 3439 (1994).


M. G. A. Paris, Int. J. Quant. Inf. 7, 125 (2009).


V. Giovannetti, S. Lloyd and L. Maccone,  
Nat. Phot. 5, 222 (2011).


G. Tóth and I. Apellaniz,  
J. Phys. A 47, 424006 (2014).


L. Pezzé et al.,  
Rev. Mod. Phys. 90, 035005 (2018).


 𝜃
<latexit sha1_base64="blBUI267SucZsOxtB5tUB0mP5ds=">AAACEHicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2Ae0Q8mkmTY0yQxJRixDf8GFG/0Ud+LWP/BL3JppZ2FbDwQO59zLPTlBzJk2rvvtFNbWNza3itulnd29/YPy4VFLR4kitEkiHqlOgDXlTNKmYYbTTqwoFgGn7WB8m/ntR6o0i+SDmcTUF3goWcgINpnUU6OoX664VXcGtEq8nFQgR6Nf/ukNIpIIKg3hWOuu58bGT7EyjHA6LfUSTWNMxnhIu5ZKLKj201nWKTqzygCFkbJPGjRT/26kWGg9EYGdFNiM9LKXif96gVi4nJqn7IBeimPCaz9lMk4MlWSeJkw4MhHK2kEDpigxfGIJJorZDyEywgoTYzss2aa85V5WSeui6l1Wa/e1Sv0m76wIJ3AK5+DBFdThDhrQBAIjeIZXeHNenHfnw/mcjxacfOcYFuB8/QIdtZ4B</latexit>⇢

<latexit sha1_base64="eYoqhyVFva1J6oG2EGXQBtzjMFM="></latexit>

(�✓est)2 � 1
F(✓)

� 1
FQ[⇢,H]

<latexit sha1_base64="on4JGeo0kz/iO3nkwGqR4/wS8zA=">AAACLnicbVA9SwNBEN3zM8avqKXNYhC0CXciaikKYpmASYTcEfY2c8ni3oe7c2I4rvXXWNjoTxEsxNZ/YOsmuUKjDwYe780wM89PpNBo22/WzOzc/MJiaam8vLK6tl7Z2GzpOFUcmjyWsbr2mQYpImiiQAnXiQIW+hLa/s35yG/fgdIijq5wmIAXsn4kAsEZGqlboW4fbqkbKMYzJ88uuo2OqwbxnosDQLbv5d1K1a7ZY9C/xClIlRSodytfbi/maQgRcsm07jh2gl7GFAouIS+7qYaE8RvWh46hEQtBe9n4k5zuGqVHg1iZipCO1Z8TGQu1Hoa+6QwZDvS0NxL/9fzw1+YM70cL9NQ5GJx4mYiSFCHik2uCVFKM6Sg72hMKOMqhIYwrYR6ifMBMdGgSLpuknOlc/pLWQc05qh02DqunZ0VmJbJNdsgeccgxOSWXpE6ahJMH8kieyYv1ZL1a79bHpHXGKma2yC9Yn99sw6mN</latexit>

� 1
FQ[⇢(✓)]

Classical source state
<latexit sha1_base64="F8pCwg3j6myUxjaO2FdrAL0J5DI=">AAACFXicbVDLSgMxFM3UV62vqks3wSK4KjMi6rIoiCtpwT6kHUomvdOGJjNjkhHL0K9w4UY/xZ24de2XuDXTzsK2HggczrmXe3K8iDOlbfvbyi0tr6yu5dcLG5tb2zvF3b2GCmNJoU5DHsqWRxRwFkBdM82hFUkgwuPQ9IZXqd98BKlYGNzpUQSuIP2A+YwSbaT7626tw+EB33aLJbtsT4AXiZOREspQ7RZ/Or2QxgICTTlRqu3YkXYTIjWjHMaFTqwgInRI+tA2NCAClJtMAo/xkVF62A+leYHGE/XvRkKEUiPhmUlB9EDNe6n4r+eJmcuJfkoPqLk42r9wExZEsYaATtP4Mcc6xGlFuMckUM1HhhAqmfkQpgMiCdWmyIJpypnvZZE0TsrOWfm0dlqqXGad5dEBOkTHyEHnqIJuUBXVEUUCPaNX9Ga9WO/Wh/U5Hc1Z2c4+moH19Qskop+Q</latexit>

FQ  N
<latexit sha1_base64="suLR71/EuVuQXHDGiapdfRThrQ8="></latexit>

(�✓est)2 � 1
N

Standard quantum limit (SQL)

Fluctuations of the vacuum

<latexit sha1_base64="+SVtRt0gGsIBjYPgpvoqZws7E/Q=">AAACDXicbVDLSgMxFM3UV62vqks3wSK4KjNS1GXRjStpwT6gHUomTdvQJDMkd8Qy9AtcuNFPcSdu/Qa/xK2Zdha29UDgcM693JMTRIIbcN1vJ7e2vrG5ld8u7Ozu7R8UD4+aJow1ZQ0ailC3A2KY4Io1gINg7UgzIgPBWsH4NvVbj0wbHqoHmETMl2So+IBTAlaq3/eKJbfszoBXiZeREspQ6xV/uv2QxpIpoIIY0/HcCPyEaOBUsGmhGxsWETomQ9axVBHJjJ/Mgk7xmVX6eBBq+xTgmfp3IyHSmIkM7KQkMDLLXir+6wVy4XICT+kBsxQHBtd+wlUUA1N0nmYQCwwhTqvBfa4ZBTGxhFDN7YcwHRFNKNgCC7Ypb7mXVdK8KHuX5Uq9UqreZJ3l0Qk6RefIQ1eoiu5QDTUQRQw9o1f05rw4786H8zkfzTnZzjFagPP1C3KYnIw=</latexit>

N: average number of probe particles

(photons, atoms, …)

<latexit sha1_base64="blBUI267SucZsOxtB5tUB0mP5ds=">AAACEHicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2Ae0Q8mkmTY0yQxJRixDf8GFG/0Ud+LWP/BL3JppZ2FbDwQO59zLPTlBzJk2rvvtFNbWNza3itulnd29/YPy4VFLR4kitEkiHqlOgDXlTNKmYYbTTqwoFgGn7WB8m/ntR6o0i+SDmcTUF3goWcgINpnUU6OoX664VXcGtEq8nFQgR6Nf/ukNIpIIKg3hWOuu58bGT7EyjHA6LfUSTWNMxnhIu5ZKLKj201nWKTqzygCFkbJPGjRT/26kWGg9EYGdFNiM9LKXif96gVi4nJqn7IBeimPCaz9lMk4MlWSeJkw4MhHK2kEDpigxfGIJJorZDyEywgoTYzss2aa85V5WSeui6l1Wa/e1Sv0m76wIJ3AK5+DBFdThDhrQBAIjeIZXeHNenHfnw/mcjxacfOcYFuB8/QIdtZ4B</latexit>⇢
<latexit sha1_base64="e3n+whdTm4XbPW+HPe6VpvJLCrs=">AAACF3icbVDLTgIxFO3gC/GFunTTSExckRlD1CXRjUs08khgQjqlQEM7nbR3VDLhM1y40U9xZ9y69Evc2oFZCHiSJifn3Jt7eoJIcAOu++3kVlbX1jfym4Wt7Z3dveL+QcOoWFNWp0oo3QqIYYKHrA4cBGtFmhEZCNYMRtep33xg2nAV3sM4Yr4kg5D3OSVgpXbnjg+GQLRWj91iyS27U+Bl4mWkhDLUusWfTk/RWLIQqCDGtD03Aj8hGjgVbFLoxIZFhI7IgLUtDYlkxk+mkSf4xCo93FfavhDwVP27kRBpzFgGdlISGJpFLxX/9QI5dzmBp/SAWYgD/Us/4WEUAwvpLE0/FhgUTkvCPa4ZBTG2hFDN7YcwHRJNKNgqC7Ypb7GXZdI4K3vn5cptpVS9yjrLoyN0jE6Rhy5QFd2gGqojihR6Rq/ozXlx3p0P53M2mnOynUM0B+frF/qHoSc=</latexit>)

Nonclassical source state
<latexit sha1_base64="xKukvCqAEvVgmMHu8vKQvj3jbAk="></latexit>

(�✓est)2 � 1
N2

<latexit sha1_base64="HvSiAqfBO6tWe2lBDJ75sTbVK/Q=">AAACF3icbVDLSgMxFM3UV62vqks3wSK4KjOlqMuiIK6kBfuAdiyZNG1D8xiTjFiGfoYLN/op7sStS7/ErZl2Frb1QOBwzr3ckxOEjGrjut9OZmV1bX0ju5nb2t7Z3cvvHzS0jBQmdSyZVK0AacKoIHVDDSOtUBHEA0aawegq8ZuPRGkqxZ0Zh8TnaCBon2JkrNS+7tY6jDzA2/tSN19wi+4UcJl4KSmAFNVu/qfTkzjiRBjMkNZtzw2NHyNlKGZkkutEmoQIj9CAtC0ViBPtx9PIE3hilR7sS2WfMHCq/t2IEdd6zAM7yZEZ6kUvEf/1Aj53OTZPyQG9EMf0L/yYijAyROBZmn7EoJEwKQn2qCLYsLElCCtqPwTxECmEja0yZ5vyFntZJo1S0TsrlmvlQuUy7SwLjsAxOAUeOAcVcAOqoA4wkOAZvII358V5dz6cz9loxkl3DsEcnK9fZFegNA==</latexit>

FQ  N2 Heisenberg limit (HL)

<latexit sha1_base64="blBUI267SucZsOxtB5tUB0mP5ds=">AAACEHicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2Ae0Q8mkmTY0yQxJRixDf8GFG/0Ud+LWP/BL3JppZ2FbDwQO59zLPTlBzJk2rvvtFNbWNza3itulnd29/YPy4VFLR4kitEkiHqlOgDXlTNKmYYbTTqwoFgGn7WB8m/ntR6o0i+SDmcTUF3goWcgINpnUU6OoX664VXcGtEq8nFQgR6Nf/ukNIpIIKg3hWOuu58bGT7EyjHA6LfUSTWNMxnhIu5ZKLKj201nWKTqzygCFkbJPGjRT/26kWGg9EYGdFNiM9LKXif96gVi4nJqn7IBeimPCaz9lMk4MlWSeJkw4MhHK2kEDpigxfGIJJorZDyEywgoTYzss2aa85V5WSeui6l1Wa/e1Sv0m76wIJ3AK5+DBFdThDhrQBAIjeIZXeHNenHfnw/mcjxacfOcYFuB8/QIdtZ4B</latexit>⇢
<latexit sha1_base64="e3n+whdTm4XbPW+HPe6VpvJLCrs=">AAACF3icbVDLTgIxFO3gC/GFunTTSExckRlD1CXRjUs08khgQjqlQEM7nbR3VDLhM1y40U9xZ9y69Evc2oFZCHiSJifn3Jt7eoJIcAOu++3kVlbX1jfym4Wt7Z3dveL+QcOoWFNWp0oo3QqIYYKHrA4cBGtFmhEZCNYMRtep33xg2nAV3sM4Yr4kg5D3OSVgpXbnjg+GQLRWj91iyS27U+Bl4mWkhDLUusWfTk/RWLIQqCDGtD03Aj8hGjgVbFLoxIZFhI7IgLUtDYlkxk+mkSf4xCo93FfavhDwVP27kRBpzFgGdlISGJpFLxX/9QI5dzmBp/SAWYgD/Us/4WEUAwvpLE0/FhgUTkvCPa4ZBTG2hFDN7YcwHRJNKNgqC7Ypb7GXZdI4K3vn5cptpVS9yjrLoyN0jE6Rhy5QFd2gGqojihR6Rq/ozXlx3p0P53M2mnOynUM0B+frF/qHoSc=</latexit>)

Applications of quantum enhancements (precision beyond the SQL):

Gravitational wave detectors, atomic clocks and interferometers, …
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QUANTUM METROLOGY

Can we achieve scaling enhancements also for the estimation of mode parameter?

Possible applications: displacement sensing, imaging, timing, spectroscopy, etc

S. L. Braunstein and C. M. Caves,  
Phys. Rev. Lett. 72, 3439 (1994).


M. G. A. Paris, Int. J. Quant. Inf. 7, 125 (2009).


V. Giovannetti, S. Lloyd and L. Maccone,  
Nat. Phot. 5, 222 (2011).


G. Tóth and I. Apellaniz,  
J. Phys. A 47, 424006 (2014).


L. Pezzé et al.,  
Rev. Mod. Phys. 90, 035005 (2018).


 𝜃
<latexit sha1_base64="blBUI267SucZsOxtB5tUB0mP5ds=">AAACEHicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2Ae0Q8mkmTY0yQxJRixDf8GFG/0Ud+LWP/BL3JppZ2FbDwQO59zLPTlBzJk2rvvtFNbWNza3itulnd29/YPy4VFLR4kitEkiHqlOgDXlTNKmYYbTTqwoFgGn7WB8m/ntR6o0i+SDmcTUF3goWcgINpnUU6OoX664VXcGtEq8nFQgR6Nf/ukNIpIIKg3hWOuu58bGT7EyjHA6LfUSTWNMxnhIu5ZKLKj201nWKTqzygCFkbJPGjRT/26kWGg9EYGdFNiM9LKXif96gVi4nJqn7IBeimPCaz9lMk4MlWSeJkw4MhHK2kEDpigxfGIJJorZDyEywgoTYzss2aa85V5WSeui6l1Wa/e1Sv0m76wIJ3AK5+DBFdThDhrQBAIjeIZXeHNenHfnw/mcjxacfOcYFuB8/QIdtZ4B</latexit>⇢

<latexit sha1_base64="eYoqhyVFva1J6oG2EGXQBtzjMFM="></latexit>

(�✓est)2 � 1
F(✓)

� 1
FQ[⇢,H]

<latexit sha1_base64="on4JGeo0kz/iO3nkwGqR4/wS8zA=">AAACLnicbVA9SwNBEN3zM8avqKXNYhC0CXciaikKYpmASYTcEfY2c8ni3oe7c2I4rvXXWNjoTxEsxNZ/YOsmuUKjDwYe780wM89PpNBo22/WzOzc/MJiaam8vLK6tl7Z2GzpOFUcmjyWsbr2mQYpImiiQAnXiQIW+hLa/s35yG/fgdIijq5wmIAXsn4kAsEZGqlboW4fbqkbKMYzJ88uuo2OqwbxnosDQLbv5d1K1a7ZY9C/xClIlRSodytfbi/maQgRcsm07jh2gl7GFAouIS+7qYaE8RvWh46hEQtBe9n4k5zuGqVHg1iZipCO1Z8TGQu1Hoa+6QwZDvS0NxL/9fzw1+YM70cL9NQ5GJx4mYiSFCHik2uCVFKM6Sg72hMKOMqhIYwrYR6ifMBMdGgSLpuknOlc/pLWQc05qh02DqunZ0VmJbJNdsgeccgxOSWXpE6ahJMH8kieyYv1ZL1a79bHpHXGKma2yC9Yn99sw6mN</latexit>

� 1
FQ[⇢(✓)]

Classical source state
<latexit sha1_base64="F8pCwg3j6myUxjaO2FdrAL0J5DI=">AAACFXicbVDLSgMxFM3UV62vqks3wSK4KjMi6rIoiCtpwT6kHUomvdOGJjNjkhHL0K9w4UY/xZ24de2XuDXTzsK2HggczrmXe3K8iDOlbfvbyi0tr6yu5dcLG5tb2zvF3b2GCmNJoU5DHsqWRxRwFkBdM82hFUkgwuPQ9IZXqd98BKlYGNzpUQSuIP2A+YwSbaT7626tw+EB33aLJbtsT4AXiZOREspQ7RZ/Or2QxgICTTlRqu3YkXYTIjWjHMaFTqwgInRI+tA2NCAClJtMAo/xkVF62A+leYHGE/XvRkKEUiPhmUlB9EDNe6n4r+eJmcuJfkoPqLk42r9wExZEsYaATtP4Mcc6xGlFuMckUM1HhhAqmfkQpgMiCdWmyIJpypnvZZE0TsrOWfm0dlqqXGad5dEBOkTHyEHnqIJuUBXVEUUCPaNX9Ga9WO/Wh/U5Hc1Z2c4+moH19Qskop+Q</latexit>

FQ  N
<latexit sha1_base64="suLR71/EuVuQXHDGiapdfRThrQ8="></latexit>

(�✓est)2 � 1
N

Standard quantum limit (SQL)

Fluctuations of the vacuum

<latexit sha1_base64="+SVtRt0gGsIBjYPgpvoqZws7E/Q=">AAACDXicbVDLSgMxFM3UV62vqks3wSK4KjNS1GXRjStpwT6gHUomTdvQJDMkd8Qy9AtcuNFPcSdu/Qa/xK2Zdha29UDgcM693JMTRIIbcN1vJ7e2vrG5ld8u7Ozu7R8UD4+aJow1ZQ0ailC3A2KY4Io1gINg7UgzIgPBWsH4NvVbj0wbHqoHmETMl2So+IBTAlaq3/eKJbfszoBXiZeREspQ6xV/uv2QxpIpoIIY0/HcCPyEaOBUsGmhGxsWETomQ9axVBHJjJ/Mgk7xmVX6eBBq+xTgmfp3IyHSmIkM7KQkMDLLXir+6wVy4XICT+kBsxQHBtd+wlUUA1N0nmYQCwwhTqvBfa4ZBTGxhFDN7YcwHRFNKNgCC7Ypb7mXVdK8KHuX5Uq9UqreZJ3l0Qk6RefIQ1eoiu5QDTUQRQw9o1f05rw4786H8zkfzTnZzjFagPP1C3KYnIw=</latexit>

N: average number of probe particles

(photons, atoms, …)

<latexit sha1_base64="blBUI267SucZsOxtB5tUB0mP5ds=">AAACEHicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2Ae0Q8mkmTY0yQxJRixDf8GFG/0Ud+LWP/BL3JppZ2FbDwQO59zLPTlBzJk2rvvtFNbWNza3itulnd29/YPy4VFLR4kitEkiHqlOgDXlTNKmYYbTTqwoFgGn7WB8m/ntR6o0i+SDmcTUF3goWcgINpnUU6OoX664VXcGtEq8nFQgR6Nf/ukNIpIIKg3hWOuu58bGT7EyjHA6LfUSTWNMxnhIu5ZKLKj201nWKTqzygCFkbJPGjRT/26kWGg9EYGdFNiM9LKXif96gVi4nJqn7IBeimPCaz9lMk4MlWSeJkw4MhHK2kEDpigxfGIJJorZDyEywgoTYzss2aa85V5WSeui6l1Wa/e1Sv0m76wIJ3AK5+DBFdThDhrQBAIjeIZXeHNenHfnw/mcjxacfOcYFuB8/QIdtZ4B</latexit>⇢
<latexit sha1_base64="e3n+whdTm4XbPW+HPe6VpvJLCrs=">AAACF3icbVDLTgIxFO3gC/GFunTTSExckRlD1CXRjUs08khgQjqlQEM7nbR3VDLhM1y40U9xZ9y69Evc2oFZCHiSJifn3Jt7eoJIcAOu++3kVlbX1jfym4Wt7Z3dveL+QcOoWFNWp0oo3QqIYYKHrA4cBGtFmhEZCNYMRtep33xg2nAV3sM4Yr4kg5D3OSVgpXbnjg+GQLRWj91iyS27U+Bl4mWkhDLUusWfTk/RWLIQqCDGtD03Aj8hGjgVbFLoxIZFhI7IgLUtDYlkxk+mkSf4xCo93FfavhDwVP27kRBpzFgGdlISGJpFLxX/9QI5dzmBp/SAWYgD/Us/4WEUAwvpLE0/FhgUTkvCPa4ZBTG2hFDN7YcwHRJNKNgqC7Ypb7GXZdI4K3vn5cptpVS9yjrLoyN0jE6Rhy5QFd2gGqojihR6Rq/ozXlx3p0P53M2mnOynUM0B+frF/qHoSc=</latexit>)

Nonclassical source state
<latexit sha1_base64="xKukvCqAEvVgmMHu8vKQvj3jbAk="></latexit>

(�✓est)2 � 1
N2

<latexit sha1_base64="HvSiAqfBO6tWe2lBDJ75sTbVK/Q=">AAACF3icbVDLSgMxFM3UV62vqks3wSK4KjOlqMuiIK6kBfuAdiyZNG1D8xiTjFiGfoYLN/op7sStS7/ErZl2Frb1QOBwzr3ckxOEjGrjut9OZmV1bX0ju5nb2t7Z3cvvHzS0jBQmdSyZVK0AacKoIHVDDSOtUBHEA0aawegq8ZuPRGkqxZ0Zh8TnaCBon2JkrNS+7tY6jDzA2/tSN19wi+4UcJl4KSmAFNVu/qfTkzjiRBjMkNZtzw2NHyNlKGZkkutEmoQIj9CAtC0ViBPtx9PIE3hilR7sS2WfMHCq/t2IEdd6zAM7yZEZ6kUvEf/1Aj53OTZPyQG9EMf0L/yYijAyROBZmn7EoJEwKQn2qCLYsLElCCtqPwTxECmEja0yZ5vyFntZJo1S0TsrlmvlQuUy7SwLjsAxOAUeOAcVcAOqoA4wkOAZvII358V5dz6cz9loxkl3DsEcnK9fZFegNA==</latexit>

FQ  N2 Heisenberg limit (HL)

<latexit sha1_base64="blBUI267SucZsOxtB5tUB0mP5ds=">AAACEHicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2Ae0Q8mkmTY0yQxJRixDf8GFG/0Ud+LWP/BL3JppZ2FbDwQO59zLPTlBzJk2rvvtFNbWNza3itulnd29/YPy4VFLR4kitEkiHqlOgDXlTNKmYYbTTqwoFgGn7WB8m/ntR6o0i+SDmcTUF3goWcgINpnUU6OoX664VXcGtEq8nFQgR6Nf/ukNIpIIKg3hWOuu58bGT7EyjHA6LfUSTWNMxnhIu5ZKLKj201nWKTqzygCFkbJPGjRT/26kWGg9EYGdFNiM9LKXif96gVi4nJqn7IBeimPCaz9lMk4MlWSeJkw4MhHK2kEDpigxfGIJJorZDyEywgoTYzss2aa85V5WSeui6l1Wa/e1Sv0m76wIJ3AK5+DBFdThDhrQBAIjeIZXeHNenHfnw/mcjxacfOcYFuB8/QIdtZ4B</latexit>⇢
<latexit sha1_base64="e3n+whdTm4XbPW+HPe6VpvJLCrs=">AAACF3icbVDLTgIxFO3gC/GFunTTSExckRlD1CXRjUs08khgQjqlQEM7nbR3VDLhM1y40U9xZ9y69Evc2oFZCHiSJifn3Jt7eoJIcAOu++3kVlbX1jfym4Wt7Z3dveL+QcOoWFNWp0oo3QqIYYKHrA4cBGtFmhEZCNYMRtep33xg2nAV3sM4Yr4kg5D3OSVgpXbnjg+GQLRWj91iyS27U+Bl4mWkhDLUusWfTk/RWLIQqCDGtD03Aj8hGjgVbFLoxIZFhI7IgLUtDYlkxk+mkSf4xCo93FfavhDwVP27kRBpzFgGdlISGJpFLxX/9QI5dzmBp/SAWYgD/Us/4WEUAwvpLE0/FhgUTkvCPa4ZBTG2hFDN7YcwHRJNKNgqC7Ypb7GXZdI4K3vn5cptpVS9yjrLoyN0jE6Rhy5QFd2gGqojihR6Rq/ozXlx3p0P53M2mnOynUM0B+frF/qHoSc=</latexit>)

