Phase transition in a nonlinear quantum protocol
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Extended abstract

Post-selective quantum operations can lead to nonlinear quantum evolution if applied on more initial systems in the same
quantum state [1]. Iterated application of this type of protocols leads to chaotic quantum evolution equivalent to a
complex dynamical system, characterized by the iteration of a rational complex function [2]. The emerging time-
evolution can be exponentially sensitive to the initial pure quantum state for single qubit systems [3] as well as for qubit
pairs [4]. In the latter case, chaoticity emerges also in the entanglement properties of the qubit pair. One can construct an
operation for any complex nth order rational map [3].

Noisy initial states are characterized by a density matrix, described by three real variables for a qubit. The iterated
nonlinear protocol thereby naturally extends complex dynamical systems on the the Riemann sphere (equivalent to the
surface of the Bloch sphere in physics) to the internal volume of the sphere. Somewhat surprisingly, noise does not
destroy the fractals belonging to the Julia set on the surface. Instead, a phase transition occurs at a critical noise level.
Above the corresponding critical purity, the fractal dimension of the borders between convergence regions remains
constant [6]. One can identify a repelling fixed point inside the sphere at the critical purity. Backward iterations of the
dynamics starting from points close to the Julia set on the sphere will all converge to this fixed point. A similar phase
transition is present in protocols corresponding to all higher order rational maps by applying the same construction [6].

We show that small coherent errors in the quantum gates do not affect substantially the characteristic features of the
system [6]. The robustness of the discussed phenomenon suggests that it can be observed in physical realizations, e.g. in
quantum computers, where such protocols may be useful for testing and benchmarking purposes. Two steps of the
ergodic protocol have been realized in an optical experiment [7]
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