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We study gradient magnetometry with ensembles of atoms with 
arbitrary spin. We calculate precision bounds for estimating the gradient 
of the magnetic field based on the quantum Fisher information (qFI). 
For states that are sensitive to homogeneous fields, a simultaneous 
measurement is needed, as the homogeneous field must also be 
estimated.

We present a method to calculate precision bounds for gradient 
estimation with two spatially separated atomic ensembles. We also 
consider a single atomic ensemble with an arbitrary density profile, 
where the atoms cannot be addressed individually, and which is a very 
relevant case for experiments.
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The magnetic field is linear in x 
Schematic representation of an 

atomic ensemble (blue cloud) 
placed in a magnetic field 

(green lines) in a Stern-
Gerlach apparatus. From the 
final state the gradient of the 

field can be estimated.

Multiparametric CR bound and qFI
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The bounds are invariant under a displacement of the system

These bounds are invariant under

The generators in this case are
__Bound for states sensitive to the homoge-
neous field:

The atoms interact only with the magnetic field (           ) 

The collective Hamiltonian

Unitary phase shift and the estimation process
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Phase-shift generators:

Single atomic ensembleTwo separated ensembles
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Conclusions

The Cramér-Rao (CR) matrix inequality 

qFI matrix elements are computed based on the generators

Precision bound for states insensitive to the homogeneous field

If the state is insensitive to the homogeneous field the achievable 
precision is given by the CR bound

Properties:  

Precision bound for states sensitive to the homogeneous field

Based on the CR matrix inequality the achievable precision is given 
by the inverted qFI matrix

Spin chains

Atoms placed into two wells. 
Besides entanglement among 

particles belonging to the same 
well (red-blue lines), entanglement 

between the wells (green lines) 
can be used to overcome the shot-
noise limit in gradient metrology.
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A chain of atoms (blue disks). All atoms are 
polarized perpendicular to the magnetic field. Each 

atom rotate with a different pace (grey arrows).

A ensemble of atoms (blue disks). The 
ensemble spans along the x-direction to 
sense the gradient of the magnetic field.

We obtained precision limits of estimating the gradient of a magnetic field with atomic ensembles initialized in different states.

For the two-ensemble case, the precision of the estimation of the gradient can reach the Heisenberg limit.

For a single ensemble with localized particles, the shot-noise limit can be surpassed if there is a strong correlation between the particle positions.

Single-ensemble methods can have a huge practical advantage compared to methods based on two or more atomic ensembles since using a single ensemble 
makes the experiment simpler and can also result in a better spatial resolution.

Various       spin states and their polarization (red) and uncertainty (green):

The probability distribution function (PDF) is permutationally invariant.

Totally polarized state

The bound seems to scale with the third power of N. The reason is 
that the length increases with the particle number. We should compare 
metrological usefulness of systems of the same size.

Polarized along x-axisDicke over z-axis Singlet stateDicke over x-axis

Optimal state for gradient magnetometry

Bound for product states of pure states

Essentially the homogeneous field is estimated in each of the two 
wells, and then the gradient is computed from the measurement results.

We assume that the origin is at the center of the cloud of atoms,        .

It indicates that if the state is insensitive to the homogeneous fields 
the first term might scale at most with N, so not surpassing the shot-
noise limit. 

On the other hand if the state is sensitive to the homogeneous fields 
the second term can scale with N2 if and only if the correlation factor is 
positive        . 

Precision limit for various spin states

1. Singlet states

2. Totally polarized state along y-axis

3. Best separable state

4. Unpolarized Dicke states

5. GHZ states

A pure singlet state is a simultaneous eigenstate of the collective     
and      operators, with an eigenvalue zero for both operators.

For a mixed singlet:

      is a simultaneous eigenstate of the collective    and     operators, 
with an eigenvalue zero and                 , respectively.

For spin 1/2 systems we have that

Such states are very sensitive to the homogeneous field.