Applications of quantum enhancements (precision beyond the SQL):

Gravitational wave detectors, atomic clocks and interferometers, …
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MODES AND STATES IN QUANTUM OPTICS

C. Fabre and N. Treps, Rev. Mod. Phys. 92, 035005 (2020)

Optical mode

• Vector field that depends on space and time

• Normalized solution for  

Maxwell’s equations in vacuum

<latexit sha1_base64="iL4nPIIEk6WmFyCgiUeYcEUKkek=">AAACEnicbVDLSgMxFM3UV62vqks3g0WoIGVGirosunFZwT6gHUomzbSxSWZI7ohl6D+4cKOf4k7c+gN+iVsz7Sxs64HA4Zx7uSfHjzjT4DjfVm5ldW19I79Z2Nre2d0r7h80dRgrQhsk5KFq+1hTziRtAANO25GiWPictvzRTeq3HqnSLJT3MI6oJ/BAsoARDEZqBmV1Bqe9YsmpOFPYy8TNSAllqPeKP91+SGJBJRCOte64TgReghUwwumk0I01jTAZ4QHtGCqxoNpLpmkn9olR+nYQKvMk2FP170aChdZj4ZtJgWGoF71U/NfzxdzlBJ7SA3ohDgRXXsJkFAOVZJYmiLkNoZ32Y/eZogT42BBMFDMfsskQK0zAtFgwTbmLvSyT5nnFvahU76ql2nXWWR4doWNURi66RDV0i+qogQh6QM/oFb1ZL9a79WF9zkZzVrZziOZgff0CpfmeOQ==</latexit>

f (r, t)
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MODES AND STATES IN QUANTUM OPTICS

C. Fabre and N. Treps, Rev. Mod. Phys. 92, 035005 (2020)

Optical mode

• Vector field that depends on space and time

• Normalized solution for  

Maxwell’s equations in vacuum

<latexit sha1_base64="iL4nPIIEk6WmFyCgiUeYcEUKkek=">AAACEnicbVDLSgMxFM3UV62vqks3g0WoIGVGirosunFZwT6gHUomzbSxSWZI7ohl6D+4cKOf4k7c+gN+iVsz7Sxs64HA4Zx7uSfHjzjT4DjfVm5ldW19I79Z2Nre2d0r7h80dRgrQhsk5KFq+1hTziRtAANO25GiWPictvzRTeq3HqnSLJT3MI6oJ/BAsoARDEZqBmV1Bqe9YsmpOFPYy8TNSAllqPeKP91+SGJBJRCOte64TgReghUwwumk0I01jTAZ4QHtGCqxoNpLpmkn9olR+nYQKvMk2FP170aChdZj4ZtJgWGoF71U/NfzxdzlBJ7SA3ohDgRXXsJkFAOVZJYmiLkNoZ32Y/eZogT42BBMFDMfsskQK0zAtFgwTbmLvSyT5nnFvahU76ql2nXWWR4doWNURi66RDV0i+qogQh6QM/oFb1ZL9a79WF9zkZzVrZziOZgff0CpfmeOQ==</latexit>

f (r, t)
<latexit sha1_base64="6gNuuIWBBbCljuRFSl2De4pfvis=">AAACM3icbVBNS8NAEN3Ur1q/qh69BEuhRSmJFPUiFEXwWMF+QFvDZrtpl+4mYXciltBf4K/x4EV/iXgTr569uml7sK0PBh7vzTAzzw05U2BZ70ZqaXlldS29ntnY3Nreye7u1VUQSUJrJOCBbLpYUc58WgMGnDZDSbFwOW24g6vEbzxQqVjg38EwpB2Bez7zGMGgJSebv76PC0fFUUEeQ/GirSLhiDYNFePaFZ4jxoaTzVklawxzkdhTkkNTVJ3sT7sbkEhQHwjHSrVsK4ROjCUwwuko044UDTEZ4B5taepjQVUnHr8zMvNa6ZpeIHX5YI7VvxMxFkoNhas7BYa+mvcS8V/PFTObY3hMFqi5c8A778TMDyOgPplc40XchMBMAjS7TFICfKgJJpLph0zSxxIT0DFndFL2fC6LpH5Ssk9L5dtyrnI5zSyNDtAhKiAbnaEKukFVVEMEPaFn9IrejBfjw/g0viatKWM6s49mYHz/Av5mqsI=</latexit>

E(+)(r, t) =
X

m

✏m fm(r, t)

Classical electromagnetic field

basis of modescoefficients
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MODES AND STATES IN QUANTUM OPTICS

C. Fabre and N. Treps, Rev. Mod. Phys. 92, 035005 (2020)

Optical mode

• Vector field that depends on space and time

• Normalized solution for  

Maxwell’s equations in vacuum

<latexit sha1_base64="iL4nPIIEk6WmFyCgiUeYcEUKkek=">AAACEnicbVDLSgMxFM3UV62vqks3g0WoIGVGirosunFZwT6gHUomzbSxSWZI7ohl6D+4cKOf4k7c+gN+iVsz7Sxs64HA4Zx7uSfHjzjT4DjfVm5ldW19I79Z2Nre2d0r7h80dRgrQhsk5KFq+1hTziRtAANO25GiWPictvzRTeq3HqnSLJT3MI6oJ/BAsoARDEZqBmV1Bqe9YsmpOFPYy8TNSAllqPeKP91+SGJBJRCOte64TgReghUwwumk0I01jTAZ4QHtGCqxoNpLpmkn9olR+nYQKvMk2FP170aChdZj4ZtJgWGoF71U/NfzxdzlBJ7SA3ohDgRXXsJkFAOVZJYmiLkNoZ32Y/eZogT42BBMFDMfsskQK0zAtFgwTbmLvSyT5nnFvahU76ql2nXWWR4doWNURi66RDV0i+qogQh6QM/oFb1ZL9a79WF9zkZzVrZziOZgff0CpfmeOQ==</latexit>

f (r, t)
<latexit sha1_base64="6gNuuIWBBbCljuRFSl2De4pfvis=">AAACM3icbVBNS8NAEN3Ur1q/qh69BEuhRSmJFPUiFEXwWMF+QFvDZrtpl+4mYXciltBf4K/x4EV/iXgTr569uml7sK0PBh7vzTAzzw05U2BZ70ZqaXlldS29ntnY3Nreye7u1VUQSUJrJOCBbLpYUc58WgMGnDZDSbFwOW24g6vEbzxQqVjg38EwpB2Bez7zGMGgJSebv76PC0fFUUEeQ/GirSLhiDYNFePaFZ4jxoaTzVklawxzkdhTkkNTVJ3sT7sbkEhQHwjHSrVsK4ROjCUwwuko044UDTEZ4B5taepjQVUnHr8zMvNa6ZpeIHX5YI7VvxMxFkoNhas7BYa+mvcS8V/PFTObY3hMFqi5c8A778TMDyOgPplc40XchMBMAjS7TFICfKgJJpLph0zSxxIT0DFndFL2fC6LpH5Ssk9L5dtyrnI5zSyNDtAhKiAbnaEKukFVVEMEPaFn9IrejBfjw/g0viatKWM6s49mYHz/Av5mqsI=</latexit>

E(+)(r, t) =
X

m

✏m fm(r, t)

Classical electromagnetic field

basis of modescoefficients

Quantized electromagnetic field

basis of modescoefficients

creates a photon in the mode 
<latexit sha1_base64="d+81OpX159gOfwRPpUNgzAdqpSk=">AAACD3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cV7QPaoWTSTBuaZIYkI5ahn+DCjX6KO3HrJ/glbs20s7CtBwKHc+7lnpwg5kwb1/12Ciura+sbxc3S1vbO7l55/6Cpo0QR2iARj1Q7wJpyJmnDMMNpO1YUi4DTVjC6yfzWI1WaRfLBjGPqCzyQLGQEGyvdhz3RK1fcqjsFWiZeTiqQo94r/3T7EUkElYZwrHXHc2Pjp1gZRjidlLqJpjEmIzygHUslFlT76TTqBJ1YpY/CSNknDZqqfzdSLLQei8BOCmyGetHLxH+9QMxdTs1TdkAvxDHhlZ8yGSeGSjJLEyYcmQhl5aA+U5QYPrYEE8XshxAZYoWJsRWWbFPeYi/LpHlW9S6q53fnldp13lkRjuAYTsGDS6jBLdShAQQG8Ayv8Oa8OO/Oh/M5Gy04+c4hzMH5+gU4eZ2E</latexit>

fm
<latexit sha1_base64="elatme6/C+8HEY3tdYwLAaoX9Cg=">AAACIXicbVDLSsNAFJ3UV62vaJdugkVwVRIp6rLoxmUF+4C2lpvptB06k4SZG7GEfosLN/op7sSd+CFunbRZ2NYDA4dz7uWeOX4kuEbX/bJya+sbm1v57cLO7t7+gX141NBhrCir01CEquWDZoIHrI4cBWtFioH0BWv645vUbz4ypXkY3OMkYl0Jw4APOAU0Us8udkaACUwfkk4fhkOmpj3Zs0tu2Z3BWSVeRkokQ61n/3T6IY0lC5AK0LrtuRF2E1DIqWDTQifWLAI6hiFrGxqAZLqbzMJPnVOj9J1BqMwL0JmpfzcSkFpPpG8mJeBIL3up+K/ny4XLCT6lB/RSHBxcdRMeRDGygM7TDGLhYOikdTl9rhhFMTEEqOLmQw4dgQKKptSCacpb7mWVNM7L3kW5clcpVa+zzvLkmJyQM+KRS1Ilt6RG6oSSCXkmr+TNerHerQ/rcz6as7KdIlmA9f0LWb6k/Q==</latexit>

â†m

<latexit sha1_base64="mviaSzz8voxdr84DjfRpbU5qfr0="></latexit>

Ê(+)(r, t) =
X

m

✏mâm fm(r, t)
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MODES AND STATES IN QUANTUM OPTICS

C. Fabre and N. Treps, Rev. Mod. Phys. 92, 035005 (2020)

Optical mode

• Vector field that depends on space and time

• Normalized solution for  

Maxwell’s equations in vacuum

<latexit sha1_base64="iL4nPIIEk6WmFyCgiUeYcEUKkek=">AAACEnicbVDLSgMxFM3UV62vqks3g0WoIGVGirosunFZwT6gHUomzbSxSWZI7ohl6D+4cKOf4k7c+gN+iVsz7Sxs64HA4Zx7uSfHjzjT4DjfVm5ldW19I79Z2Nre2d0r7h80dRgrQhsk5KFq+1hTziRtAANO25GiWPictvzRTeq3HqnSLJT3MI6oJ/BAsoARDEZqBmV1Bqe9YsmpOFPYy8TNSAllqPeKP91+SGJBJRCOte64TgReghUwwumk0I01jTAZ4QHtGCqxoNpLpmkn9olR+nYQKvMk2FP170aChdZj4ZtJgWGoF71U/NfzxdzlBJ7SA3ohDgRXXsJkFAOVZJYmiLkNoZ32Y/eZogT42BBMFDMfsskQK0zAtFgwTbmLvSyT5nnFvahU76ql2nXWWR4doWNURi66RDV0i+qogQh6QM/oFb1ZL9a79WF9zkZzVrZziOZgff0CpfmeOQ==</latexit>

f (r, t)
<latexit sha1_base64="6gNuuIWBBbCljuRFSl2De4pfvis=">AAACM3icbVBNS8NAEN3Ur1q/qh69BEuhRSmJFPUiFEXwWMF+QFvDZrtpl+4mYXciltBf4K/x4EV/iXgTr569uml7sK0PBh7vzTAzzw05U2BZ70ZqaXlldS29ntnY3Nreye7u1VUQSUJrJOCBbLpYUc58WgMGnDZDSbFwOW24g6vEbzxQqVjg38EwpB2Bez7zGMGgJSebv76PC0fFUUEeQ/GirSLhiDYNFePaFZ4jxoaTzVklawxzkdhTkkNTVJ3sT7sbkEhQHwjHSrVsK4ROjCUwwuko044UDTEZ4B5taepjQVUnHr8zMvNa6ZpeIHX5YI7VvxMxFkoNhas7BYa+mvcS8V/PFTObY3hMFqi5c8A778TMDyOgPplc40XchMBMAjS7TFICfKgJJpLph0zSxxIT0DFndFL2fC6LpH5Ssk9L5dtyrnI5zSyNDtAhKiAbnaEKukFVVEMEPaFn9IrejBfjw/g0viatKWM6s49mYHz/Av5mqsI=</latexit>

E(+)(r, t) =
X

m

✏m fm(r, t)

Classical electromagnetic field

basis of modescoefficients

Quantized electromagnetic field

basis of modescoefficients

creates a photon in the mode 
<latexit sha1_base64="d+81OpX159gOfwRPpUNgzAdqpSk=">AAACD3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cV7QPaoWTSTBuaZIYkI5ahn+DCjX6KO3HrJ/glbs20s7CtBwKHc+7lnpwg5kwb1/12Ciura+sbxc3S1vbO7l55/6Cpo0QR2iARj1Q7wJpyJmnDMMNpO1YUi4DTVjC6yfzWI1WaRfLBjGPqCzyQLGQEGyvdhz3RK1fcqjsFWiZeTiqQo94r/3T7EUkElYZwrHXHc2Pjp1gZRjidlLqJpjEmIzygHUslFlT76TTqBJ1YpY/CSNknDZqqfzdSLLQei8BOCmyGetHLxH+9QMxdTs1TdkAvxDHhlZ8yGSeGSjJLEyYcmQhl5aA+U5QYPrYEE8XshxAZYoWJsRWWbFPeYi/LpHlW9S6q53fnldp13lkRjuAYTsGDS6jBLdShAQQG8Ayv8Oa8OO/Oh/M5Gy04+c4hzMH5+gU4eZ2E</latexit>

fm
<latexit sha1_base64="elatme6/C+8HEY3tdYwLAaoX9Cg=">AAACIXicbVDLSsNAFJ3UV62vaJdugkVwVRIp6rLoxmUF+4C2lpvptB06k4SZG7GEfosLN/op7sSd+CFunbRZ2NYDA4dz7uWeOX4kuEbX/bJya+sbm1v57cLO7t7+gX141NBhrCir01CEquWDZoIHrI4cBWtFioH0BWv645vUbz4ypXkY3OMkYl0Jw4APOAU0Us8udkaACUwfkk4fhkOmpj3Zs0tu2Z3BWSVeRkokQ61n/3T6IY0lC5AK0LrtuRF2E1DIqWDTQifWLAI6hiFrGxqAZLqbzMJPnVOj9J1BqMwL0JmpfzcSkFpPpG8mJeBIL3up+K/ny4XLCT6lB/RSHBxcdRMeRDGygM7TDGLhYOikdTl9rhhFMTEEqOLmQw4dgQKKptSCacpb7mWVNM7L3kW5clcpVa+zzvLkmJyQM+KRS1Ilt6RG6oSSCXkmr+TNerHerQ/rcz6as7KdIlmA9f0LWb6k/Q==</latexit>

â†m

<latexit sha1_base64="mviaSzz8voxdr84DjfRpbU5qfr0="></latexit>

Ê(+)(r, t) =
X

m

✏mâm fm(r, t)

A change of the mode basis
<latexit sha1_base64="z6vTa3mHDr/yvacvBUT7Dk8LKlw=">AAACIXicbVDLSgMxFM3UV62v0S7dBIvgqsxIUTdC0Y3LCvYB7TBk0kwbmmSGJCMOQ7/FhRv9FHfiTvwQt2baWdjWA4HDOfdyT04QM6q043xZpbX1jc2t8nZlZ3dv/8A+POqoKJGYtHHEItkLkCKMCtLWVDPSiyVBPGCkG0xuc7/7SKSikXjQaUw8jkaChhQjbSTfro58cT1QCfd54mdcTEOf+3bNqTszwFXiFqQGCrR8+2cwjHDCidCYIaX6rhNrL0NSU8zItDJIFIkRnqAR6RsqECfKy2bhp/DUKEMYRtI8oeFM/buRIa5UygMzyZEeq2UvF//1Ar5wOdNP+QG1FEeHV15GRZxoIvA8TZgwqCOY1wWHVBKsWWoIwpKaD0E8RhJhbUqtmKbc5V5WSee87l7UG/eNWvOm6KwMjsEJOAMuuARNcAdaoA0wSMEzeAVv1ov1bn1Yn/PRklXsVMECrO9fOByk6g==</latexit>

gn =
X

m

umn fm

Basis change

unitary matrix
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C. Fabre and N. Treps, Rev. Mod. Phys. 92, 035005 (2020)

Optical mode

• Vector field that depends on space and time

• Normalized solution for  

Maxwell’s equations in vacuum

<latexit sha1_base64="iL4nPIIEk6WmFyCgiUeYcEUKkek=">AAACEnicbVDLSgMxFM3UV62vqks3g0WoIGVGirosunFZwT6gHUomzbSxSWZI7ohl6D+4cKOf4k7c+gN+iVsz7Sxs64HA4Zx7uSfHjzjT4DjfVm5ldW19I79Z2Nre2d0r7h80dRgrQhsk5KFq+1hTziRtAANO25GiWPictvzRTeq3HqnSLJT3MI6oJ/BAsoARDEZqBmV1Bqe9YsmpOFPYy8TNSAllqPeKP91+SGJBJRCOte64TgReghUwwumk0I01jTAZ4QHtGCqxoNpLpmkn9olR+nYQKvMk2FP170aChdZj4ZtJgWGoF71U/NfzxdzlBJ7SA3ohDgRXXsJkFAOVZJYmiLkNoZ32Y/eZogT42BBMFDMfsskQK0zAtFgwTbmLvSyT5nnFvahU76ql2nXWWR4doWNURi66RDV0i+qogQh6QM/oFb1ZL9a79WF9zkZzVrZziOZgff0CpfmeOQ==</latexit>

f (r, t)
<latexit sha1_base64="6gNuuIWBBbCljuRFSl2De4pfvis=">AAACM3icbVBNS8NAEN3Ur1q/qh69BEuhRSmJFPUiFEXwWMF+QFvDZrtpl+4mYXciltBf4K/x4EV/iXgTr569uml7sK0PBh7vzTAzzw05U2BZ70ZqaXlldS29ntnY3Nreye7u1VUQSUJrJOCBbLpYUc58WgMGnDZDSbFwOW24g6vEbzxQqVjg38EwpB2Bez7zGMGgJSebv76PC0fFUUEeQ/GirSLhiDYNFePaFZ4jxoaTzVklawxzkdhTkkNTVJ3sT7sbkEhQHwjHSrVsK4ROjCUwwuko044UDTEZ4B5taepjQVUnHr8zMvNa6ZpeIHX5YI7VvxMxFkoNhas7BYa+mvcS8V/PFTObY3hMFqi5c8A778TMDyOgPplc40XchMBMAjS7TFICfKgJJpLph0zSxxIT0DFndFL2fC6LpH5Ssk9L5dtyrnI5zSyNDtAhKiAbnaEKukFVVEMEPaFn9IrejBfjw/g0viatKWM6s49mYHz/Av5mqsI=</latexit>

E(+)(r, t) =
X

m

✏m fm(r, t)

Classical electromagnetic field

basis of modescoefficients

Quantized electromagnetic field

basis of modescoefficients

creates a photon in the mode 
<latexit sha1_base64="d+81OpX159gOfwRPpUNgzAdqpSk=">AAACD3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cV7QPaoWTSTBuaZIYkI5ahn+DCjX6KO3HrJ/glbs20s7CtBwKHc+7lnpwg5kwb1/12Ciura+sbxc3S1vbO7l55/6Cpo0QR2iARj1Q7wJpyJmnDMMNpO1YUi4DTVjC6yfzWI1WaRfLBjGPqCzyQLGQEGyvdhz3RK1fcqjsFWiZeTiqQo94r/3T7EUkElYZwrHXHc2Pjp1gZRjidlLqJpjEmIzygHUslFlT76TTqBJ1YpY/CSNknDZqqfzdSLLQei8BOCmyGetHLxH+9QMxdTs1TdkAvxDHhlZ8yGSeGSjJLEyYcmQhl5aA+U5QYPrYEE8XshxAZYoWJsRWWbFPeYi/LpHlW9S6q53fnldp13lkRjuAYTsGDS6jBLdShAQQG8Ayv8Oa8OO/Oh/M5Gy04+c4hzMH5+gU4eZ2E</latexit>

fm
<latexit sha1_base64="elatme6/C+8HEY3tdYwLAaoX9Cg=">AAACIXicbVDLSsNAFJ3UV62vaJdugkVwVRIp6rLoxmUF+4C2lpvptB06k4SZG7GEfosLN/op7sSd+CFunbRZ2NYDA4dz7uWeOX4kuEbX/bJya+sbm1v57cLO7t7+gX141NBhrCir01CEquWDZoIHrI4cBWtFioH0BWv645vUbz4ypXkY3OMkYl0Jw4APOAU0Us8udkaACUwfkk4fhkOmpj3Zs0tu2Z3BWSVeRkokQ61n/3T6IY0lC5AK0LrtuRF2E1DIqWDTQifWLAI6hiFrGxqAZLqbzMJPnVOj9J1BqMwL0JmpfzcSkFpPpG8mJeBIL3up+K/ny4XLCT6lB/RSHBxcdRMeRDGygM7TDGLhYOikdTl9rhhFMTEEqOLmQw4dgQKKptSCacpb7mWVNM7L3kW5clcpVa+zzvLkmJyQM+KRS1Ilt6RG6oSSCXkmr+TNerHerQ/rcz6as7KdIlmA9f0LWb6k/Q==</latexit>

â†m

<latexit sha1_base64="mviaSzz8voxdr84DjfRpbU5qfr0="></latexit>

Ê(+)(r, t) =
X

m

✏mâm fm(r, t)

<latexit sha1_base64="Si9kpUx8y2Quf3835LEqh7peNoc="></latexit>

b̂†m =
X

m

umnâ†m creates a photon in the mode <latexit sha1_base64="YQ3dMD/Gys3OOJ/M/bV85BKoSU8=">AAACD3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cV7QPaoWTSTBuaZIYkI5ahn+DCjX6KO3HrJ/glbs20s7CtBwKHc+7lnpwg5kwb1/12Ciura+sbxc3S1vbO7l55/6Cpo0QR2iARj1Q7wJpyJmnDMMNpO1YUi4DTVjC6yfzWI1WaRfLBjGPqCzyQLGQEGyvdD3qiV664VXcKtEy8nFQgR71X/un2I5IIKg3hWOuO58bGT7EyjHA6KXUTTWNMRnhAO5ZKLKj202nUCTqxSh+FkbJPGjRV/26kWGg9FoGdFNgM9aKXif96gZi7nJqn7IBeiGPCKz9lMk4MlWSWJkw4MhHKykF9pigxfGwJJorZDyEyxAoTYyss2aa8xV6WSfOs6l1Uz+/OK7XrvLMiHMExnIIHl1CDW6hDAwgM4Ble4c15cd6dD+dzNlpw8p1DmIPz9Qs6JJ2F</latexit>gm

changes the creation operators in the exact same way:

A change of the mode basis
<latexit sha1_base64="z6vTa3mHDr/yvacvBUT7Dk8LKlw=">AAACIXicbVDLSgMxFM3UV62v0S7dBIvgqsxIUTdC0Y3LCvYB7TBk0kwbmmSGJCMOQ7/FhRv9FHfiTvwQt2baWdjWA4HDOfdyT04QM6q043xZpbX1jc2t8nZlZ3dv/8A+POqoKJGYtHHEItkLkCKMCtLWVDPSiyVBPGCkG0xuc7/7SKSikXjQaUw8jkaChhQjbSTfro58cT1QCfd54mdcTEOf+3bNqTszwFXiFqQGCrR8+2cwjHDCidCYIaX6rhNrL0NSU8zItDJIFIkRnqAR6RsqECfKy2bhp/DUKEMYRtI8oeFM/buRIa5UygMzyZEeq2UvF//1Ar5wOdNP+QG1FEeHV15GRZxoIvA8TZgwqCOY1wWHVBKsWWoIwpKaD0E8RhJhbUqtmKbc5V5WSee87l7UG/eNWvOm6KwMjsEJOAMuuARNcAdaoA0wSMEzeAVv1ov1bn1Yn/PRklXsVMECrO9fOByk6g==</latexit>

gn =
X

m

umn fm

Basis change

unitary matrix
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PREVIOUS WORK: BEAM DISPLACEMENT ESTIMATION

Small transverse

beam displacement

<latexit sha1_base64="XvwbFtdx+cZL85FCBf0uastpOeY=">AAACD3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuqG1dS0T6gLSWTZtrQJDMkGbEM/QQXbvRT3IlbP8EvcWumnYVtPRA4nHMv9+T4EWfauO63k1taXlldy68XNja3tneKu3t1HcaK0BoJeaiaPtaUM0lrhhlOm5GiWPicNvzhdeo3HqnSLJQPZhTRjsB9yQJGsLHS/W33slssuWV3ArRIvIyUIEO1W/xp90ISCyoN4VjrludGppNgZRjhdFxox5pGmAxxn7YslVhQ3UkmUcfoyCo9FITKPmnQRP27kWCh9Uj4dlJgM9DzXir+6/li5nJintIDei6OCS46CZNRbKgk0zRBzJEJUVoO6jFFieEjSzBRzH4IkQFWmBhbYcE25c33skjqJ2XvrHx6d1qqXGWd5eEADuEYPDiHCtxAFWpAoA/P8Apvzovz7nw4n9PRnJPt7MMMnK9fx1adQA==</latexit>

NA

<latexit sha1_base64="EZH6U92eOCBNn2pdcCoUPeX6hJI=">AAACD3icbVDLTgIxFO3gC/GFunTTSExckRlD1CXBjSuDUZAEJqRTOtDQdibtHSOZ8Aku3OinuDNu/QS/xK0dYCHgSZqcnHNv7ukJYsENuO63k1tZXVvfyG8WtrZ3dveK+wdNEyWasgaNRKRbATFMcMUawEGwVqwZkYFgD8HwKvMfHpk2PFL3MIqZL0lf8ZBTAla6u+nWusWSW3YnwMvEm5ESmqHeLf50ehFNJFNABTGm7bkx+CnRwKlg40InMSwmdEj6rG2pIpIZP51EHeMTq/RwGGn7FOCJ+ncjJdKYkQzspCQwMIteJv7rBXLucgpP2QGzEAfCSz/lKk6AKTpNEyYCQ4SzcnCPa0ZBjCwhVHP7IUwHRBMKtsKCbcpb7GWZNM/K3nm5clspVWuzzvLoCB2jU+ShC1RF16iOGoiiPnpGr+jNeXHenQ/nczqac2Y7h2gOztcvyP+dQQ==</latexit>

NB

Split photodetector

C. Fabre, J. B. Fouet, and A. Maître, Opt. Lett. 25, 75 (2000)
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PREVIOUS WORK: BEAM DISPLACEMENT ESTIMATION

Small transverse

beam displacement

<latexit sha1_base64="XvwbFtdx+cZL85FCBf0uastpOeY=">AAACD3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuqG1dS0T6gLSWTZtrQJDMkGbEM/QQXbvRT3IlbP8EvcWumnYVtPRA4nHMv9+T4EWfauO63k1taXlldy68XNja3tneKu3t1HcaK0BoJeaiaPtaUM0lrhhlOm5GiWPicNvzhdeo3HqnSLJQPZhTRjsB9yQJGsLHS/W33slssuWV3ArRIvIyUIEO1W/xp90ISCyoN4VjrludGppNgZRjhdFxox5pGmAxxn7YslVhQ3UkmUcfoyCo9FITKPmnQRP27kWCh9Uj4dlJgM9DzXir+6/li5nJintIDei6OCS46CZNRbKgk0zRBzJEJUVoO6jFFieEjSzBRzH4IkQFWmBhbYcE25c33skjqJ2XvrHx6d1qqXGWd5eEADuEYPDiHCtxAFWpAoA/P8Apvzovz7nw4n9PRnJPt7MMMnK9fx1adQA==</latexit>

NA

<latexit sha1_base64="EZH6U92eOCBNn2pdcCoUPeX6hJI=">AAACD3icbVDLTgIxFO3gC/GFunTTSExckRlD1CXBjSuDUZAEJqRTOtDQdibtHSOZ8Aku3OinuDNu/QS/xK0dYCHgSZqcnHNv7ukJYsENuO63k1tZXVvfyG8WtrZ3dveK+wdNEyWasgaNRKRbATFMcMUawEGwVqwZkYFgD8HwKvMfHpk2PFL3MIqZL0lf8ZBTAla6u+nWusWSW3YnwMvEm5ESmqHeLf50ehFNJFNABTGm7bkx+CnRwKlg40InMSwmdEj6rG2pIpIZP51EHeMTq/RwGGn7FOCJ+ncjJdKYkQzspCQwMIteJv7rBXLucgpP2QGzEAfCSz/lKk6AKTpNEyYCQ4SzcnCPa0ZBjCwhVHP7IUwHRBMKtsKCbcpb7GWZNM/K3nm5clspVWuzzvLoCB2jU+ShC1RF16iOGoiiPnpGr+jNeXHenQ/nczqac2Y7h2gOztcvyP+dQQ==</latexit>

NB

Split photodetector

C. Fabre, J. B. Fouet, and A. Maître, Opt. Lett. 25, 75 (2000)

Results
No quantum enhancements with squeezed light
Single mode approach:
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Population of a suitable second “detection" mode enables 

quantum enhancements with squeezed light

PREVIOUS WORK: BEAM DISPLACEMENT ESTIMATION

Small transverse

beam displacement
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NA

<latexit sha1_base64="EZH6U92eOCBNn2pdcCoUPeX6hJI=">AAACD3icbVDLTgIxFO3gC/GFunTTSExckRlD1CXBjSuDUZAEJqRTOtDQdibtHSOZ8Aku3OinuDNu/QS/xK0dYCHgSZqcnHNv7ukJYsENuO63k1tZXVvfyG8WtrZ3dveK+wdNEyWasgaNRKRbATFMcMUawEGwVqwZkYFgD8HwKvMfHpk2PFL3MIqZL0lf8ZBTAla6u+nWusWSW3YnwMvEm5ESmqHeLf50ehFNJFNABTGm7bkx+CnRwKlg40InMSwmdEj6rG2pIpIZP51EHeMTq/RwGGn7FOCJ+ncjJdKYkQzspCQwMIteJv7rBXLucgpP2QGzEAfCSz/lKk6AKTpNEyYCQ4SzcnCPa0ZBjCwhVHP7IUwHRBMKtsKCbcpb7GWZNM/K3nm5clspVWuzzvLoCB2jU+ShC1RF16iOGoiiPnpGr+jNeXHenQ/nczqac2Y7h2gOztcvyP+dQQ==</latexit>

NB

Split photodetector

C. Fabre, J. B. Fouet, and A. Maître, Opt. Lett. 25, 75 (2000)

Results
No quantum enhancements with squeezed light
Single mode approach:
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Population of a suitable second “detection" mode enables 

quantum enhancements with squeezed light

PREVIOUS WORK: BEAM DISPLACEMENT ESTIMATION

Small transverse

beam displacement

<latexit sha1_base64="XvwbFtdx+cZL85FCBf0uastpOeY=">AAACD3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuqG1dS0T6gLSWTZtrQJDMkGbEM/QQXbvRT3IlbP8EvcWumnYVtPRA4nHMv9+T4EWfauO63k1taXlldy68XNja3tneKu3t1HcaK0BoJeaiaPtaUM0lrhhlOm5GiWPicNvzhdeo3HqnSLJQPZhTRjsB9yQJGsLHS/W33slssuWV3ArRIvIyUIEO1W/xp90ISCyoN4VjrludGppNgZRjhdFxox5pGmAxxn7YslVhQ3UkmUcfoyCo9FITKPmnQRP27kWCh9Uj4dlJgM9DzXir+6/li5nJintIDei6OCS46CZNRbKgk0zRBzJEJUVoO6jFFieEjSzBRzH4IkQFWmBhbYcE25c33skjqJ2XvrHx6d1qqXGWd5eEADuEYPDiHCtxAFWpAoA/P8Apvzovz7nw4n9PRnJPt7MMMnK9fx1adQA==</latexit>

NA

<latexit sha1_base64="EZH6U92eOCBNn2pdcCoUPeX6hJI=">AAACD3icbVDLTgIxFO3gC/GFunTTSExckRlD1CXBjSuDUZAEJqRTOtDQdibtHSOZ8Aku3OinuDNu/QS/xK0dYCHgSZqcnHNv7ukJYsENuO63k1tZXVvfyG8WtrZ3dveK+wdNEyWasgaNRKRbATFMcMUawEGwVqwZkYFgD8HwKvMfHpk2PFL3MIqZL0lf8ZBTAla6u+nWusWSW3YnwMvEm5ESmqHeLf50ehFNJFNABTGm7bkx+CnRwKlg40InMSwmdEj6rG2pIpIZP51EHeMTq/RwGGn7FOCJ+ncjJdKYkQzspCQwMIteJv7rBXLucgpP2QGzEAfCSz/lKk6AKTpNEyYCQ4SzcnCPa0ZBjCwhVHP7IUwHRBMKtsKCbcpb7GWZNM/K3nm5clspVWuzzvLoCB2jU+ShC1RF16iOGoiiPnpGr+jNeXHenQ/nczqac2Y7h2gOztcvyP+dQQ==</latexit>
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<latexit sha1_base64="rQ+W36tDDEyE85XJBT7nclUiUiY=">AAACGHicbVC7TsMwFHXKq5RXgZHFokIqS5WgChgrWBiLRB9SE1WO67RW7SSybxBV1N9gYIFPYUOsbHwJK06bgbYcydLROffqHh8/FlyDbX9bhbX1jc2t4nZpZ3dv/6B8eNTWUaIoa9FIRKrrE80ED1kLOAjWjRUj0hes449vM7/zyJTmUfgAk5h5kgxDHnBKwEiuq0ZR1YURA3LeL1fsmj0DXiVOTiooR7Nf/nEHEU0kC4EKonXPsWPwUqKAU8GmJTfRLCZ0TIasZ2hIJNNeOss8xWdGGeAgUuaFgGfq342USK0n0jeTksBIL3uZ+K/ny4XLKTxlB/RSHAiuvZSHcQIspPM0QSIwRDhrCQ+4YhTExBBCFTcfwnREFKFguiyZppzlXlZJ+6LmXNbq9/VK4ybvrIhO0CmqIgddoQa6Q03UQhTF6Bm9ojfrxXq3PqzP+WjByneO0QKsr1/zL6EU</latexit>

⇢(✓) quantum state defined on a  
    -dependent basis of modes

M. Gessner, N. Treps, C. Fabre, arXiv:2201.04050
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QUANTUM THEORY OF MODE PARAMETER ESTIMATION

creates a photon in the mode 
<latexit sha1_base64="d+81OpX159gOfwRPpUNgzAdqpSk=">AAACD3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cV7QPaoWTSTBuaZIYkI5ahn+DCjX6KO3HrJ/glbs20s7CtBwKHc+7lnpwg5kwb1/12Ciura+sbxc3S1vbO7l55/6Cpo0QR2iARj1Q7wJpyJmnDMMNpO1YUi4DTVjC6yfzWI1WaRfLBjGPqCzyQLGQEGyvdhz3RK1fcqjsFWiZeTiqQo94r/3T7EUkElYZwrHXHc2Pjp1gZRjidlLqJpjEmIzygHUslFlT76TTqBJ1YpY/CSNknDZqqfzdSLLQei8BOCmyGetHLxH+9QMxdTs1TdkAvxDHhlZ8yGSeGSjJLEyYcmQhl5aA+U5QYPrYEE8XshxAZYoWJsRWWbFPeYi/LpHlW9S6q53fnldp13lkRjuAYTsGDS6jBLdShAQQG8Ayv8Oa8OO/Oh/M5Gy04+c4hzMH5+gU4eZ2E</latexit>

fm
<latexit sha1_base64="elatme6/C+8HEY3tdYwLAaoX9Cg=">AAACIXicbVDLSsNAFJ3UV62vaJdugkVwVRIp6rLoxmUF+4C2lpvptB06k4SZG7GEfosLN/op7sSd+CFunbRZ2NYDA4dz7uWeOX4kuEbX/bJya+sbm1v57cLO7t7+gX141NBhrCir01CEquWDZoIHrI4cBWtFioH0BWv645vUbz4ypXkY3OMkYl0Jw4APOAU0Us8udkaACUwfkk4fhkOmpj3Zs0tu2Z3BWSVeRkokQ61n/3T6IY0lC5AK0LrtuRF2E1DIqWDTQifWLAI6hiFrGxqAZLqbzMJPnVOj9J1BqMwL0JmpfzcSkFpPpG8mJeBIL3up+K/ny4XLCT6lB/RSHBxcdRMeRDGygM7TDGLhYOikdTl9rhhFMTEEqOLmQw4dgQKKptSCacpb7mWVNM7L3kW5clcpVa+zzvLkmJyQM+KRS1Ilt6RG6oSSCXkmr+TNerHerQ/rcz6as7KdIlmA9f0LWb6k/Q==</latexit>

â†m

Change of the mode basis  = Change of the creation operators

basis of modes, parametrized by 
<latexit sha1_base64="GLe1NPylx2cB2H02kB2YAvmnmGU=">AAACE3icbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2Ae0Q8mkmTY0yQxJRixDP8KFG/0Ud+LWD/BL3JppZ2FbDwQO59zLPTlBzJk2rvvtFNbWNza3itulnd29/YPy4VFLR4kitEkiHqlOgDXlTNKmYYbTTqwoFgGn7WB8m/ntR6o0i+SDmcTUF3goWcgINlZq99KwL3rTfrniVt0Z0CrxclKBHI1++ac3iEgiqDSEY627nhsbP8XKMMLptNRLNI0xGeMh7VoqsaDaT2dxp+jMKgMURso+adBM/buRYqH1RAR2UmAz0steJv7rBWLhcmqesgN6KY4Jr/2UyTgxVJJ5mjDhyEQoKwgNmKLE8IklmChmP4TICCtMjK2xZJvylntZJa2LqndZrd3XKvWbvLMinMApnIMHV1CHO2hAEwiM4Rle4c15cd6dD+dzPlpw8p1jWIDz9QuhZZ9c</latexit>{ fm}

<latexit sha1_base64="Uf3wIRKknYdSe2nSXk99M/ZRDag=">AAACEnicbVDLSgMxFM3UV62vqks3wSK4KjMi6rLoxmUF+4B2KJk008YmmSG5I5ah/+DCjX6KO3HrD/glbs20s7CtBwKHc+7lnpwgFtyA6347hZXVtfWN4mZpa3tnd6+8f9A0UaIpa9BIRLodEMMEV6wBHARrx5oRGQjWCkY3md96ZNrwSN3DOGa+JAPFQ04JWKnZhSED0itX3Ko7BV4mXk4qKEe9V/7p9iOaSKaACmJMx3Nj8FOigVPBJqVuYlhM6IgMWMdSRSQzfjpNO8EnVunjMNL2KcBT9e9GSqQxYxnYSUlgaBa9TPzXC+Tc5RSesgNmIQ6EV37KVZwAU3SWJkwEhghn/eA+14yCGFtCqOb2Q5gOiSYUbIsl25S32MsyaZ5VvYvq+d15pXadd1ZER+gYnSIPXaIaukV11EAUPaBn9IrenBfn3flwPmejBSffOURzcL5+Ab/rnuI=</latexit>

✓
<latexit sha1_base64="Uf3wIRKknYdSe2nSXk99M/ZRDag=">AAACEnicbVDLSgMxFM3UV62vqks3wSK4KjMi6rLoxmUF+4B2KJk008YmmSG5I5ah/+DCjX6KO3HrD/glbs20s7CtBwKHc+7lnpwgFtyA6347hZXVtfWN4mZpa3tnd6+8f9A0UaIpa9BIRLodEMMEV6wBHARrx5oRGQjWCkY3md96ZNrwSN3DOGa+JAPFQ04JWKnZhSED0itX3Ko7BV4mXk4qKEe9V/7p9iOaSKaACmJMx3Nj8FOigVPBJqVuYlhM6IgMWMdSRSQzfjpNO8EnVunjMNL2KcBT9e9GSqQxYxnYSUlgaBa9TPzXC+Tc5RSesgNmIQ6EV37KVZwAU3SWJkwEhghn/eA+14yCGFtCqOb2Q5gOiSYUbIsl25S32MsyaZ5VvYvq+d15pXadd1ZER+gYnSIPXaIaukV11EAUPaBn9IrenBfn3flwPmejBSffOURzcL5+Ab/rnuI=</latexit>

✓
<latexit sha1_base64="rQ+W36tDDEyE85XJBT7nclUiUiY=">AAACGHicbVC7TsMwFHXKq5RXgZHFokIqS5WgChgrWBiLRB9SE1WO67RW7SSybxBV1N9gYIFPYUOsbHwJK06bgbYcydLROffqHh8/FlyDbX9bhbX1jc2t4nZpZ3dv/6B8eNTWUaIoa9FIRKrrE80ED1kLOAjWjRUj0hes449vM7/zyJTmUfgAk5h5kgxDHnBKwEiuq0ZR1YURA3LeL1fsmj0DXiVOTiooR7Nf/nEHEU0kC4EKonXPsWPwUqKAU8GmJTfRLCZ0TIasZ2hIJNNeOss8xWdGGeAgUuaFgGfq342USK0n0jeTksBIL3uZ+K/ny4XLKTxlB/RSHAiuvZSHcQIspPM0QSIwRDhrCQ+4YhTExBBCFTcfwnREFKFguiyZppzlXlZJ+6LmXNbq9/VK4ybvrIhO0CmqIgddoQa6Q03UQhTF6Bm9ojfrxXq3PqzP+WjByneO0QKsr1/zL6EU</latexit>

⇢(✓) quantum state defined on a  
    -dependent basis of modes

M. Gessner, N. Treps, C. Fabre, arXiv:2201.04050
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QUANTUM THEORY OF MODE PARAMETER ESTIMATION

creates a photon in the mode 
<latexit sha1_base64="d+81OpX159gOfwRPpUNgzAdqpSk=">AAACD3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cV7QPaoWTSTBuaZIYkI5ahn+DCjX6KO3HrJ/glbs20s7CtBwKHc+7lnpwg5kwb1/12Ciura+sbxc3S1vbO7l55/6Cpo0QR2iARj1Q7wJpyJmnDMMNpO1YUi4DTVjC6yfzWI1WaRfLBjGPqCzyQLGQEGyvdhz3RK1fcqjsFWiZeTiqQo94r/3T7EUkElYZwrHXHc2Pjp1gZRjidlLqJpjEmIzygHUslFlT76TTqBJ1YpY/CSNknDZqqfzdSLLQei8BOCmyGetHLxH+9QMxdTs1TdkAvxDHhlZ8yGSeGSjJLEyYcmQhl5aA+U5QYPrYEE8XshxAZYoWJsRWWbFPeYi/LpHlW9S6q53fnldp13lkRjuAYTsGDS6jBLdShAQQG8Ayv8Oa8OO/Oh/M5Gy04+c4hzMH5+gU4eZ2E</latexit>

fm
<latexit sha1_base64="elatme6/C+8HEY3tdYwLAaoX9Cg=">AAACIXicbVDLSsNAFJ3UV62vaJdugkVwVRIp6rLoxmUF+4C2lpvptB06k4SZG7GEfosLN/op7sSd+CFunbRZ2NYDA4dz7uWeOX4kuEbX/bJya+sbm1v57cLO7t7+gX141NBhrCir01CEquWDZoIHrI4cBWtFioH0BWv645vUbz4ypXkY3OMkYl0Jw4APOAU0Us8udkaACUwfkk4fhkOmpj3Zs0tu2Z3BWSVeRkokQ61n/3T6IY0lC5AK0LrtuRF2E1DIqWDTQifWLAI6hiFrGxqAZLqbzMJPnVOj9J1BqMwL0JmpfzcSkFpPpG8mJeBIL3up+K/ny4XLCT6lB/RSHBxcdRMeRDGygM7TDGLhYOikdTl9rhhFMTEEqOLmQw4dgQKKptSCacpb7mWVNM7L3kW5clcpVa+zzvLkmJyQM+KRS1Ilt6RG6oSSCXkmr+TNerHerQ/rcz6as7KdIlmA9f0LWb6k/Q==</latexit>

â†m

Change of the mode basis  = Change of the creation operators

basis of modes, parametrized by 
<latexit sha1_base64="GLe1NPylx2cB2H02kB2YAvmnmGU=">AAACE3icbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2Ae0Q8mkmTY0yQxJRixDP8KFG/0Ud+LWD/BL3JppZ2FbDwQO59zLPTlBzJk2rvvtFNbWNza3itulnd29/YPy4VFLR4kitEkiHqlOgDXlTNKmYYbTTqwoFgGn7WB8m/ntR6o0i+SDmcTUF3goWcgINlZq99KwL3rTfrniVt0Z0CrxclKBHI1++ac3iEgiqDSEY627nhsbP8XKMMLptNRLNI0xGeMh7VoqsaDaT2dxp+jMKgMURso+adBM/buRYqH1RAR2UmAz0steJv7rBWLhcmqesgN6KY4Jr/2UyTgxVJJ5mjDhyEQoKwgNmKLE8IklmChmP4TICCtMjK2xZJvylntZJa2LqndZrd3XKvWbvLMinMApnIMHV1CHO2hAEwiM4Rle4c15cd6dD+dzPlpw8p1jWIDz9QuhZZ9c</latexit>{ fm}

<latexit sha1_base64="Uf3wIRKknYdSe2nSXk99M/ZRDag=">AAACEnicbVDLSgMxFM3UV62vqks3wSK4KjMi6rLoxmUF+4B2KJk008YmmSG5I5ah/+DCjX6KO3HrD/glbs20s7CtBwKHc+7lnpwgFtyA6347hZXVtfWN4mZpa3tnd6+8f9A0UaIpa9BIRLodEMMEV6wBHARrx5oRGQjWCkY3md96ZNrwSN3DOGa+JAPFQ04JWKnZhSED0itX3Ko7BV4mXk4qKEe9V/7p9iOaSKaACmJMx3Nj8FOigVPBJqVuYlhM6IgMWMdSRSQzfjpNO8EnVunjMNL2KcBT9e9GSqQxYxnYSUlgaBa9TPzXC+Tc5RSesgNmIQ6EV37KVZwAU3SWJkwEhghn/eA+14yCGFtCqOb2Q5gOiSYUbIsl25S32MsyaZ5VvYvq+d15pXadd1ZER+gYnSIPXaIaukV11EAUPaBn9IrenBfn3flwPmejBSffOURzcL5+Ab/rnuI=</latexit>

✓
<latexit sha1_base64="Uf3wIRKknYdSe2nSXk99M/ZRDag=">AAACEnicbVDLSgMxFM3UV62vqks3wSK4KjMi6rLoxmUF+4B2KJk008YmmSG5I5ah/+DCjX6KO3HrD/glbs20s7CtBwKHc+7lnpwgFtyA6347hZXVtfWN4mZpa3tnd6+8f9A0UaIpa9BIRLodEMMEV6wBHARrx5oRGQjWCkY3md96ZNrwSN3DOGa+JAPFQ04JWKnZhSED0itX3Ko7BV4mXk4qKEe9V/7p9iOaSKaACmJMx3Nj8FOigVPBJqVuYlhM6IgMWMdSRSQzfjpNO8EnVunjMNL2KcBT9e9GSqQxYxnYSUlgaBa9TPzXC+Tc5RSesgNmIQ6EV37KVZwAU3SWJkwEhghn/eA+14yCGFtCqOb2Q5gOiSYUbIsl25S32MsyaZ5VvYvq+d15pXadd1ZER+gYnSIPXaIaukV11EAUPaBn9IrenBfn3flwPmejBSffOURzcL5+Ab/rnuI=</latexit>

✓
<latexit sha1_base64="rQ+W36tDDEyE85XJBT7nclUiUiY=">AAACGHicbVC7TsMwFHXKq5RXgZHFokIqS5WgChgrWBiLRB9SE1WO67RW7SSybxBV1N9gYIFPYUOsbHwJK06bgbYcydLROffqHh8/FlyDbX9bhbX1jc2t4nZpZ3dv/6B8eNTWUaIoa9FIRKrrE80ED1kLOAjWjRUj0hes449vM7/zyJTmUfgAk5h5kgxDHnBKwEiuq0ZR1YURA3LeL1fsmj0DXiVOTiooR7Nf/nEHEU0kC4EKonXPsWPwUqKAU8GmJTfRLCZ0TIasZ2hIJNNeOss8xWdGGeAgUuaFgGfq342USK0n0jeTksBIL3uZ+K/ny4XLKTxlB/RSHAiuvZSHcQIspPM0QSIwRDhrCQ+4YhTExBBCFTcfwnREFKFguiyZppzlXlZJ+6LmXNbq9/VK4ybvrIhO0CmqIgddoQa6Q03UQhTF6Bm9ojfrxXq3PqzP+WjByneO0QKsr1/zL6EU</latexit>

⇢(✓) quantum state defined on a  
    -dependent basis of modes

Evolution of the state 

as a function of 

<latexit sha1_base64="rQ+W36tDDEyE85XJBT7nclUiUiY=">AAACGHicbVC7TsMwFHXKq5RXgZHFokIqS5WgChgrWBiLRB9SE1WO67RW7SSybxBV1N9gYIFPYUOsbHwJK06bgbYcydLROffqHh8/FlyDbX9bhbX1jc2t4nZpZ3dv/6B8eNTWUaIoa9FIRKrrE80ED1kLOAjWjRUj0hes449vM7/zyJTmUfgAk5h5kgxDHnBKwEiuq0ZR1YURA3LeL1fsmj0DXiVOTiooR7Nf/nEHEU0kC4EKonXPsWPwUqKAU8GmJTfRLCZ0TIasZ2hIJNNeOss8xWdGGeAgUuaFgGfq342USK0n0jeTksBIL3uZ+K/ny4XLKTxlB/RSHAiuvZSHcQIspPM0QSIwRDhrCQ+4YhTExBBCFTcfwnREFKFguiyZppzlXlZJ+6LmXNbq9/VK4ybvrIhO0CmqIgddoQa6Q03UQhTF6Bm9ojfrxXq3PqzP+WjByneO0QKsr1/zL6EU</latexit>

⇢(✓)
<latexit sha1_base64="Uf3wIRKknYdSe2nSXk99M/ZRDag=">AAACEnicbVDLSgMxFM3UV62vqks3wSK4KjMi6rLoxmUF+4B2KJk008YmmSG5I5ah/+DCjX6KO3HrD/glbs20s7CtBwKHc+7lnpwgFtyA6347hZXVtfWN4mZpa3tnd6+8f9A0UaIpa9BIRLodEMMEV6wBHARrx5oRGQjWCkY3md96ZNrwSN3DOGa+JAPFQ04JWKnZhSED0itX3Ko7BV4mXk4qKEe9V/7p9iOaSKaACmJMx3Nj8FOigVPBJqVuYlhM6IgMWMdSRSQzfjpNO8EnVunjMNL2KcBT9e9GSqQxYxnYSUlgaBa9TPzXC+Tc5RSesgNmIQ6EV37KVZwAU3SWJkwEhghn/eA+14yCGFtCqOb2Q5gOiSYUbIsl25S32MsyaZ5VvYvq+d15pXadd1ZER+gYnSIPXaIaukV11EAUPaBn9IrenBfn3flwPmejBSffOURzcL5+Ab/rnuI=</latexit>

✓

M. Gessner, N. Treps, C. Fabre, arXiv:2201.04050
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QUANTUM THEORY OF MODE PARAMETER ESTIMATION

creates a photon in the mode 
<latexit sha1_base64="d+81OpX159gOfwRPpUNgzAdqpSk=">AAACD3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cV7QPaoWTSTBuaZIYkI5ahn+DCjX6KO3HrJ/glbs20s7CtBwKHc+7lnpwg5kwb1/12Ciura+sbxc3S1vbO7l55/6Cpo0QR2iARj1Q7wJpyJmnDMMNpO1YUi4DTVjC6yfzWI1WaRfLBjGPqCzyQLGQEGyvdhz3RK1fcqjsFWiZeTiqQo94r/3T7EUkElYZwrHXHc2Pjp1gZRjidlLqJpjEmIzygHUslFlT76TTqBJ1YpY/CSNknDZqqfzdSLLQei8BOCmyGetHLxH+9QMxdTs1TdkAvxDHhlZ8yGSeGSjJLEyYcmQhl5aA+U5QYPrYEE8XshxAZYoWJsRWWbFPeYi/LpHlW9S6q53fnldp13lkRjuAYTsGDS6jBLdShAQQG8Ayv8Oa8OO/Oh/M5Gy04+c4hzMH5+gU4eZ2E</latexit>

fm
<latexit sha1_base64="elatme6/C+8HEY3tdYwLAaoX9Cg=">AAACIXicbVDLSsNAFJ3UV62vaJdugkVwVRIp6rLoxmUF+4C2lpvptB06k4SZG7GEfosLN/op7sSd+CFunbRZ2NYDA4dz7uWeOX4kuEbX/bJya+sbm1v57cLO7t7+gX141NBhrCir01CEquWDZoIHrI4cBWtFioH0BWv645vUbz4ypXkY3OMkYl0Jw4APOAU0Us8udkaACUwfkk4fhkOmpj3Zs0tu2Z3BWSVeRkokQ61n/3T6IY0lC5AK0LrtuRF2E1DIqWDTQifWLAI6hiFrGxqAZLqbzMJPnVOj9J1BqMwL0JmpfzcSkFpPpG8mJeBIL3up+K/ny4XLCT6lB/RSHBxcdRMeRDGygM7TDGLhYOikdTl9rhhFMTEEqOLmQw4dgQKKptSCacpb7mWVNM7L3kW5clcpVa+zzvLkmJyQM+KRS1Ilt6RG6oSSCXkmr+TNerHerQ/rcz6as7KdIlmA9f0LWb6k/Q==</latexit>

â†m

Change of the mode basis  = Change of the creation operators

basis of modes, parametrized by 
<latexit sha1_base64="GLe1NPylx2cB2H02kB2YAvmnmGU=">AAACE3icbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2Ae0Q8mkmTY0yQxJRixDP8KFG/0Ud+LWD/BL3JppZ2FbDwQO59zLPTlBzJk2rvvtFNbWNza3itulnd29/YPy4VFLR4kitEkiHqlOgDXlTNKmYYbTTqwoFgGn7WB8m/ntR6o0i+SDmcTUF3goWcgINlZq99KwL3rTfrniVt0Z0CrxclKBHI1++ac3iEgiqDSEY627nhsbP8XKMMLptNRLNI0xGeMh7VoqsaDaT2dxp+jMKgMURso+adBM/buRYqH1RAR2UmAz0steJv7rBWLhcmqesgN6KY4Jr/2UyTgxVJJ5mjDhyEQoKwgNmKLE8IklmChmP4TICCtMjK2xZJvylntZJa2LqndZrd3XKvWbvLMinMApnIMHV1CHO2hAEwiM4Rle4c15cd6dD+dzPlpw8p1jWIDz9QuhZZ9c</latexit>{ fm}

<latexit sha1_base64="Uf3wIRKknYdSe2nSXk99M/ZRDag=">AAACEnicbVDLSgMxFM3UV62vqks3wSK4KjMi6rLoxmUF+4B2KJk008YmmSG5I5ah/+DCjX6KO3HrD/glbs20s7CtBwKHc+7lnpwgFtyA6347hZXVtfWN4mZpa3tnd6+8f9A0UaIpa9BIRLodEMMEV6wBHARrx5oRGQjWCkY3md96ZNrwSN3DOGa+JAPFQ04JWKnZhSED0itX3Ko7BV4mXk4qKEe9V/7p9iOaSKaACmJMx3Nj8FOigVPBJqVuYlhM6IgMWMdSRSQzfjpNO8EnVunjMNL2KcBT9e9GSqQxYxnYSUlgaBa9TPzXC+Tc5RSesgNmIQ6EV37KVZwAU3SWJkwEhghn/eA+14yCGFtCqOb2Q5gOiSYUbIsl25S32MsyaZ5VvYvq+d15pXadd1ZER+gYnSIPXaIaukV11EAUPaBn9IrenBfn3flwPmejBSffOURzcL5+Ab/rnuI=</latexit>

✓
<latexit sha1_base64="Uf3wIRKknYdSe2nSXk99M/ZRDag=">AAACEnicbVDLSgMxFM3UV62vqks3wSK4KjMi6rLoxmUF+4B2KJk008YmmSG5I5ah/+DCjX6KO3HrD/glbs20s7CtBwKHc+7lnpwgFtyA6347hZXVtfWN4mZpa3tnd6+8f9A0UaIpa9BIRLodEMMEV6wBHARrx5oRGQjWCkY3md96ZNrwSN3DOGa+JAPFQ04JWKnZhSED0itX3Ko7BV4mXk4qKEe9V/7p9iOaSKaACmJMx3Nj8FOigVPBJqVuYlhM6IgMWMdSRSQzfjpNO8EnVunjMNL2KcBT9e9GSqQxYxnYSUlgaBa9TPzXC+Tc5RSesgNmIQ6EV37KVZwAU3SWJkwEhghn/eA+14yCGFtCqOb2Q5gOiSYUbIsl25S32MsyaZ5VvYvq+d15pXadd1ZER+gYnSIPXaIaukV11EAUPaBn9IrenBfn3flwPmejBSffOURzcL5+Ab/rnuI=</latexit>

✓
<latexit sha1_base64="rQ+W36tDDEyE85XJBT7nclUiUiY=">AAACGHicbVC7TsMwFHXKq5RXgZHFokIqS5WgChgrWBiLRB9SE1WO67RW7SSybxBV1N9gYIFPYUOsbHwJK06bgbYcydLROffqHh8/FlyDbX9bhbX1jc2t4nZpZ3dv/6B8eNTWUaIoa9FIRKrrE80ED1kLOAjWjRUj0hes449vM7/zyJTmUfgAk5h5kgxDHnBKwEiuq0ZR1YURA3LeL1fsmj0DXiVOTiooR7Nf/nEHEU0kC4EKonXPsWPwUqKAU8GmJTfRLCZ0TIasZ2hIJNNeOss8xWdGGeAgUuaFgGfq342USK0n0jeTksBIL3uZ+K/ny4XLKTxlB/RSHAiuvZSHcQIspPM0QSIwRDhrCQ+4YhTExBBCFTcfwnREFKFguiyZppzlXlZJ+6LmXNbq9/VK4ybvrIhO0CmqIgddoQa6Q03UQhTF6Bm9ojfrxXq3PqzP+WjByneO0QKsr1/zL6EU</latexit>

⇢(✓) quantum state defined on a  
    -dependent basis of modes

Evolution of the state 

as a function of 

<latexit sha1_base64="rQ+W36tDDEyE85XJBT7nclUiUiY=">AAACGHicbVC7TsMwFHXKq5RXgZHFokIqS5WgChgrWBiLRB9SE1WO67RW7SSybxBV1N9gYIFPYUOsbHwJK06bgbYcydLROffqHh8/FlyDbX9bhbX1jc2t4nZpZ3dv/6B8eNTWUaIoa9FIRKrrE80ED1kLOAjWjRUj0hes449vM7/zyJTmUfgAk5h5kgxDHnBKwEiuq0ZR1YURA3LeL1fsmj0DXiVOTiooR7Nf/nEHEU0kC4EKonXPsWPwUqKAU8GmJTfRLCZ0TIasZ2hIJNNeOss8xWdGGeAgUuaFgGfq342USK0n0jeTksBIL3uZ+K/ny4XLKTxlB/RSHAiuvZSHcQIspPM0QSIwRDhrCQ+4YhTExBBCFTcfwnREFKFguiyZppzlXlZJ+6LmXNbq9/VK4ybvrIhO0CmqIgddoQa6Q03UQhTF6Bm9ojfrxXq3PqzP+WjByneO0QKsr1/zL6EU</latexit>

⇢(✓)
<latexit sha1_base64="Uf3wIRKknYdSe2nSXk99M/ZRDag=">AAACEnicbVDLSgMxFM3UV62vqks3wSK4KjMi6rLoxmUF+4B2KJk008YmmSG5I5ah/+DCjX6KO3HrD/glbs20s7CtBwKHc+7lnpwgFtyA6347hZXVtfWN4mZpa3tnd6+8f9A0UaIpa9BIRLodEMMEV6wBHARrx5oRGQjWCkY3md96ZNrwSN3DOGa+JAPFQ04JWKnZhSED0itX3Ko7BV4mXk4qKEe9V/7p9iOaSKaACmJMx3Nj8FOigVPBJqVuYlhM6IgMWMdSRSQzfjpNO8EnVunjMNL2KcBT9e9GSqQxYxnYSUlgaBa9TPzXC+Tc5RSesgNmIQ6EV37KVZwAU3SWJkwEhghn/eA+14yCGFtCqOb2Q5gOiSYUbIsl25S32MsyaZ5VvYvq+d15pXadd1ZER+gYnSIPXaIaukV11EAUPaBn9IrenBfn3flwPmejBSffOURzcL5+Ab/rnuI=</latexit>

✓

M. Gessner, N. Treps, C. Fabre, arXiv:2201.04050

<latexit sha1_base64="FlO8aMFMBEU2cz7RHPYslW/bK/c=">AAACOnicbVDLSsNAFJ3UV62vqks3g0WoICWRoi6LblxWsK3QhDKZTpqhkwczN2IJ+Qm/xoUb/Qu37sSt4NZJW8S2Hhg4nHPv3HuPGwuuwDTfjMLS8srqWnG9tLG5tb1T3t1rqyiRlLVoJCJ55xLFBA9ZCzgIdhdLRgJXsI47vMr9zj2TikfhLYxi5gRkEHKPUwJa6pVPbE8SmtoxkcCJsKUfVW3wGZDj7FfFEyXrlStmzRwDLxJrSipoimav/G33I5oELAQqiFJdy4zBSfNfqWBZyU4UiwkdkgHrahqSgCknHV+V4SOt9LEXSf1CwGP1b0dKAqVGgasrAwK+mvdy8V/PDWYmp/CQD1Bz64B34aQ8jBNgIZ1s4yUCQ4TzHHGfS0ZBjDQhVHJ9EKY+0VmCTrukk7Lmc1kk7dOadVar39QrjctpZkV0gA5RFVnoHDXQNWqiFqLoET2hF/RqPBvvxofxOSktGNOefTQD4+sHJHmvkQ==</latexit>

@⇢(✓)
@✓

→ Determine

→ Identification of bounds for quantum metrology

9



QUANTUM THEORY OF MODE PARAMETER ESTIMATION

creates a photon in the mode 
<latexit sha1_base64="d+81OpX159gOfwRPpUNgzAdqpSk=">AAACD3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cV7QPaoWTSTBuaZIYkI5ahn+DCjX6KO3HrJ/glbs20s7CtBwKHc+7lnpwg5kwb1/12Ciura+sbxc3S1vbO7l55/6Cpo0QR2iARj1Q7wJpyJmnDMMNpO1YUi4DTVjC6yfzWI1WaRfLBjGPqCzyQLGQEGyvdhz3RK1fcqjsFWiZeTiqQo94r/3T7EUkElYZwrHXHc2Pjp1gZRjidlLqJpjEmIzygHUslFlT76TTqBJ1YpY/CSNknDZqqfzdSLLQei8BOCmyGetHLxH+9QMxdTs1TdkAvxDHhlZ8yGSeGSjJLEyYcmQhl5aA+U5QYPrYEE8XshxAZYoWJsRWWbFPeYi/LpHlW9S6q53fnldp13lkRjuAYTsGDS6jBLdShAQQG8Ayv8Oa8OO/Oh/M5Gy04+c4hzMH5+gU4eZ2E</latexit>

fm
<latexit sha1_base64="elatme6/C+8HEY3tdYwLAaoX9Cg=">AAACIXicbVDLSsNAFJ3UV62vaJdugkVwVRIp6rLoxmUF+4C2lpvptB06k4SZG7GEfosLN/op7sSd+CFunbRZ2NYDA4dz7uWeOX4kuEbX/bJya+sbm1v57cLO7t7+gX141NBhrCir01CEquWDZoIHrI4cBWtFioH0BWv645vUbz4ypXkY3OMkYl0Jw4APOAU0Us8udkaACUwfkk4fhkOmpj3Zs0tu2Z3BWSVeRkokQ61n/3T6IY0lC5AK0LrtuRF2E1DIqWDTQifWLAI6hiFrGxqAZLqbzMJPnVOj9J1BqMwL0JmpfzcSkFpPpG8mJeBIL3up+K/ny4XLCT6lB/RSHBxcdRMeRDGygM7TDGLhYOikdTl9rhhFMTEEqOLmQw4dgQKKptSCacpb7mWVNM7L3kW5clcpVa+zzvLkmJyQM+KRS1Ilt6RG6oSSCXkmr+TNerHerQ/rcz6as7KdIlmA9f0LWb6k/Q==</latexit>

â†m

Change of the mode basis  = Change of the creation operators

basis of modes, parametrized by 
<latexit sha1_base64="GLe1NPylx2cB2H02kB2YAvmnmGU=">AAACE3icbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2Ae0Q8mkmTY0yQxJRixDP8KFG/0Ud+LWD/BL3JppZ2FbDwQO59zLPTlBzJk2rvvtFNbWNza3itulnd29/YPy4VFLR4kitEkiHqlOgDXlTNKmYYbTTqwoFgGn7WB8m/ntR6o0i+SDmcTUF3goWcgINlZq99KwL3rTfrniVt0Z0CrxclKBHI1++ac3iEgiqDSEY627nhsbP8XKMMLptNRLNI0xGeMh7VoqsaDaT2dxp+jMKgMURso+adBM/buRYqH1RAR2UmAz0steJv7rBWLhcmqesgN6KY4Jr/2UyTgxVJJ5mjDhyEQoKwgNmKLE8IklmChmP4TICCtMjK2xZJvylntZJa2LqndZrd3XKvWbvLMinMApnIMHV1CHO2hAEwiM4Rle4c15cd6dD+dzPlpw8p1jWIDz9QuhZZ9c</latexit>{ fm}

<latexit sha1_base64="Uf3wIRKknYdSe2nSXk99M/ZRDag=">AAACEnicbVDLSgMxFM3UV62vqks3wSK4KjMi6rLoxmUF+4B2KJk008YmmSG5I5ah/+DCjX6KO3HrD/glbs20s7CtBwKHc+7lnpwgFtyA6347hZXVtfWN4mZpa3tnd6+8f9A0UaIpa9BIRLodEMMEV6wBHARrx5oRGQjWCkY3md96ZNrwSN3DOGa+JAPFQ04JWKnZhSED0itX3Ko7BV4mXk4qKEe9V/7p9iOaSKaACmJMx3Nj8FOigVPBJqVuYlhM6IgMWMdSRSQzfjpNO8EnVunjMNL2KcBT9e9GSqQxYxnYSUlgaBa9TPzXC+Tc5RSesgNmIQ6EV37KVZwAU3SWJkwEhghn/eA+14yCGFtCqOb2Q5gOiSYUbIsl25S32MsyaZ5VvYvq+d15pXadd1ZER+gYnSIPXaIaukV11EAUPaBn9IrenBfn3flwPmejBSffOURzcL5+Ab/rnuI=</latexit>

✓
<latexit sha1_base64="Uf3wIRKknYdSe2nSXk99M/ZRDag=">AAACEnicbVDLSgMxFM3UV62vqks3wSK4KjMi6rLoxmUF+4B2KJk008YmmSG5I5ah/+DCjX6KO3HrD/glbs20s7CtBwKHc+7lnpwgFtyA6347hZXVtfWN4mZpa3tnd6+8f9A0UaIpa9BIRLodEMMEV6wBHARrx5oRGQjWCkY3md96ZNrwSN3DOGa+JAPFQ04JWKnZhSED0itX3Ko7BV4mXk4qKEe9V/7p9iOaSKaACmJMx3Nj8FOigVPBJqVuYlhM6IgMWMdSRSQzfjpNO8EnVunjMNL2KcBT9e9GSqQxYxnYSUlgaBa9TPzXC+Tc5RSesgNmIQ6EV37KVZwAU3SWJkwEhghn/eA+14yCGFtCqOb2Q5gOiSYUbIsl25S32MsyaZ5VvYvq+d15pXadd1ZER+gYnSIPXaIaukV11EAUPaBn9IrenBfn3flwPmejBSffOURzcL5+Ab/rnuI=</latexit>

✓
<latexit sha1_base64="rQ+W36tDDEyE85XJBT7nclUiUiY=">AAACGHicbVC7TsMwFHXKq5RXgZHFokIqS5WgChgrWBiLRB9SE1WO67RW7SSybxBV1N9gYIFPYUOsbHwJK06bgbYcydLROffqHh8/FlyDbX9bhbX1jc2t4nZpZ3dv/6B8eNTWUaIoa9FIRKrrE80ED1kLOAjWjRUj0hes449vM7/zyJTmUfgAk5h5kgxDHnBKwEiuq0ZR1YURA3LeL1fsmj0DXiVOTiooR7Nf/nEHEU0kC4EKonXPsWPwUqKAU8GmJTfRLCZ0TIasZ2hIJNNeOss8xWdGGeAgUuaFgGfq342USK0n0jeTksBIL3uZ+K/ny4XLKTxlB/RSHAiuvZSHcQIspPM0QSIwRDhrCQ+4YhTExBBCFTcfwnREFKFguiyZppzlXlZJ+6LmXNbq9/VK4ybvrIhO0CmqIgddoQa6Q03UQhTF6Bm9ojfrxXq3PqzP+WjByneO0QKsr1/zL6EU</latexit>

⇢(✓) quantum state defined on a  
    -dependent basis of modes

Evolution of the state 

as a function of 

<latexit sha1_base64="rQ+W36tDDEyE85XJBT7nclUiUiY=">AAACGHicbVC7TsMwFHXKq5RXgZHFokIqS5WgChgrWBiLRB9SE1WO67RW7SSybxBV1N9gYIFPYUOsbHwJK06bgbYcydLROffqHh8/FlyDbX9bhbX1jc2t4nZpZ3dv/6B8eNTWUaIoa9FIRKrrE80ED1kLOAjWjRUj0hes449vM7/zyJTmUfgAk5h5kgxDHnBKwEiuq0ZR1YURA3LeL1fsmj0DXiVOTiooR7Nf/nEHEU0kC4EKonXPsWPwUqKAU8GmJTfRLCZ0TIasZ2hIJNNeOss8xWdGGeAgUuaFgGfq342USK0n0jeTksBIL3uZ+K/ny4XLKTxlB/RSHAiuvZSHcQIspPM0QSIwRDhrCQ+4YhTExBBCFTcfwnREFKFguiyZppzlXlZJ+6LmXNbq9/VK4ybvrIhO0CmqIgddoQa6Q03UQhTF6Bm9ojfrxXq3PqzP+WjByneO0QKsr1/zL6EU</latexit>

⇢(✓)
<latexit sha1_base64="Uf3wIRKknYdSe2nSXk99M/ZRDag=">AAACEnicbVDLSgMxFM3UV62vqks3wSK4KjMi6rLoxmUF+4B2KJk008YmmSG5I5ah/+DCjX6KO3HrD/glbs20s7CtBwKHc+7lnpwgFtyA6347hZXVtfWN4mZpa3tnd6+8f9A0UaIpa9BIRLodEMMEV6wBHARrx5oRGQjWCkY3md96ZNrwSN3DOGa+JAPFQ04JWKnZhSED0itX3Ko7BV4mXk4qKEe9V/7p9iOaSKaACmJMx3Nj8FOigVPBJqVuYlhM6IgMWMdSRSQzfjpNO8EnVunjMNL2KcBT9e9GSqQxYxnYSUlgaBa9TPzXC+Tc5RSesgNmIQ6EV37KVZwAU3SWJkwEhghn/eA+14yCGFtCqOb2Q5gOiSYUbIsl25S32MsyaZ5VvYvq+d15pXadd1ZER+gYnSIPXaIaukV11EAUPaBn9IrenBfn3flwPmejBSffOURzcL5+Ab/rnuI=</latexit>

✓

Effective beam splitter description
<latexit sha1_base64="8kUH+0TfwPY4SwfkAlQN2v3EQdU="></latexit>

@

@✓
⇢ = �i[H, ⇢]

M. Gessner, N. Treps, C. Fabre, arXiv:2201.04050

<latexit sha1_base64="FlO8aMFMBEU2cz7RHPYslW/bK/c=">AAACOnicbVDLSsNAFJ3UV62vqks3g0WoICWRoi6LblxWsK3QhDKZTpqhkwczN2IJ+Qm/xoUb/Qu37sSt4NZJW8S2Hhg4nHPv3HuPGwuuwDTfjMLS8srqWnG9tLG5tb1T3t1rqyiRlLVoJCJ55xLFBA9ZCzgIdhdLRgJXsI47vMr9zj2TikfhLYxi5gRkEHKPUwJa6pVPbE8SmtoxkcCJsKUfVW3wGZDj7FfFEyXrlStmzRwDLxJrSipoimav/G33I5oELAQqiFJdy4zBSfNfqWBZyU4UiwkdkgHrahqSgCknHV+V4SOt9LEXSf1CwGP1b0dKAqVGgasrAwK+mvdy8V/PDWYmp/CQD1Bz64B34aQ8jBNgIZ1s4yUCQ4TzHHGfS0ZBjDQhVHJ9EKY+0VmCTrukk7Lmc1kk7dOadVar39QrjctpZkV0gA5RFVnoHDXQNWqiFqLoET2hF/RqPBvvxofxOSktGNOefTQD4+sHJHmvkQ==</latexit>

@⇢(✓)
@✓

→ Determine

→ Identification of bounds for quantum metrology

9



QUANTUM THEORY OF MODE PARAMETER ESTIMATION

creates a photon in the mode 
<latexit sha1_base64="d+81OpX159gOfwRPpUNgzAdqpSk=">AAACD3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cV7QPaoWTSTBuaZIYkI5ahn+DCjX6KO3HrJ/glbs20s7CtBwKHc+7lnpwg5kwb1/12Ciura+sbxc3S1vbO7l55/6Cpo0QR2iARj1Q7wJpyJmnDMMNpO1YUi4DTVjC6yfzWI1WaRfLBjGPqCzyQLGQEGyvdhz3RK1fcqjsFWiZeTiqQo94r/3T7EUkElYZwrHXHc2Pjp1gZRjidlLqJpjEmIzygHUslFlT76TTqBJ1YpY/CSNknDZqqfzdSLLQei8BOCmyGetHLxH+9QMxdTs1TdkAvxDHhlZ8yGSeGSjJLEyYcmQhl5aA+U5QYPrYEE8XshxAZYoWJsRWWbFPeYi/LpHlW9S6q53fnldp13lkRjuAYTsGDS6jBLdShAQQG8Ayv8Oa8OO/Oh/M5Gy04+c4hzMH5+gU4eZ2E</latexit>

fm
<latexit sha1_base64="elatme6/C+8HEY3tdYwLAaoX9Cg=">AAACIXicbVDLSsNAFJ3UV62vaJdugkVwVRIp6rLoxmUF+4C2lpvptB06k4SZG7GEfosLN/op7sSd+CFunbRZ2NYDA4dz7uWeOX4kuEbX/bJya+sbm1v57cLO7t7+gX141NBhrCir01CEquWDZoIHrI4cBWtFioH0BWv645vUbz4ypXkY3OMkYl0Jw4APOAU0Us8udkaACUwfkk4fhkOmpj3Zs0tu2Z3BWSVeRkokQ61n/3T6IY0lC5AK0LrtuRF2E1DIqWDTQifWLAI6hiFrGxqAZLqbzMJPnVOj9J1BqMwL0JmpfzcSkFpPpG8mJeBIL3up+K/ny4XLCT6lB/RSHBxcdRMeRDGygM7TDGLhYOikdTl9rhhFMTEEqOLmQw4dgQKKptSCacpb7mWVNM7L3kW5clcpVa+zzvLkmJyQM+KRS1Ilt6RG6oSSCXkmr+TNerHerQ/rcz6as7KdIlmA9f0LWb6k/Q==</latexit>

â†m

Change of the mode basis  = Change of the creation operators

basis of modes, parametrized by 
<latexit sha1_base64="GLe1NPylx2cB2H02kB2YAvmnmGU=">AAACE3icbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2Ae0Q8mkmTY0yQxJRixDP8KFG/0Ud+LWD/BL3JppZ2FbDwQO59zLPTlBzJk2rvvtFNbWNza3itulnd29/YPy4VFLR4kitEkiHqlOgDXlTNKmYYbTTqwoFgGn7WB8m/ntR6o0i+SDmcTUF3goWcgINlZq99KwL3rTfrniVt0Z0CrxclKBHI1++ac3iEgiqDSEY627nhsbP8XKMMLptNRLNI0xGeMh7VoqsaDaT2dxp+jMKgMURso+adBM/buRYqH1RAR2UmAz0steJv7rBWLhcmqesgN6KY4Jr/2UyTgxVJJ5mjDhyEQoKwgNmKLE8IklmChmP4TICCtMjK2xZJvylntZJa2LqndZrd3XKvWbvLMinMApnIMHV1CHO2hAEwiM4Rle4c15cd6dD+dzPlpw8p1jWIDz9QuhZZ9c</latexit>{ fm}

<latexit sha1_base64="Uf3wIRKknYdSe2nSXk99M/ZRDag=">AAACEnicbVDLSgMxFM3UV62vqks3wSK4KjMi6rLoxmUF+4B2KJk008YmmSG5I5ah/+DCjX6KO3HrD/glbs20s7CtBwKHc+7lnpwgFtyA6347hZXVtfWN4mZpa3tnd6+8f9A0UaIpa9BIRLodEMMEV6wBHARrx5oRGQjWCkY3md96ZNrwSN3DOGa+JAPFQ04JWKnZhSED0itX3Ko7BV4mXk4qKEe9V/7p9iOaSKaACmJMx3Nj8FOigVPBJqVuYlhM6IgMWMdSRSQzfjpNO8EnVunjMNL2KcBT9e9GSqQxYxnYSUlgaBa9TPzXC+Tc5RSesgNmIQ6EV37KVZwAU3SWJkwEhghn/eA+14yCGFtCqOb2Q5gOiSYUbIsl25S32MsyaZ5VvYvq+d15pXadd1ZER+gYnSIPXaIaukV11EAUPaBn9IrenBfn3flwPmejBSffOURzcL5+Ab/rnuI=</latexit>

✓
<latexit sha1_base64="Uf3wIRKknYdSe2nSXk99M/ZRDag=">AAACEnicbVDLSgMxFM3UV62vqks3wSK4KjMi6rLoxmUF+4B2KJk008YmmSG5I5ah/+DCjX6KO3HrD/glbs20s7CtBwKHc+7lnpwgFtyA6347hZXVtfWN4mZpa3tnd6+8f9A0UaIpa9BIRLodEMMEV6wBHARrx5oRGQjWCkY3md96ZNrwSN3DOGa+JAPFQ04JWKnZhSED0itX3Ko7BV4mXk4qKEe9V/7p9iOaSKaACmJMx3Nj8FOigVPBJqVuYlhM6IgMWMdSRSQzfjpNO8EnVunjMNL2KcBT9e9GSqQxYxnYSUlgaBa9TPzXC+Tc5RSesgNmIQ6EV37KVZwAU3SWJkwEhghn/eA+14yCGFtCqOb2Q5gOiSYUbIsl25S32MsyaZ5VvYvq+d15pXadd1ZER+gYnSIPXaIaukV11EAUPaBn9IrenBfn3flwPmejBSffOURzcL5+Ab/rnuI=</latexit>

✓
<latexit sha1_base64="rQ+W36tDDEyE85XJBT7nclUiUiY=">AAACGHicbVC7TsMwFHXKq5RXgZHFokIqS5WgChgrWBiLRB9SE1WO67RW7SSybxBV1N9gYIFPYUOsbHwJK06bgbYcydLROffqHh8/FlyDbX9bhbX1jc2t4nZpZ3dv/6B8eNTWUaIoa9FIRKrrE80ED1kLOAjWjRUj0hes449vM7/zyJTmUfgAk5h5kgxDHnBKwEiuq0ZR1YURA3LeL1fsmj0DXiVOTiooR7Nf/nEHEU0kC4EKonXPsWPwUqKAU8GmJTfRLCZ0TIasZ2hIJNNeOss8xWdGGeAgUuaFgGfq342USK0n0jeTksBIL3uZ+K/ny4XLKTxlB/RSHAiuvZSHcQIspPM0QSIwRDhrCQ+4YhTExBBCFTcfwnREFKFguiyZppzlXlZJ+6LmXNbq9/VK4ybvrIhO0CmqIgddoQa6Q03UQhTF6Bm9ojfrxXq3PqzP+WjByneO0QKsr1/zL6EU</latexit>

⇢(✓) quantum state defined on a  
    -dependent basis of modes

Evolution of the state 

as a function of 

<latexit sha1_base64="rQ+W36tDDEyE85XJBT7nclUiUiY=">AAACGHicbVC7TsMwFHXKq5RXgZHFokIqS5WgChgrWBiLRB9SE1WO67RW7SSybxBV1N9gYIFPYUOsbHwJK06bgbYcydLROffqHh8/FlyDbX9bhbX1jc2t4nZpZ3dv/6B8eNTWUaIoa9FIRKrrE80ED1kLOAjWjRUj0hes449vM7/zyJTmUfgAk5h5kgxDHnBKwEiuq0ZR1YURA3LeL1fsmj0DXiVOTiooR7Nf/nEHEU0kC4EKonXPsWPwUqKAU8GmJTfRLCZ0TIasZ2hIJNNeOss8xWdGGeAgUuaFgGfq342USK0n0jeTksBIL3uZ+K/ny4XLKTxlB/RSHAiuvZSHcQIspPM0QSIwRDhrCQ+4YhTExBBCFTcfwnREFKFguiyZppzlXlZJ+6LmXNbq9/VK4ybvrIhO0CmqIgddoQa6Q03UQhTF6Bm9ojfrxXq3PqzP+WjByneO0QKsr1/zL6EU</latexit>

⇢(✓)
<latexit sha1_base64="Uf3wIRKknYdSe2nSXk99M/ZRDag=">AAACEnicbVDLSgMxFM3UV62vqks3wSK4KjMi6rLoxmUF+4B2KJk008YmmSG5I5ah/+DCjX6KO3HrD/glbs20s7CtBwKHc+7lnpwgFtyA6347hZXVtfWN4mZpa3tnd6+8f9A0UaIpa9BIRLodEMMEV6wBHARrx5oRGQjWCkY3md96ZNrwSN3DOGa+JAPFQ04JWKnZhSED0itX3Ko7BV4mXk4qKEe9V/7p9iOaSKaACmJMx3Nj8FOigVPBJqVuYlhM6IgMWMdSRSQzfjpNO8EnVunjMNL2KcBT9e9GSqQxYxnYSUlgaBa9TPzXC+Tc5RSesgNmIQ6EV37KVZwAU3SWJkwEhghn/eA+14yCGFtCqOb2Q5gOiSYUbIsl25S32MsyaZ5VvYvq+d15pXadd1ZER+gYnSIPXaIaukV11EAUPaBn9IrenBfn3flwPmejBSffOURzcL5+Ab/rnuI=</latexit>

✓

Effective beam splitter description
<latexit sha1_base64="8kUH+0TfwPY4SwfkAlQN2v3EQdU="></latexit>

@

@✓
⇢ = �i[H, ⇢]

M. Gessner, N. Treps, C. Fabre, arXiv:2201.04050

<latexit sha1_base64="vX/xylToXeii6j2RLp7SktYjzVc="></latexit>

H = i

X

jk

( f j| f 0k )â†
j
âk

<latexit sha1_base64="RisjV5PHAnDGcUWgKMRFh+OZNaA="></latexit>

( f j| f 0k ) =
Z

dx f ⇤j (x) f 0k (x)

Unitary evolution

Hamiltonian depends on shape  
and derivative of the modes

<latexit sha1_base64="FlO8aMFMBEU2cz7RHPYslW/bK/c=">AAACOnicbVDLSsNAFJ3UV62vqks3g0WoICWRoi6LblxWsK3QhDKZTpqhkwczN2IJ+Qm/xoUb/Qu37sSt4NZJW8S2Hhg4nHPv3HuPGwuuwDTfjMLS8srqWnG9tLG5tb1T3t1rqyiRlLVoJCJ55xLFBA9ZCzgIdhdLRgJXsI47vMr9zj2TikfhLYxi5gRkEHKPUwJa6pVPbE8SmtoxkcCJsKUfVW3wGZDj7FfFEyXrlStmzRwDLxJrSipoimav/G33I5oELAQqiFJdy4zBSfNfqWBZyU4UiwkdkgHrahqSgCknHV+V4SOt9LEXSf1CwGP1b0dKAqVGgasrAwK+mvdy8V/PDWYmp/CQD1Bz64B34aQ8jBNgIZ1s4yUCQ4TzHHGfS0ZBjDQhVHJ9EKY+0VmCTrukk7Lmc1kk7dOadVar39QrjctpZkV0gA5RFVnoHDXQNWqiFqLoET2hF/RqPBvvxofxOSktGNOefTQD4+sHJHmvkQ==</latexit>

@⇢(✓)
@✓

→ Determine

→ Identification of bounds for quantum metrology

9



QUANTUM SENSITIVITY LIMITS FOR MODE PARAMETER ESTIMATION

<latexit sha1_base64="vX/xylToXeii6j2RLp7SktYjzVc="></latexit>

H = i

X

jk

( f j| f 0k )â†
j
âk

<latexit sha1_base64="l8K3MT+lQXnaih8zOcTzqLtNsDg=">AAACF3icbVDLSgMxFM3UV62vqks3wSK4kDIjRV0WBemyBfuAdiiZNNOG5jEkGbEM/QwXbvRT3Ilbl36JWzPtLGzrgcDhnHu5JyeIGNXGdb+d3Nr6xuZWfruws7u3f1A8PGppGStMmlgyqToB0oRRQZqGGkY6kSKIB4y0g/Fd6rcfidJUigcziYjP0VDQkGJkrNS97ze6PTWSFzW/Xyy5ZXcGuEq8jJRAhnq/+NMbSBxzIgxmSOuu50bGT5AyFDMyLfRiTSKEx2hIupYKxIn2k1nkKTyzygCGUtknDJypfzcSxLWe8MBOcmRGetlLxX+9gC9cTsxTekAvxTHhjZ9QEcWGCDxPE8YMGgnTkuCAKoINm1iCsKL2QxCPkELY2CoLtilvuZdV0rose1flSqNSqt5mneXBCTgF58AD16AKaqAOmgADCZ7BK3hzXpx358P5nI/mnGznGCzA+foFvJ2gaQ==</latexit>

FQ[⇢,H]

Determined by QFI for a unitary parameter imprinting with a beam-splitter-like Hamiltonian

withSensitivity:

M. Gessner, N. Treps, C. Fabre, arXiv:2201.04050
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QUANTUM SENSITIVITY LIMITS FOR MODE PARAMETER ESTIMATION

<latexit sha1_base64="vX/xylToXeii6j2RLp7SktYjzVc="></latexit>

H = i

X

jk

( f j| f 0k )â†
j
âk

<latexit sha1_base64="l8K3MT+lQXnaih8zOcTzqLtNsDg=">AAACF3icbVDLSgMxFM3UV62vqks3wSK4kDIjRV0WBemyBfuAdiiZNNOG5jEkGbEM/QwXbvRT3Ilbl36JWzPtLGzrgcDhnHu5JyeIGNXGdb+d3Nr6xuZWfruws7u3f1A8PGppGStMmlgyqToB0oRRQZqGGkY6kSKIB4y0g/Fd6rcfidJUigcziYjP0VDQkGJkrNS97ze6PTWSFzW/Xyy5ZXcGuEq8jJRAhnq/+NMbSBxzIgxmSOuu50bGT5AyFDMyLfRiTSKEx2hIupYKxIn2k1nkKTyzygCGUtknDJypfzcSxLWe8MBOcmRGetlLxX+9gC9cTsxTekAvxTHhjZ9QEcWGCDxPE8YMGgnTkuCAKoINm1iCsKL2QxCPkELY2CoLtilvuZdV0rose1flSqNSqt5mneXBCTgF58AD16AKaqAOmgADCZ7BK3hzXpx358P5nI/mnGznGCzA+foFvJ2gaQ==</latexit>

FQ[⇢,H]

Determined by QFI for a unitary parameter imprinting with a beam-splitter-like Hamiltonian

withSensitivity:

Depends on the fluctuations

→ Nonclassical states with sub-SQL quantum fluctuations can lead to a quantum advantage

M. Gessner, N. Treps, C. Fabre, arXiv:2201.04050
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QUANTUM SENSITIVITY LIMITS FOR MODE PARAMETER ESTIMATION

But: In practice, only few modes will be populated!

<latexit sha1_base64="vX/xylToXeii6j2RLp7SktYjzVc="></latexit>

H = i

X

jk

( f j| f 0k )â†
j
âk

<latexit sha1_base64="l8K3MT+lQXnaih8zOcTzqLtNsDg=">AAACF3icbVDLSgMxFM3UV62vqks3wSK4kDIjRV0WBemyBfuAdiiZNNOG5jEkGbEM/QwXbvRT3Ilbl36JWzPtLGzrgcDhnHu5JyeIGNXGdb+d3Nr6xuZWfruws7u3f1A8PGppGStMmlgyqToB0oRRQZqGGkY6kSKIB4y0g/Fd6rcfidJUigcziYjP0VDQkGJkrNS97ze6PTWSFzW/Xyy5ZXcGuEq8jJRAhnq/+NMbSBxzIgxmSOuu50bGT5AyFDMyLfRiTSKEx2hIupYKxIn2k1nkKTyzygCGUtknDJypfzcSxLWe8MBOcmRGetlLxX+9gC9cTsxTekAvxTHhjZ9QEcWGCDxPE8YMGgnTkuCAKoINm1iCsKL2QxCPkELY2CoLtilvuZdV0rose1flSqNSqt5mneXBCTgF58AD16AKaqAOmgADCZ7BK3hzXpx358P5nI/mnGznGCzA+foFvJ2gaQ==</latexit>

FQ[⇢,H]

Determined by QFI for a unitary parameter imprinting with a beam-splitter-like Hamiltonian

withSensitivity:

Depends on the fluctuations

→ Nonclassical states with sub-SQL quantum fluctuations can lead to a quantum advantage

M. Gessner, N. Treps, C. Fabre, arXiv:2201.04050
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QUANTUM SENSITIVITY LIMITS FOR MODE PARAMETER ESTIMATION

But: In practice, only few modes will be populated!

<latexit sha1_base64="vX/xylToXeii6j2RLp7SktYjzVc="></latexit>

H = i

X

jk

( f j| f 0k )â†
j
âk

<latexit sha1_base64="l8K3MT+lQXnaih8zOcTzqLtNsDg=">AAACF3icbVDLSgMxFM3UV62vqks3wSK4kDIjRV0WBemyBfuAdiiZNNOG5jEkGbEM/QwXbvRT3Ilbl36JWzPtLGzrgcDhnHu5JyeIGNXGdb+d3Nr6xuZWfruws7u3f1A8PGppGStMmlgyqToB0oRRQZqGGkY6kSKIB4y0g/Fd6rcfidJUigcziYjP0VDQkGJkrNS97ze6PTWSFzW/Xyy5ZXcGuEq8jJRAhnq/+NMbSBxzIgxmSOuu50bGT5AyFDMyLfRiTSKEx2hIupYKxIn2k1nkKTyzygCGUtknDJypfzcSxLWe8MBOcmRGetlLxX+9gC9cTsxTekAvxTHhjZ9QEcWGCDxPE8YMGgnTkuCAKoINm1iCsKL2QxCPkELY2CoLtilvuZdV0rose1flSqNSqt5mneXBCTgF58AD16AKaqAOmgADCZ7BK3hzXpx358P5nI/mnGznGCzA+foFvJ2gaQ==</latexit>

FQ[⇢,H]

Determined by QFI for a unitary parameter imprinting with a beam-splitter-like Hamiltonian

withSensitivity:

Depends on the fluctuations

→ Nonclassical states with sub-SQL quantum fluctuations can lead to a quantum advantage

<latexit sha1_base64="W0scpadze1UZ/S1HuDDWSJdPF2s=">AAACLXicbVDLSsNAFJ3UV62vqksXDhZBUEoiRd0IRUHqyhbsA5oQJtNpO3QyCTMTsYQu/RoXbvRTXAji1k9w6zTNwrYeuHA4517uvccLGZXKND+MzMLi0vJKdjW3tr6xuZXf3mnIIBKY1HHAAtHykCSMclJXVDHSCgVBvsdI0xtcj/3mAxGSBvxeDUPi+KjHaZdipLTk5vcvb9xa2xb94KTi3jrHNkO8xwi8s0VC3HzBLJoJ4DyxUlIAKapu/sfuBDjyCVeYISnblhkqJ0ZCUczIKGdHkoQID1CPtDXlyCfSiZNHRvBQKx3YDYQurmCi/p2IkS/l0Pd0p49UX856Y/Ffz/OnNsfqcbxAzpyjuhdOTHkYKcLx5JpuxKAK4Dg62KGCYMWGmiAsqH4I4j4SCCsdcE4nZc3mMk8ap0XrrFiqlQrlqzSzLNgDB+AIWOAclEEFVEEdYPAEnsEreDNejHfj0/iatGaMdGYXTMH4/gWGvqiF</latexit>

= FQ[⇢,HI] + hOi
<latexit sha1_base64="p1zNJJXNCKuHI/OK4FSaZlmY42Y="></latexit>

HI = i

X

jk2I
( f j| f 0k )â†

j
âk I: set of populated modes

M. Gessner, N. Treps, C. Fabre, arXiv:2201.04050
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QUANTUM SENSITIVITY LIMITS FOR MODE PARAMETER ESTIMATION

But: In practice, only few modes will be populated!

<latexit sha1_base64="vX/xylToXeii6j2RLp7SktYjzVc="></latexit>

H = i

X

jk

( f j| f 0k )â†
j
âk

<latexit sha1_base64="l8K3MT+lQXnaih8zOcTzqLtNsDg=">AAACF3icbVDLSgMxFM3UV62vqks3wSK4kDIjRV0WBemyBfuAdiiZNNOG5jEkGbEM/QwXbvRT3Ilbl36JWzPtLGzrgcDhnHu5JyeIGNXGdb+d3Nr6xuZWfruws7u3f1A8PGppGStMmlgyqToB0oRRQZqGGkY6kSKIB4y0g/Fd6rcfidJUigcziYjP0VDQkGJkrNS97ze6PTWSFzW/Xyy5ZXcGuEq8jJRAhnq/+NMbSBxzIgxmSOuu50bGT5AyFDMyLfRiTSKEx2hIupYKxIn2k1nkKTyzygCGUtknDJypfzcSxLWe8MBOcmRGetlLxX+9gC9cTsxTekAvxTHhjZ9QEcWGCDxPE8YMGgnTkuCAKoINm1iCsKL2QxCPkELY2CoLtilvuZdV0rose1flSqNSqt5mneXBCTgF58AD16AKaqAOmgADCZ7BK3hzXpx358P5nI/mnGznGCzA+foFvJ2gaQ==</latexit>

FQ[⇢,H]

Determined by QFI for a unitary parameter imprinting with a beam-splitter-like Hamiltonian

withSensitivity:

Depends on the fluctuations

→ Nonclassical states with sub-SQL quantum fluctuations can lead to a quantum advantage

<latexit sha1_base64="W0scpadze1UZ/S1HuDDWSJdPF2s=">AAACLXicbVDLSsNAFJ3UV62vqksXDhZBUEoiRd0IRUHqyhbsA5oQJtNpO3QyCTMTsYQu/RoXbvRTXAji1k9w6zTNwrYeuHA4517uvccLGZXKND+MzMLi0vJKdjW3tr6xuZXf3mnIIBKY1HHAAtHykCSMclJXVDHSCgVBvsdI0xtcj/3mAxGSBvxeDUPi+KjHaZdipLTk5vcvb9xa2xb94KTi3jrHNkO8xwi8s0VC3HzBLJoJ4DyxUlIAKapu/sfuBDjyCVeYISnblhkqJ0ZCUczIKGdHkoQID1CPtDXlyCfSiZNHRvBQKx3YDYQurmCi/p2IkS/l0Pd0p49UX856Y/Ffz/OnNsfqcbxAzpyjuhdOTHkYKcLx5JpuxKAK4Dg62KGCYMWGmiAsqH4I4j4SCCsdcE4nZc3mMk8ap0XrrFiqlQrlqzSzLNgDB+AIWOAclEEFVEEdYPAEnsEreDNejHfj0/iatGaMdGYXTMH4/gWGvqiF</latexit>

= FQ[⇢,HI] + hOi
<latexit sha1_base64="p1zNJJXNCKuHI/OK4FSaZlmY42Y="></latexit>

HI = i

X

jk2I
( f j| f 0k )â†

j
âk I: set of populated modes

<latexit sha1_base64="KlGbcliQn7B/2gFjtR7HgCJtfvw="></latexit>

O = 4
X

kl2I

2
6666664( f
0
k
| f 0

l
) �
X

j2I
( f
0
k
| f j)( f j| f 0l )

3
7777775 â
†
k
âl

= 4
X

kl2I
( f
0
k
|⇧vac| f 0l )â†

k
âl

<latexit sha1_base64="/zuVwj2sllDGznHbOJnjv/Z1p6k="></latexit>

⇧vac =
X

j,I

| f j)( f j|with

M. Gessner, N. Treps, C. Fabre, arXiv:2201.04050
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QUANTUM SENSITIVITY LIMITS FOR MODE PARAMETER ESTIMATION

But: In practice, only few modes will be populated!

<latexit sha1_base64="vX/xylToXeii6j2RLp7SktYjzVc="></latexit>

H = i

X

jk

( f j| f 0k )â†
j
âk

<latexit sha1_base64="l8K3MT+lQXnaih8zOcTzqLtNsDg=">AAACF3icbVDLSgMxFM3UV62vqks3wSK4kDIjRV0WBemyBfuAdiiZNNOG5jEkGbEM/QwXbvRT3Ilbl36JWzPtLGzrgcDhnHu5JyeIGNXGdb+d3Nr6xuZWfruws7u3f1A8PGppGStMmlgyqToB0oRRQZqGGkY6kSKIB4y0g/Fd6rcfidJUigcziYjP0VDQkGJkrNS97ze6PTWSFzW/Xyy5ZXcGuEq8jJRAhnq/+NMbSBxzIgxmSOuu50bGT5AyFDMyLfRiTSKEx2hIupYKxIn2k1nkKTyzygCGUtknDJypfzcSxLWe8MBOcmRGetlLxX+9gC9cTsxTekAvxTHhjZ9QEcWGCDxPE8YMGgnTkuCAKoINm1iCsKL2QxCPkELY2CoLtilvuZdV0rose1flSqNSqt5mneXBCTgF58AD16AKaqAOmgADCZ7BK3hzXpx358P5nI/mnGznGCzA+foFvJ2gaQ==</latexit>

FQ[⇢,H]

Determined by QFI for a unitary parameter imprinting with a beam-splitter-like Hamiltonian

withSensitivity:

Depends on the fluctuations

→ Nonclassical states with sub-SQL quantum fluctuations can lead to a quantum advantage

Independent of the fluctuations

→ No quantum advantage from this term

<latexit sha1_base64="W0scpadze1UZ/S1HuDDWSJdPF2s=">AAACLXicbVDLSsNAFJ3UV62vqksXDhZBUEoiRd0IRUHqyhbsA5oQJtNpO3QyCTMTsYQu/RoXbvRTXAji1k9w6zTNwrYeuHA4517uvccLGZXKND+MzMLi0vJKdjW3tr6xuZXf3mnIIBKY1HHAAtHykCSMclJXVDHSCgVBvsdI0xtcj/3mAxGSBvxeDUPi+KjHaZdipLTk5vcvb9xa2xb94KTi3jrHNkO8xwi8s0VC3HzBLJoJ4DyxUlIAKapu/sfuBDjyCVeYISnblhkqJ0ZCUczIKGdHkoQID1CPtDXlyCfSiZNHRvBQKx3YDYQurmCi/p2IkS/l0Pd0p49UX856Y/Ffz/OnNsfqcbxAzpyjuhdOTHkYKcLx5JpuxKAK4Dg62KGCYMWGmiAsqH4I4j4SCCsdcE4nZc3mMk8ap0XrrFiqlQrlqzSzLNgDB+AIWOAclEEFVEEdYPAEnsEreDNejHfj0/iatGaMdGYXTMH4/gWGvqiF</latexit>

= FQ[⇢,HI] + hOi
<latexit sha1_base64="p1zNJJXNCKuHI/OK4FSaZlmY42Y="></latexit>

HI = i

X

jk2I
( f j| f 0k )â†

j
âk I: set of populated modes

<latexit sha1_base64="KlGbcliQn7B/2gFjtR7HgCJtfvw="></latexit>

O = 4
X

kl2I

2
6666664( f
0
k
| f 0

l
) �
X

j2I
( f
0
k
| f j)( f j| f 0l )

3
7777775 â
†
k
âl

= 4
X

kl2I
( f
0
k
|⇧vac| f 0l )â†

k
âl

<latexit sha1_base64="/zuVwj2sllDGznHbOJnjv/Z1p6k="></latexit>

⇧vac =
X

j,I

| f j)( f j|with

M. Gessner, N. Treps, C. Fabre, arXiv:2201.04050
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Independent of the 
fluctuations

ORIGIN OF QUANTUM SENSITIVITY ENHANCEMENTS

Depends on the fluctuations

<latexit sha1_base64="W0scpadze1UZ/S1HuDDWSJdPF2s=">AAACLXicbVDLSsNAFJ3UV62vqksXDhZBUEoiRd0IRUHqyhbsA5oQJtNpO3QyCTMTsYQu/RoXbvRTXAji1k9w6zTNwrYeuHA4517uvccLGZXKND+MzMLi0vJKdjW3tr6xuZXf3mnIIBKY1HHAAtHykCSMclJXVDHSCgVBvsdI0xtcj/3mAxGSBvxeDUPi+KjHaZdipLTk5vcvb9xa2xb94KTi3jrHNkO8xwi8s0VC3HzBLJoJ4DyxUlIAKapu/sfuBDjyCVeYISnblhkqJ0ZCUczIKGdHkoQID1CPtDXlyCfSiZNHRvBQKx3YDYQurmCi/p2IkS/l0Pd0p49UX856Y/Ffz/OnNsfqcbxAzpyjuhdOTHkYKcLx5JpuxKAK4Dg62KGCYMWGmiAsqH4I4j4SCCsdcE4nZc3mMk8ap0XrrFiqlQrlqzSzLNgDB+AIWOAclEEFVEEdYPAEnsEreDNejHfj0/iatGaMdGYXTMH4/gWGvqiF</latexit>

= FQ[⇢,HI] + hOi
<latexit sha1_base64="KlGbcliQn7B/2gFjtR7HgCJtfvw="></latexit>

O = 4
X

kl2I

2
6666664( f
0
k
| f 0

l
) �
X

j2I
( f
0
k
| f j)( f j| f 0l )

3
7777775 â
†
k
âl

= 4
X

kl2I
( f
0
k
|⇧vac| f 0l )â†

k
âl

<latexit sha1_base64="p1zNJJXNCKuHI/OK4FSaZlmY42Y="></latexit>

HI = i

X

jk2I
( f j| f 0k )â†

j
âk

Sensitivity:

Interpretation
Effective beam splitter moves 

information about the parameter 

into derivative modes

M. Gessner, N. Treps, C. Fabre, arXiv:2201.04050
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Independent of the 
fluctuations

ORIGIN OF QUANTUM SENSITIVITY ENHANCEMENTS

Depends on the fluctuations

<latexit sha1_base64="W0scpadze1UZ/S1HuDDWSJdPF2s=">AAACLXicbVDLSsNAFJ3UV62vqksXDhZBUEoiRd0IRUHqyhbsA5oQJtNpO3QyCTMTsYQu/RoXbvRTXAji1k9w6zTNwrYeuHA4517uvccLGZXKND+MzMLi0vJKdjW3tr6xuZXf3mnIIBKY1HHAAtHykCSMclJXVDHSCgVBvsdI0xtcj/3mAxGSBvxeDUPi+KjHaZdipLTk5vcvb9xa2xb94KTi3jrHNkO8xwi8s0VC3HzBLJoJ4DyxUlIAKapu/sfuBDjyCVeYISnblhkqJ0ZCUczIKGdHkoQID1CPtDXlyCfSiZNHRvBQKx3YDYQurmCi/p2IkS/l0Pd0p49UX856Y/Ffz/OnNsfqcbxAzpyjuhdOTHkYKcLx5JpuxKAK4Dg62KGCYMWGmiAsqH4I4j4SCCsdcE4nZc3mMk8ap0XrrFiqlQrlqzSzLNgDB+AIWOAclEEFVEEdYPAEnsEreDNejHfj0/iatGaMdGYXTMH4/gWGvqiF</latexit>

= FQ[⇢,HI] + hOi
<latexit sha1_base64="KlGbcliQn7B/2gFjtR7HgCJtfvw="></latexit>

O = 4
X

kl2I

2
6666664( f
0
k
| f 0

l
) �
X

j2I
( f
0
k
| f j)( f j| f 0l )

3
7777775 â
†
k
âl

= 4
X

kl2I
( f
0
k
|⇧vac| f 0l )â†

k
âl

<latexit sha1_base64="p1zNJJXNCKuHI/OK4FSaZlmY42Y="></latexit>

HI = i

X

jk2I
( f j| f 0k )â†

j
âk

Sensitivity:

Interpretation
Effective beam splitter moves 

information about the parameter 

into derivative modes

Vacuum modes: Noise determined by the vacuum → SQL


Populated modes: Noise can be manipulated with nonclassical states 

→ possibility to achieve sub-SQL fluctuations

M. Gessner, N. Treps, C. Fabre, arXiv:2201.04050
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Independent of the 
fluctuations

ORIGIN OF QUANTUM SENSITIVITY ENHANCEMENTS

Depends on the fluctuations

<latexit sha1_base64="W0scpadze1UZ/S1HuDDWSJdPF2s=">AAACLXicbVDLSsNAFJ3UV62vqksXDhZBUEoiRd0IRUHqyhbsA5oQJtNpO3QyCTMTsYQu/RoXbvRTXAji1k9w6zTNwrYeuHA4517uvccLGZXKND+MzMLi0vJKdjW3tr6xuZXf3mnIIBKY1HHAAtHykCSMclJXVDHSCgVBvsdI0xtcj/3mAxGSBvxeDUPi+KjHaZdipLTk5vcvb9xa2xb94KTi3jrHNkO8xwi8s0VC3HzBLJoJ4DyxUlIAKapu/sfuBDjyCVeYISnblhkqJ0ZCUczIKGdHkoQID1CPtDXlyCfSiZNHRvBQKx3YDYQurmCi/p2IkS/l0Pd0p49UX856Y/Ffz/OnNsfqcbxAzpyjuhdOTHkYKcLx5JpuxKAK4Dg62KGCYMWGmiAsqH4I4j4SCCsdcE4nZc3mMk8ap0XrrFiqlQrlqzSzLNgDB+AIWOAclEEFVEEdYPAEnsEreDNejHfj0/iatGaMdGYXTMH4/gWGvqiF</latexit>

= FQ[⇢,HI] + hOi
<latexit sha1_base64="KlGbcliQn7B/2gFjtR7HgCJtfvw="></latexit>

O = 4
X

kl2I

2
6666664( f
0
k
| f 0

l
) �
X

j2I
( f
0
k
| f j)( f j| f 0l )

3
7777775 â
†
k
âl

= 4
X

kl2I
( f
0
k
|⇧vac| f 0l )â†

k
âl

<latexit sha1_base64="p1zNJJXNCKuHI/OK4FSaZlmY42Y="></latexit>

HI = i

X

jk2I
( f j| f 0k )â†

j
âk

Sensitivity:

Interpretation
Effective beam splitter moves 

information about the parameter 

into derivative modes

Vacuum modes: Noise determined by the vacuum → SQL


Populated modes: Noise can be manipulated with nonclassical states 

→ possibility to achieve sub-SQL fluctuations

Necessary condition for a quantum enhancement

<latexit sha1_base64="/PqJilB/BYQ98sfLUxq/KyCg2WA=">AAACFnicbVC7TsMwFHXKq5RXgZHFokKUpUpQBYwVLIxFog/RRpHjOq2p7US2g6hC/4KBBT6FDbGy8iWsOG0G2nIkS0fn3Kt7fPyIUaVt+9vKLS2vrK7l1wsbm1vbO8XdvaYKY4lJA4cslG0fKcKoIA1NNSPtSBLEfUZa/vAq9VsPRCoails9iojLUV/QgGKkjXRXDrz7p+DYG554xZJdsSeAi8TJSAlkqHvFn24vxDEnQmOGlOo4dqTdBElNMSPjQjdWJEJ4iPqkY6hAnCg3mSQewyOj9GAQSvOEhhP170aCuFIj7ptJjvRAzXup+K/n85nLiX5MD6i5ODq4cBMqolgTgadpgphBHcK0I9ijkmDNRoYgLKn5EMQDJBHWpsmCacqZ72WRNE8rzlmlelMt1S6zzvLgAByCMnDAOaiBa1AHDYCBAM/gFbxZL9a79WF9TkdzVrazD2Zgff0C0yef6w==</latexit>

( f j| f 0k )
There exist                for which the scalar product 

<latexit sha1_base64="59uiW9mSwBmDeO+q7vypH8C4Ey8=">AAACFHicbVDLSgMxFL1TX7W+qi7dBIvgQsqMFHVZdKO7CvYB7VAyaaaNTTJDkhHL0J9w4UY/xZ24de+XuDXTdmGrBwKHc+7lnpwg5kwb1/1yckvLK6tr+fXCxubW9k5xd6+ho0QRWicRj1QrwJpyJmndMMNpK1YUi4DTZjC8yvzmA1WaRfLOjGLqC9yXLGQEGyu17k+GHSbRTbdYcsvuBOgv8WakBDPUusXvTi8iiaDSEI61bntubPwUK8MIp+NCJ9E0xmSI+7RtqcSCaj+d5B2jI6v0UBgp+6RBE/X3RoqF1iMR2EmBzUAvepn4rxeIucupecwO6IU4JrzwUybjxFBJpmnChCMToawh1GOKEsNHlmCimP0QIgOsMDG2x4Jtylvs5S9pnJa9s3LltlKqXs46y8MBHMIxeHAOVbiGGtSBAIcneIFX59l5c96dj+lozpnt7MMcnM8fVR+fIQ==</latexit>

j, k 2 I

is not zero.

M. Gessner, N. Treps, C. Fabre, arXiv:2201.04050

11



Independent of the 
fluctuations

ORIGIN OF QUANTUM SENSITIVITY ENHANCEMENTS

Depends on the fluctuations

<latexit sha1_base64="W0scpadze1UZ/S1HuDDWSJdPF2s=">AAACLXicbVDLSsNAFJ3UV62vqksXDhZBUEoiRd0IRUHqyhbsA5oQJtNpO3QyCTMTsYQu/RoXbvRTXAji1k9w6zTNwrYeuHA4517uvccLGZXKND+MzMLi0vJKdjW3tr6xuZXf3mnIIBKY1HHAAtHykCSMclJXVDHSCgVBvsdI0xtcj/3mAxGSBvxeDUPi+KjHaZdipLTk5vcvb9xa2xb94KTi3jrHNkO8xwi8s0VC3HzBLJoJ4DyxUlIAKapu/sfuBDjyCVeYISnblhkqJ0ZCUczIKGdHkoQID1CPtDXlyCfSiZNHRvBQKx3YDYQurmCi/p2IkS/l0Pd0p49UX856Y/Ffz/OnNsfqcbxAzpyjuhdOTHkYKcLx5JpuxKAK4Dg62KGCYMWGmiAsqH4I4j4SCCsdcE4nZc3mMk8ap0XrrFiqlQrlqzSzLNgDB+AIWOAclEEFVEEdYPAEnsEreDNejHfj0/iatGaMdGYXTMH4/gWGvqiF</latexit>

= FQ[⇢,HI] + hOi
<latexit sha1_base64="KlGbcliQn7B/2gFjtR7HgCJtfvw="></latexit>

O = 4
X

kl2I

2
6666664( f
0
k
| f 0

l
) �
X

j2I
( f
0
k
| f j)( f j| f 0l )

3
7777775 â
†
k
âl

= 4
X

kl2I
( f
0
k
|⇧vac| f 0l )â†

k
âl

<latexit sha1_base64="p1zNJJXNCKuHI/OK4FSaZlmY42Y="></latexit>

HI = i

X

jk2I
( f j| f 0k )â†

j
âk

Sensitivity:

Interpretation
Effective beam splitter moves 

information about the parameter 

into derivative modes

Vacuum modes: Noise determined by the vacuum → SQL


Populated modes: Noise can be manipulated with nonclassical states 

→ possibility to achieve sub-SQL fluctuations

Necessary condition for a quantum enhancement

<latexit sha1_base64="/PqJilB/BYQ98sfLUxq/KyCg2WA=">AAACFnicbVC7TsMwFHXKq5RXgZHFokKUpUpQBYwVLIxFog/RRpHjOq2p7US2g6hC/4KBBT6FDbGy8iWsOG0G2nIkS0fn3Kt7fPyIUaVt+9vKLS2vrK7l1wsbm1vbO8XdvaYKY4lJA4cslG0fKcKoIA1NNSPtSBLEfUZa/vAq9VsPRCoails9iojLUV/QgGKkjXRXDrz7p+DYG554xZJdsSeAi8TJSAlkqHvFn24vxDEnQmOGlOo4dqTdBElNMSPjQjdWJEJ4iPqkY6hAnCg3mSQewyOj9GAQSvOEhhP170aCuFIj7ptJjvRAzXup+K/n85nLiX5MD6i5ODq4cBMqolgTgadpgphBHcK0I9ijkmDNRoYgLKn5EMQDJBHWpsmCacqZ72WRNE8rzlmlelMt1S6zzvLgAByCMnDAOaiBa1AHDYCBAM/gFbxZL9a79WF9TkdzVrazD2Zgff0C0yef6w==</latexit>

( f j| f 0k )
There exist                for which the scalar product 

<latexit sha1_base64="59uiW9mSwBmDeO+q7vypH8C4Ey8=">AAACFHicbVDLSgMxFL1TX7W+qi7dBIvgQsqMFHVZdKO7CvYB7VAyaaaNTTJDkhHL0J9w4UY/xZ24de+XuDXTdmGrBwKHc+7lnpwg5kwb1/1yckvLK6tr+fXCxubW9k5xd6+ho0QRWicRj1QrwJpyJmndMMNpK1YUi4DTZjC8yvzmA1WaRfLOjGLqC9yXLGQEGyu17k+GHSbRTbdYcsvuBOgv8WakBDPUusXvTi8iiaDSEI61bntubPwUK8MIp+NCJ9E0xmSI+7RtqcSCaj+d5B2jI6v0UBgp+6RBE/X3RoqF1iMR2EmBzUAvepn4rxeIucupecwO6IU4JrzwUybjxFBJpmnChCMToawh1GOKEsNHlmCimP0QIgOsMDG2x4Jtylvs5S9pnJa9s3LltlKqXs46y8MBHMIxeHAOVbiGGtSBAIcneIFX59l5c96dj+lozpnt7MMcnM8fVR+fIQ==</latexit>

j, k 2 I

is not zero.

Possibilities:

[  ] Some populated mode is nonorthogonal 

to its own derivative

M. Gessner, N. Treps, C. Fabre, arXiv:2201.04050

11



Independent of the 
fluctuations

ORIGIN OF QUANTUM SENSITIVITY ENHANCEMENTS

Depends on the fluctuations

<latexit sha1_base64="W0scpadze1UZ/S1HuDDWSJdPF2s=">AAACLXicbVDLSsNAFJ3UV62vqksXDhZBUEoiRd0IRUHqyhbsA5oQJtNpO3QyCTMTsYQu/RoXbvRTXAji1k9w6zTNwrYeuHA4517uvccLGZXKND+MzMLi0vJKdjW3tr6xuZXf3mnIIBKY1HHAAtHykCSMclJXVDHSCgVBvsdI0xtcj/3mAxGSBvxeDUPi+KjHaZdipLTk5vcvb9xa2xb94KTi3jrHNkO8xwi8s0VC3HzBLJoJ4DyxUlIAKapu/sfuBDjyCVeYISnblhkqJ0ZCUczIKGdHkoQID1CPtDXlyCfSiZNHRvBQKx3YDYQurmCi/p2IkS/l0Pd0p49UX856Y/Ffz/OnNsfqcbxAzpyjuhdOTHkYKcLx5JpuxKAK4Dg62KGCYMWGmiAsqH4I4j4SCCsdcE4nZc3mMk8ap0XrrFiqlQrlqzSzLNgDB+AIWOAclEEFVEEdYPAEnsEreDNejHfj0/iatGaMdGYXTMH4/gWGvqiF</latexit>

= FQ[⇢,HI] + hOi
<latexit sha1_base64="KlGbcliQn7B/2gFjtR7HgCJtfvw="></latexit>

O = 4
X

kl2I

2
6666664( f
0
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l
) �
X

j2I
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0
k
| f j)( f j| f 0l )

3
7777775 â
†
k
âl

= 4
X

kl2I
( f
0
k
|⇧vac| f 0l )â†

k
âl

<latexit sha1_base64="p1zNJJXNCKuHI/OK4FSaZlmY42Y="></latexit>

HI = i

X

jk2I
( f j| f 0k )â†

j
âk

Sensitivity:

Interpretation
Effective beam splitter moves 

information about the parameter 

into derivative modes

Vacuum modes: Noise determined by the vacuum → SQL


Populated modes: Noise can be manipulated with nonclassical states 

→ possibility to achieve sub-SQL fluctuations

Necessary condition for a quantum enhancement

<latexit sha1_base64="/PqJilB/BYQ98sfLUxq/KyCg2WA=">AAACFnicbVC7TsMwFHXKq5RXgZHFokKUpUpQBYwVLIxFog/RRpHjOq2p7US2g6hC/4KBBT6FDbGy8iWsOG0G2nIkS0fn3Kt7fPyIUaVt+9vKLS2vrK7l1wsbm1vbO8XdvaYKY4lJA4cslG0fKcKoIA1NNSPtSBLEfUZa/vAq9VsPRCoails9iojLUV/QgGKkjXRXDrz7p+DYG554xZJdsSeAi8TJSAlkqHvFn24vxDEnQmOGlOo4dqTdBElNMSPjQjdWJEJ4iPqkY6hAnCg3mSQewyOj9GAQSvOEhhP170aCuFIj7ptJjvRAzXup+K/n85nLiX5MD6i5ODq4cBMqolgTgadpgphBHcK0I9ijkmDNRoYgLKn5EMQDJBHWpsmCacqZ72WRNE8rzlmlelMt1S6zzvLgAByCMnDAOaiBa1AHDYCBAM/gFbxZL9a79WF9TkdzVrazD2Zgff0C0yef6w==</latexit>

( f j| f 0k )
There exist                for which the scalar product 

<latexit sha1_base64="59uiW9mSwBmDeO+q7vypH8C4Ey8=">AAACFHicbVDLSgMxFL1TX7W+qi7dBIvgQsqMFHVZdKO7CvYB7VAyaaaNTTJDkhHL0J9w4UY/xZ24de+XuDXTdmGrBwKHc+7lnpwg5kwb1/1yckvLK6tr+fXCxubW9k5xd6+ho0QRWicRj1QrwJpyJmndMMNpK1YUi4DTZjC8yvzmA1WaRfLOjGLqC9yXLGQEGyu17k+GHSbRTbdYcsvuBOgv8WakBDPUusXvTi8iiaDSEI61bntubPwUK8MIp+NCJ9E0xmSI+7RtqcSCaj+d5B2jI6v0UBgp+6RBE/X3RoqF1iMR2EmBzUAvepn4rxeIucupecwO6IU4JrzwUybjxFBJpmnChCMToawh1GOKEsNHlmCimP0QIgOsMDG2x4Jtylvs5S9pnJa9s3LltlKqXs46y8MBHMIxeHAOVbiGGtSBAIcneIFX59l5c96dj+lozpnt7MMcnM8fVR+fIQ==</latexit>

j, k 2 I

is not zero.

Possibilities:

[  ] Some populated mode is nonorthogonal 

to its own derivative

[  ] Alternative: the derivative of some populated 

mode is also populated 

M. Gessner, N. Treps, C. Fabre, arXiv:2201.04050
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SINGLE-MODE CASE
<latexit sha1_base64="XBfx6lpupqu2zF/d3lBaKUByiw8="></latexit>

|( f | f 0)|2FQ[⇢,N] + 4
h
( f 0| f 0) � |( f | f 0)|2

i
hNi

Necessary condition for a quantum enhancement

[  ] Some populated mode is nonorthogonal 

to its own derivative

[  ] Alternative: the derivative of some populated 

mode is also populated 

Sensitivity:

M. Gessner, N. Treps, C. Fabre, arXiv:2201.04050
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SINGLE-MODE CASE
<latexit sha1_base64="XBfx6lpupqu2zF/d3lBaKUByiw8="></latexit>

|( f | f 0)|2FQ[⇢,N] + 4
h
( f 0| f 0) � |( f | f 0)|2

i
hNi

Necessary condition for a quantum enhancement

[  ] Some populated mode is nonorthogonal 

to its own derivative

[  ] Alternative: the derivative of some populated 

mode is also populated 

Sensitivity:

<latexit sha1_base64="nMzpSGLKi2txlVsgbxV7MKXDdEs=">AAACGHicbVDLTgIxFO3gC/GFunTTSIy4ITOEqBsTohuXmMgjgZF0Sgca2s6k7RjJwG+4cKOf4s64deeXuLUDsxDwJE1Ozrk39/R4IaNK2/a3lVlZXVvfyG7mtrZ3dvfy+wcNFUQSkzoOWCBbHlKEUUHqmmpGWqEkiHuMNL3hTeI3H4lUNBD3ehQSl6O+oD7FSBupMy76Y//0bPxQvrK7+YJdsqeAy8RJSQGkqHXzP51egCNOhMYMKdV27FC7MZKaYkYmuU6kSIjwEPVJ21CBOFFuPM08gSdG6UE/kOYJDafq340YcaVG3DOTHOmBWvQS8V/P43OXY/2UHFALcbR/6cZUhJEmAs/S+BGDOoBJS7BHJcGajQxBWFLzIYgHSCKsTZc505Sz2MsyaZRLznmpclcpVK/TzrLgCByDInDABaiCW1ADdYBBCJ7BK3izXqx368P6nI1mrHTnEMzB+voFx1egYQ==</latexit>

|( f | f 0)|2 = 0

<latexit sha1_base64="fCtrbHHYsyTeTZJNPwXw8CAnTFA=">AAACJnicbVDLSsNAFJ3UV62vqBvBzWCR1k1JpKjLohtXUsE+oAllMp20QyeTMDMRS6xf48KNfoo7EXf+hVsnaRe29cCFwzn3cu89XsSoVJb1ZeSWlldW1/LrhY3Nre0dc3evKcNYYNLAIQtF20OSMMpJQ1HFSDsSBAUeIy1veJX6rXsiJA35nRpFxA1Qn1OfYqS01DUPqmW/9OiXThyGeJ8ReOOIjHTNolWxMsBFYk9JEUxR75o/Ti/EcUC4wgxJ2bGtSLkJEopiRsYFJ5YkQniI+qSjKUcBkW6SfTCGx1rpQT8UuriCmfp3IkGBlKPA050BUgM576Xiv54XzGxO1EO6QM6do/wLN6E8ihXheHKNHzOoQphmBntUEKzYSBOEBdUPQTxAAmGlky3opOz5XBZJ87Rin1Wqt9Vi7XKaWR4cgiNQBjY4BzVwDeqgATB4As/gFbwZL8a78WF8TlpzxnRmH8zA+P4Frgqlgg==</latexit>

4( f 0| f 0)hNi

M. Gessner, N. Treps, C. Fabre, arXiv:2201.04050
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SINGLE-MODE CASE
<latexit sha1_base64="XBfx6lpupqu2zF/d3lBaKUByiw8="></latexit>

|( f | f 0)|2FQ[⇢,N] + 4
h
( f 0| f 0) � |( f | f 0)|2

i
hNi

Necessary condition for a quantum enhancement

[  ] Some populated mode is nonorthogonal 

to its own derivative

[  ] Alternative: the derivative of some populated 

mode is also populated 

Sensitivity:

<latexit sha1_base64="nMzpSGLKi2txlVsgbxV7MKXDdEs=">AAACGHicbVDLTgIxFO3gC/GFunTTSIy4ITOEqBsTohuXmMgjgZF0Sgca2s6k7RjJwG+4cKOf4s64deeXuLUDsxDwJE1Ozrk39/R4IaNK2/a3lVlZXVvfyG7mtrZ3dvfy+wcNFUQSkzoOWCBbHlKEUUHqmmpGWqEkiHuMNL3hTeI3H4lUNBD3ehQSl6O+oD7FSBupMy76Y//0bPxQvrK7+YJdsqeAy8RJSQGkqHXzP51egCNOhMYMKdV27FC7MZKaYkYmuU6kSIjwEPVJ21CBOFFuPM08gSdG6UE/kOYJDafq340YcaVG3DOTHOmBWvQS8V/P43OXY/2UHFALcbR/6cZUhJEmAs/S+BGDOoBJS7BHJcGajQxBWFLzIYgHSCKsTZc505Sz2MsyaZRLznmpclcpVK/TzrLgCByDInDABaiCW1ADdYBBCJ7BK3izXqx368P6nI1mrHTnEMzB+voFx1egYQ==</latexit>

|( f | f 0)|2 = 0

<latexit sha1_base64="fCtrbHHYsyTeTZJNPwXw8CAnTFA=">AAACJnicbVDLSsNAFJ3UV62vqBvBzWCR1k1JpKjLohtXUsE+oAllMp20QyeTMDMRS6xf48KNfoo7EXf+hVsnaRe29cCFwzn3cu89XsSoVJb1ZeSWlldW1/LrhY3Nre0dc3evKcNYYNLAIQtF20OSMMpJQ1HFSDsSBAUeIy1veJX6rXsiJA35nRpFxA1Qn1OfYqS01DUPqmW/9OiXThyGeJ8ReOOIjHTNolWxMsBFYk9JEUxR75o/Ti/EcUC4wgxJ2bGtSLkJEopiRsYFJ5YkQniI+qSjKUcBkW6SfTCGx1rpQT8UuriCmfp3IkGBlKPA050BUgM576Xiv54XzGxO1EO6QM6do/wLN6E8ihXheHKNHzOoQphmBntUEKzYSBOEBdUPQTxAAmGlky3opOz5XBZJ87Rin1Wqt9Vi7XKaWR4cgiNQBjY4BzVwDeqgATB4As/gFbwZL8a78WF8TlpzxnRmH8zA+P4Frgqlgg==</latexit>

4( f 0| f 0)hNi
• Linear scaling with N → SQL

• No quantum enhancements

M. Gessner, N. Treps, C. Fabre, arXiv:2201.04050
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SINGLE-MODE CASE
<latexit sha1_base64="XBfx6lpupqu2zF/d3lBaKUByiw8="></latexit>

|( f | f 0)|2FQ[⇢,N] + 4
h
( f 0| f 0) � |( f | f 0)|2

i
hNi

Necessary condition for a quantum enhancement

[  ] Some populated mode is nonorthogonal 

to its own derivative

[  ] Alternative: the derivative of some populated 

mode is also populated 

Sensitivity:

<latexit sha1_base64="nMzpSGLKi2txlVsgbxV7MKXDdEs=">AAACGHicbVDLTgIxFO3gC/GFunTTSIy4ITOEqBsTohuXmMgjgZF0Sgca2s6k7RjJwG+4cKOf4s64deeXuLUDsxDwJE1Ozrk39/R4IaNK2/a3lVlZXVvfyG7mtrZ3dvfy+wcNFUQSkzoOWCBbHlKEUUHqmmpGWqEkiHuMNL3hTeI3H4lUNBD3ehQSl6O+oD7FSBupMy76Y//0bPxQvrK7+YJdsqeAy8RJSQGkqHXzP51egCNOhMYMKdV27FC7MZKaYkYmuU6kSIjwEPVJ21CBOFFuPM08gSdG6UE/kOYJDafq340YcaVG3DOTHOmBWvQS8V/P43OXY/2UHFALcbR/6cZUhJEmAs/S+BGDOoBJS7BHJcGajQxBWFLzIYgHSCKsTZc505Sz2MsyaZRLznmpclcpVK/TzrLgCByDInDABaiCW1ADdYBBCJ7BK3izXqx368P6nI1mrHTnEMzB+voFx1egYQ==</latexit>

|( f | f 0)|2 = 0

<latexit sha1_base64="fCtrbHHYsyTeTZJNPwXw8CAnTFA=">AAACJnicbVDLSsNAFJ3UV62vqBvBzWCR1k1JpKjLohtXUsE+oAllMp20QyeTMDMRS6xf48KNfoo7EXf+hVsnaRe29cCFwzn3cu89XsSoVJb1ZeSWlldW1/LrhY3Nre0dc3evKcNYYNLAIQtF20OSMMpJQ1HFSDsSBAUeIy1veJX6rXsiJA35nRpFxA1Qn1OfYqS01DUPqmW/9OiXThyGeJ8ReOOIjHTNolWxMsBFYk9JEUxR75o/Ti/EcUC4wgxJ2bGtSLkJEopiRsYFJ5YkQniI+qSjKUcBkW6SfTCGx1rpQT8UuriCmfp3IkGBlKPA050BUgM576Xiv54XzGxO1EO6QM6do/wLN6E8ihXheHKNHzOoQphmBntUEKzYSBOEBdUPQTxAAmGlky3opOz5XBZJ87Rin1Wqt9Vi7XKaWR4cgiNQBjY4BzVwDeqgATB4As/gFbwZL8a78WF8TlpzxnRmH8zA+P4Frgqlgg==</latexit>

4( f 0| f 0)hNi

Example: Spatial displacement 

(HG modes)

• Linear scaling with N → SQL

• No quantum enhancements

M. Gessner, N. Treps, C. Fabre, arXiv:2201.04050
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SINGLE-MODE CASE
<latexit sha1_base64="XBfx6lpupqu2zF/d3lBaKUByiw8="></latexit>

|( f | f 0)|2FQ[⇢,N] + 4
h
( f 0| f 0) � |( f | f 0)|2

i
hNi

Necessary condition for a quantum enhancement

[  ] Some populated mode is nonorthogonal 

to its own derivative

[  ] Alternative: the derivative of some populated 

mode is also populated 

Sensitivity:

<latexit sha1_base64="nMzpSGLKi2txlVsgbxV7MKXDdEs=">AAACGHicbVDLTgIxFO3gC/GFunTTSIy4ITOEqBsTohuXmMgjgZF0Sgca2s6k7RjJwG+4cKOf4s64deeXuLUDsxDwJE1Ozrk39/R4IaNK2/a3lVlZXVvfyG7mtrZ3dvfy+wcNFUQSkzoOWCBbHlKEUUHqmmpGWqEkiHuMNL3hTeI3H4lUNBD3ehQSl6O+oD7FSBupMy76Y//0bPxQvrK7+YJdsqeAy8RJSQGkqHXzP51egCNOhMYMKdV27FC7MZKaYkYmuU6kSIjwEPVJ21CBOFFuPM08gSdG6UE/kOYJDafq340YcaVG3DOTHOmBWvQS8V/P43OXY/2UHFALcbR/6cZUhJEmAs/S+BGDOoBJS7BHJcGajQxBWFLzIYgHSCKsTZc505Sz2MsyaZRLznmpclcpVK/TzrLgCByDInDABaiCW1ADdYBBCJ7BK3izXqx368P6nI1mrHTnEMzB+voFx1egYQ==</latexit>

|( f | f 0)|2 = 0

<latexit sha1_base64="fCtrbHHYsyTeTZJNPwXw8CAnTFA=">AAACJnicbVDLSsNAFJ3UV62vqBvBzWCR1k1JpKjLohtXUsE+oAllMp20QyeTMDMRS6xf48KNfoo7EXf+hVsnaRe29cCFwzn3cu89XsSoVJb1ZeSWlldW1/LrhY3Nre0dc3evKcNYYNLAIQtF20OSMMpJQ1HFSDsSBAUeIy1veJX6rXsiJA35nRpFxA1Qn1OfYqS01DUPqmW/9OiXThyGeJ8ReOOIjHTNolWxMsBFYk9JEUxR75o/Ti/EcUC4wgxJ2bGtSLkJEopiRsYFJ5YkQniI+qSjKUcBkW6SfTCGx1rpQT8UuriCmfp3IkGBlKPA050BUgM576Xiv54XzGxO1EO6QM6do/wLN6E8ihXheHKNHzOoQphmBntUEKzYSBOEBdUPQTxAAmGlky3opOz5XBZJ87Rin1Wqt9Vi7XKaWR4cgiNQBjY4BzVwDeqgATB4As/gFbwZL8a78WF8TlpzxnRmH8zA+P4Frgqlgg==</latexit>

4( f 0| f 0)hNi

Example: Spatial displacement 

(HG modes)

• Linear scaling with N → SQL

• No quantum enhancements

<latexit sha1_base64="0y1ehXS11RB9lMotJTjlHTfSbA8=">AAACGHicbVDLTgIxFO3gC/GFunTTSIy4ITOEqCtDdOMSE3kkMJJO6UBD25m0HSMZ+A0XbvRT3Bm37vwSt3ZgFgKepMnJOffmnh4vZFRp2/62Miura+sb2c3c1vbO7l5+/6ChgkhiUscBC2TLQ4owKkhdU81IK5QEcY+Rpje8SfzmI5GKBuJej0LictQX1KcYaSN1xkV/7J+ejR/KV3Y3X7BL9hRwmTgpKYAUtW7+p9MLcMSJ0JghpdqOHWo3RlJTzMgk14kUCREeoj5pGyoQJ8qNp5kn8MQoPegH0jyh4VT9uxEjrtSIe2aSIz1Qi14i/ut5fO5yrJ+SA2ohjvYv3ZiKMNJE4FkaP2JQBzBpCfaoJFizkSEIS2o+BPEASYS16TJnmnIWe1kmjXLJOS9V7iqF6nXaWRYcgWNQBA64AFVwC2qgDjAIwTN4BW/Wi/VufVifs9GMle4cgjlYX7/JAaBi</latexit>

|( f | f 0)|2 > 0

• Nonlinear scaling with N

• Quantum enhancements

M. Gessner, N. Treps, C. Fabre, arXiv:2201.04050
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SINGLE-MODE CASE
<latexit sha1_base64="XBfx6lpupqu2zF/d3lBaKUByiw8="></latexit>

|( f | f 0)|2FQ[⇢,N] + 4
h
( f 0| f 0) � |( f | f 0)|2

i
hNi

Necessary condition for a quantum enhancement

[  ] Some populated mode is nonorthogonal 

to its own derivative

[  ] Alternative: the derivative of some populated 

mode is also populated 

Sensitivity:

<latexit sha1_base64="nMzpSGLKi2txlVsgbxV7MKXDdEs=">AAACGHicbVDLTgIxFO3gC/GFunTTSIy4ITOEqBsTohuXmMgjgZF0Sgca2s6k7RjJwG+4cKOf4s64deeXuLUDsxDwJE1Ozrk39/R4IaNK2/a3lVlZXVvfyG7mtrZ3dvfy+wcNFUQSkzoOWCBbHlKEUUHqmmpGWqEkiHuMNL3hTeI3H4lUNBD3ehQSl6O+oD7FSBupMy76Y//0bPxQvrK7+YJdsqeAy8RJSQGkqHXzP51egCNOhMYMKdV27FC7MZKaYkYmuU6kSIjwEPVJ21CBOFFuPM08gSdG6UE/kOYJDafq340YcaVG3DOTHOmBWvQS8V/P43OXY/2UHFALcbR/6cZUhJEmAs/S+BGDOoBJS7BHJcGajQxBWFLzIYgHSCKsTZc505Sz2MsyaZRLznmpclcpVK/TzrLgCByDInDABaiCW1ADdYBBCJ7BK3izXqx368P6nI1mrHTnEMzB+voFx1egYQ==</latexit>

|( f | f 0)|2 = 0

<latexit sha1_base64="fCtrbHHYsyTeTZJNPwXw8CAnTFA=">AAACJnicbVDLSsNAFJ3UV62vqBvBzWCR1k1JpKjLohtXUsE+oAllMp20QyeTMDMRS6xf48KNfoo7EXf+hVsnaRe29cCFwzn3cu89XsSoVJb1ZeSWlldW1/LrhY3Nre0dc3evKcNYYNLAIQtF20OSMMpJQ1HFSDsSBAUeIy1veJX6rXsiJA35nRpFxA1Qn1OfYqS01DUPqmW/9OiXThyGeJ8ReOOIjHTNolWxMsBFYk9JEUxR75o/Ti/EcUC4wgxJ2bGtSLkJEopiRsYFJ5YkQniI+qSjKUcBkW6SfTCGx1rpQT8UuriCmfp3IkGBlKPA050BUgM576Xiv54XzGxO1EO6QM6do/wLN6E8ihXheHKNHzOoQphmBntUEKzYSBOEBdUPQTxAAmGlky3opOz5XBZJ87Rin1Wqt9Vi7XKaWR4cgiNQBjY4BzVwDeqgATB4As/gFbwZL8a78WF8TlpzxnRmH8zA+P4Frgqlgg==</latexit>

4( f 0| f 0)hNi

Example: Spatial displacement 

(HG modes)

• Linear scaling with N → SQL

• No quantum enhancements

<latexit sha1_base64="0y1ehXS11RB9lMotJTjlHTfSbA8=">AAACGHicbVDLTgIxFO3gC/GFunTTSIy4ITOEqCtDdOMSE3kkMJJO6UBD25m0HSMZ+A0XbvRT3Bm37vwSt3ZgFgKepMnJOffmnh4vZFRp2/62Miura+sb2c3c1vbO7l5+/6ChgkhiUscBC2TLQ4owKkhdU81IK5QEcY+Rpje8SfzmI5GKBuJej0LictQX1KcYaSN1xkV/7J+ejR/KV3Y3X7BL9hRwmTgpKYAUtW7+p9MLcMSJ0JghpdqOHWo3RlJTzMgk14kUCREeoj5pGyoQJ8qNp5kn8MQoPegH0jyh4VT9uxEjrtSIe2aSIz1Qi14i/ut5fO5yrJ+SA2ohjvYv3ZiKMNJE4FkaP2JQBzBpCfaoJFizkSEIS2o+BPEASYS16TJnmnIWe1kmjXLJOS9V7iqF6nXaWRYcgWNQBA64AFVwC2qgDjAIwTN4BW/Wi/VufVifs9GMle4cgjlYX7/JAaBi</latexit>

|( f | f 0)|2 > 0

• Nonlinear scaling with N

• Quantum enhancements

<latexit sha1_base64="i2bvVR4CXxluiGFyibBx1gAAbhI=">AAACMHicbVA9SwNBEN3zM8avqKXNkSAkqOFOgtoIURvLCEYFE8PeZs4s2b07duck4Ujvr7Gw0Z+ildj6B2zdS1Jo9MHA470ZZuZ5keAaHefNmpqemZ2bzyxkF5eWV1Zza+uXOowVgzoLRaiuPapB8ADqyFHAdaSASk/Aldc9Tf2re1Cah8EF9iNoSnoXcJ8zikZq5fJ+sbfTiDq8dHRc7JXgNtnlspgK2w3sANLSoJUrOGVnCPsvccekQMaotXJfjXbIYgkBMkG1vnGdCJsJVciZgEG2EWuIKOvSO7gxNKASdDMZ/jKwt4zStv1QmQrQHqo/JxIqte5Lz3RKih096aXiv54nf21OsJcu0BPnoH/YTHgQxQgBG13jx8LG0E7Ts9tcAUPRN4Qyxc1DNutQRRmajLMmKXcyl7/kcq/s7pcr55VC9WScWYZskjwpEpcckCo5IzVSJ4w8kEfyTF6sJ+vVerc+Rq1T1nhmg/yC9fkNFuKpQQ==</latexit>

f (x, �) = A(x)e�im(�+✓)

Example: Phase parameter (LG modes)

Frequency (temporal modes)

<latexit sha1_base64="JjHkvt+crUDkNBVSYm+l16sOkVs=">AAACGnicbVDLTgIxFO34RHyhLt00EiNuyAwh6saE6MYlJvJIYCCd0oGGtjNpO0Yy8B8u3OinuDNu3fglbu3ALAQ8SZOTc+7NPT1eyKjStv1trayurW9sZray2zu7e/u5g8O6CiKJSQ0HLJBNDynCqCA1TTUjzVASxD1GGt7wNvEbj0QqGogHPQqJy1FfUJ9ipI3UGRf8sX92Pu6Urnmn1M3l7aI9BVwmTkryIEW1m/tp9wIccSI0ZkiplmOH2o2R1BQzMsm2I0VChIeoT1qGCsSJcuNp6gk8NUoP+oE0T2g4Vf9uxIgrNeKemeRID9Sil4j/eh6fuxzrp+SAWoij/Ss3piKMNBF4lsaPGNQBTHqCPSoJ1mxkCMKSmg9BPEASYW3azJqmnMVelkm9VHQuiuX7cr5yk3aWAcfgBBSAAy5BBdyBKqgBDCR4Bq/gzXqx3q0P63M2umKlO0dgDtbXL25MoUI=</latexit>

|( f | f 0)|2 = m2<latexit sha1_base64="e3n+whdTm4XbPW+HPe6VpvJLCrs=">AAACF3icbVDLTgIxFO3gC/GFunTTSExckRlD1CXRjUs08khgQjqlQEM7nbR3VDLhM1y40U9xZ9y69Evc2oFZCHiSJifn3Jt7eoJIcAOu++3kVlbX1jfym4Wt7Z3dveL+QcOoWFNWp0oo3QqIYYKHrA4cBGtFmhEZCNYMRtep33xg2nAV3sM4Yr4kg5D3OSVgpXbnjg+GQLRWj91iyS27U+Bl4mWkhDLUusWfTk/RWLIQqCDGtD03Aj8hGjgVbFLoxIZFhI7IgLUtDYlkxk+mkSf4xCo93FfavhDwVP27kRBpzFgGdlISGJpFLxX/9QI5dzmBp/SAWYgD/Us/4WEUAwvpLE0/FhgUTkvCPa4ZBTG2hFDN7YcwHRJNKNgqC7Ypb7GXZdI4K3vn5cptpVS9yjrLoyN0jE6Rhy5QFd2gGqojihR6Rq/ozXlx3p0P53M2mnOynUM0B+frF/qHoSc=</latexit>)

M. Gessner, N. Treps, C. Fabre, arXiv:2201.04050

12



SINGLE-MODE CASE
<latexit sha1_base64="XBfx6lpupqu2zF/d3lBaKUByiw8="></latexit>

|( f | f 0)|2FQ[⇢,N] + 4
h
( f 0| f 0) � |( f | f 0)|2

i
hNi

Necessary condition for a quantum enhancement

[  ] Some populated mode is nonorthogonal 

to its own derivative

[  ] Alternative: the derivative of some populated 

mode is also populated 

Sensitivity:

<latexit sha1_base64="nMzpSGLKi2txlVsgbxV7MKXDdEs=">AAACGHicbVDLTgIxFO3gC/GFunTTSIy4ITOEqBsTohuXmMgjgZF0Sgca2s6k7RjJwG+4cKOf4s64deeXuLUDsxDwJE1Ozrk39/R4IaNK2/a3lVlZXVvfyG7mtrZ3dvfy+wcNFUQSkzoOWCBbHlKEUUHqmmpGWqEkiHuMNL3hTeI3H4lUNBD3ehQSl6O+oD7FSBupMy76Y//0bPxQvrK7+YJdsqeAy8RJSQGkqHXzP51egCNOhMYMKdV27FC7MZKaYkYmuU6kSIjwEPVJ21CBOFFuPM08gSdG6UE/kOYJDafq340YcaVG3DOTHOmBWvQS8V/P43OXY/2UHFALcbR/6cZUhJEmAs/S+BGDOoBJS7BHJcGajQxBWFLzIYgHSCKsTZc505Sz2MsyaZRLznmpclcpVK/TzrLgCByDInDABaiCW1ADdYBBCJ7BK3izXqx368P6nI1mrHTnEMzB+voFx1egYQ==</latexit>

|( f | f 0)|2 = 0

<latexit sha1_base64="fCtrbHHYsyTeTZJNPwXw8CAnTFA=">AAACJnicbVDLSsNAFJ3UV62vqBvBzWCR1k1JpKjLohtXUsE+oAllMp20QyeTMDMRS6xf48KNfoo7EXf+hVsnaRe29cCFwzn3cu89XsSoVJb1ZeSWlldW1/LrhY3Nre0dc3evKcNYYNLAIQtF20OSMMpJQ1HFSDsSBAUeIy1veJX6rXsiJA35nRpFxA1Qn1OfYqS01DUPqmW/9OiXThyGeJ8ReOOIjHTNolWxMsBFYk9JEUxR75o/Ti/EcUC4wgxJ2bGtSLkJEopiRsYFJ5YkQniI+qSjKUcBkW6SfTCGx1rpQT8UuriCmfp3IkGBlKPA050BUgM576Xiv54XzGxO1EO6QM6do/wLN6E8ihXheHKNHzOoQphmBntUEKzYSBOEBdUPQTxAAmGlky3opOz5XBZJ87Rin1Wqt9Vi7XKaWR4cgiNQBjY4BzVwDeqgATB4As/gFbwZL8a78WF8TlpzxnRmH8zA+P4Frgqlgg==</latexit>

4( f 0| f 0)hNi

Example: Spatial displacement 

(HG modes)

• Linear scaling with N → SQL

• No quantum enhancements

<latexit sha1_base64="0y1ehXS11RB9lMotJTjlHTfSbA8=">AAACGHicbVDLTgIxFO3gC/GFunTTSIy4ITOEqCtDdOMSE3kkMJJO6UBD25m0HSMZ+A0XbvRT3Bm37vwSt3ZgFgKepMnJOffmnh4vZFRp2/62Miura+sb2c3c1vbO7l5+/6ChgkhiUscBC2TLQ4owKkhdU81IK5QEcY+Rpje8SfzmI5GKBuJej0LictQX1KcYaSN1xkV/7J+ejR/KV3Y3X7BL9hRwmTgpKYAUtW7+p9MLcMSJ0JghpdqOHWo3RlJTzMgk14kUCREeoj5pGyoQJ8qNp5kn8MQoPegH0jyh4VT9uxEjrtSIe2aSIz1Qi14i/ut5fO5yrJ+SA2ohjvYv3ZiKMNJE4FkaP2JQBzBpCfaoJFizkSEIS2o+BPEASYS16TJnmnIWe1kmjXLJOS9V7iqF6nXaWRYcgWNQBA64AFVwC2qgDjAIwTN4BW/Wi/VufVifs9GMle4cgjlYX7/JAaBi</latexit>

|( f | f 0)|2 > 0

• Nonlinear scaling with N

• Quantum enhancements

<latexit sha1_base64="i2bvVR4CXxluiGFyibBx1gAAbhI=">AAACMHicbVA9SwNBEN3zM8avqKXNkSAkqOFOgtoIURvLCEYFE8PeZs4s2b07duck4Ujvr7Gw0Z+ildj6B2zdS1Jo9MHA470ZZuZ5keAaHefNmpqemZ2bzyxkF5eWV1Zza+uXOowVgzoLRaiuPapB8ADqyFHAdaSASk/Aldc9Tf2re1Cah8EF9iNoSnoXcJ8zikZq5fJ+sbfTiDq8dHRc7JXgNtnlspgK2w3sANLSoJUrOGVnCPsvccekQMaotXJfjXbIYgkBMkG1vnGdCJsJVciZgEG2EWuIKOvSO7gxNKASdDMZ/jKwt4zStv1QmQrQHqo/JxIqte5Lz3RKih096aXiv54nf21OsJcu0BPnoH/YTHgQxQgBG13jx8LG0E7Ts9tcAUPRN4Qyxc1DNutQRRmajLMmKXcyl7/kcq/s7pcr55VC9WScWYZskjwpEpcckCo5IzVSJ4w8kEfyTF6sJ+vVerc+Rq1T1nhmg/yC9fkNFuKpQQ==</latexit>

f (x, �) = A(x)e�im(�+✓)

Example: Phase parameter (LG modes)

Frequency (temporal modes)

<latexit sha1_base64="JjHkvt+crUDkNBVSYm+l16sOkVs=">AAACGnicbVDLTgIxFO34RHyhLt00EiNuyAwh6saE6MYlJvJIYCCd0oGGtjNpO0Yy8B8u3OinuDNu3fglbu3ALAQ8SZOTc+7NPT1eyKjStv1trayurW9sZray2zu7e/u5g8O6CiKJSQ0HLJBNDynCqCA1TTUjzVASxD1GGt7wNvEbj0QqGogHPQqJy1FfUJ9ipI3UGRf8sX92Pu6Urnmn1M3l7aI9BVwmTkryIEW1m/tp9wIccSI0ZkiplmOH2o2R1BQzMsm2I0VChIeoT1qGCsSJcuNp6gk8NUoP+oE0T2g4Vf9uxIgrNeKemeRID9Sil4j/eh6fuxzrp+SAWoij/Ss3piKMNBF4lsaPGNQBTHqCPSoJ1mxkCMKSmg9BPEASYW3azJqmnMVelkm9VHQuiuX7cr5yk3aWAcfgBBSAAy5BBdyBKqgBDCR4Bq/gzXqx3q0P63M2umKlO0dgDtbXL25MoUI=</latexit>

|( f | f 0)|2 = m2<latexit sha1_base64="e3n+whdTm4XbPW+HPe6VpvJLCrs=">AAACF3icbVDLTgIxFO3gC/GFunTTSExckRlD1CXRjUs08khgQjqlQEM7nbR3VDLhM1y40U9xZ9y69Evc2oFZCHiSJifn3Jt7eoJIcAOu++3kVlbX1jfym4Wt7Z3dveL+QcOoWFNWp0oo3QqIYYKHrA4cBGtFmhEZCNYMRtep33xg2nAV3sM4Yr4kg5D3OSVgpXbnjg+GQLRWj91iyS27U+Bl4mWkhDLUusWfTk/RWLIQqCDGtD03Aj8hGjgVbFLoxIZFhI7IgLUtDYlkxk+mkSf4xCo93FfavhDwVP27kRBpzFgGdlISGJpFLxX/9QI5dzmBp/SAWYgD/Us/4WEUAwvpLE0/FhgUTkvCPa4ZBTG2hFDN7YcwHRJNKNgqC7Ypb7GXZdI4K3vn5cptpVS9yjrLoyN0jE6Rhy5QFd2gGqojihR6Rq/ozXlx3p0P53M2mnOynUM0B+frF/qHoSc=</latexit>)

M. Gessner, N. Treps, C. Fabre, arXiv:2201.04050

<latexit sha1_base64="/Nulggzwq4tkgiceNDkFa/DrXJw="></latexit>

| i = 1p
2

(|0i + |Ni)
• States that optimize fluctuations:
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DISPLACEMENT SENSING

<latexit sha1_base64="BLFHZN8eL2/UUrEHb6V+X9vQclA="></latexit>

H =
i

w

X

n

p
n + 1(â†

n
ân+1 � â

†
n+1ân)

Hermite-Gauss modes

Necessary condition for a quantum enhancement

[  ] Some populated mode is nonorthogonal 

to its own derivative

[  ] Alternative: the derivative of some populated 

mode is also populated 

Effective Hamiltonian

Mixes neighboring modes with indices ±1

M. Gessner, N. Treps, C. Fabre, arXiv:2201.04050

<latexit sha1_base64="1j6nJiaqGiJNGWdKuaXF0sIAk7c="></latexit>

w
@

@x
HGnm =

p
nHGn�1,m �

p
n + 1HGn+1,w.
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DISPLACEMENT SENSING

<latexit sha1_base64="BLFHZN8eL2/UUrEHb6V+X9vQclA="></latexit>

H =
i

w

X

n

p
n + 1(â†

n
ân+1 � â

†
n+1ân)

Hermite-Gauss modes

Necessary condition for a quantum enhancement

[  ] Some populated mode is nonorthogonal 

to its own derivative

[  ] Alternative: the derivative of some populated 

mode is also populated 

Effective Hamiltonian

Mixes neighboring modes with indices ±1

M. Gessner, N. Treps, C. Fabre, arXiv:2201.04050

Quantum enhancements require multimode approach

<latexit sha1_base64="1j6nJiaqGiJNGWdKuaXF0sIAk7c="></latexit>

w
@

@x
HGnm =

p
nHGn�1,m �

p
n + 1HGn+1,w.
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DISPLACEMENT SENSING

• Populate at least two adjacent modes


• Use nonclassical states (squeezed, NOON, …)

<latexit sha1_base64="BLFHZN8eL2/UUrEHb6V+X9vQclA="></latexit>

H =
i

w

X

n

p
n + 1(â†

n
ân+1 � â

†
n+1ân)

Hermite-Gauss modes

Necessary condition for a quantum enhancement

[  ] Some populated mode is nonorthogonal 

to its own derivative

[  ] Alternative: the derivative of some populated 

mode is also populated 

Effective Hamiltonian

Mixes neighboring modes with indices ±1

M. Gessner, N. Treps, C. Fabre, arXiv:2201.04050

Quantum enhancements require multimode approach

<latexit sha1_base64="1j6nJiaqGiJNGWdKuaXF0sIAk7c="></latexit>

w
@

@x
HGnm =

p
nHGn�1,m �

p
n + 1HGn+1,w.
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DISPLACEMENT SENSING

• Populate at least two adjacent modes


• Use nonclassical states (squeezed, NOON, …)

<latexit sha1_base64="BLFHZN8eL2/UUrEHb6V+X9vQclA="></latexit>

H =
i

w

X

n

p
n + 1(â†

n
ân+1 � â

†
n+1ân)

Hermite-Gauss modes

Necessary condition for a quantum enhancement

[  ] Some populated mode is nonorthogonal 

to its own derivative

[  ] Alternative: the derivative of some populated 

mode is also populated 

Effective Hamiltonian

Mixes neighboring modes with indices ±1

M. Gessner, N. Treps, C. Fabre, arXiv:2201.04050

C. Fabre, J. B. Fouet, and A. Maître, 

Opt. Lett. 25, 75 (2000)

“Detection mode”

Quantum enhancements require multimode approach

<latexit sha1_base64="1j6nJiaqGiJNGWdKuaXF0sIAk7c="></latexit>

w
@

@x
HGnm =

p
nHGn�1,m �

p
n + 1HGn+1,w.
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SUPERRESOLUTION

<latexit sha1_base64="AtF0VcFQSYLqeGILrrrR/el4HjM="></latexit>

f±(x) '  (x +
r0

2
) ±  (x � r0

2
)

Symmetrized modes

point-spread function

Real point-spread function 
(standard assumption)

Necessary condition for a quantum enhancement

[  ] Some populated mode is nonorthogonal 

to its own derivative

[  ] Alternative: the derivative of some populated 

mode is also populated 

M. Tsang, R. Nair, X.-M. Lu, PRX 6, 031033 (2016).

C. Lupo and S. Pirandola, PRL 117, 190802 (2016).


G. Sorelli, et al., PRA 104, 033515 (2021).
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