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When two indistinguishable bosons interfere at abeam splitter, they
exit through the same output port. This quantum effect, known as

Hong-Ou-Mandel interference, underpins many protocols in quantum
information. It also generalizes to larger numbers of identical particles, for
which interference produces characteristic many-body patterns. So far,
experiments have observed the many-particle regime mainly in photonic
platforms with unavoidable loss, and atomic realizations have remained
challenging. Here we demonstrate Hong-Ou-Mandel interference with
uptol2indistinguishable neutral atomsin a system with negligible loss.
Single-particle counting reveals parity oscillations, abunching envelope
and genuine multipartite entanglement, which are defining features of the
multiparticle Hong-Ou-Mandel effect. Using the generated quantum states,
we demonstrate metrological sensitivities that scale with the number of
particles according to the Heisenberg limit. Our technique can be extended
to larger ensembles, with wide-ranging applications from high-precision
atominterferometry to multiparticle Bell tests.

Particleindistinguishability leads to striking quantuminterference phe-
nomena, as first demonstrated with a pair of photons in the landmark
experiment by Hong, Ou and Mandel'. The absence of simultaneous
detection events at the two output ports of a balanced beam splitter
serves as a central figure of merit for the generation of indistinguish-
able pairs. The concept extends to bimodal states with alarger number
of particles (Fig. 1a) and their multiparticle interference. If the same
number of indistinguishable particles (a twin-Fock state) enter the two
inputs of a 50:50 beam splitter, the output state exhibits a character-
istic distribution of only even numbers with a bunching envelope’.
The Hong-Ou-Mandel (HOM) effect plays a key role inboth quantum
metrology’ and quantum information and has become a textbook
example of aninterference phenomenon that cannot be explained by
asemiclassical theory*. The twin-Fock input states of the HOM inter-
ferometer are highly non-classical quantum states that are particle

entangled according to the definition of refs. 5,6. They offer enhanced
sensitivity for interferometric applications’, as they surpass the stand-
ard quantum limit and enable Heisenberg scaling®.

In optics, spontaneous parametric downconversion (SPDC) is
the prevalent method for creating indistinguishable photon pairs. It
is integral to quantum cryptography’, quantum computing'®, quan-
tummetrology™'"*and fundamental tests of quantum mechanics”. By
driving SPDC to higher numbers of photons, multiphoton interfer-
ence of four™", six'*" and eight photons?® has been observed and
entanglement-enhanced sensitivities have been derived. Although pho-
tondetectors have been developed with number-resolving capabilities
extending to dozens of photons”, photonic systems still encounter
major challenges, such as unwanted higher multiphoton components,
partial distinguishability and inevitable photonloss?; these imperfec-
tions affect the measured quantities” and compromise the comparison
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of model-free quantum mechanical predictions and experimental
observations. Furthermore, these effects strongly constrain the scaling
to larger numbers of particles®.

The generation of indistinguishable pairs has also been explored
in other systems®. HOM interference has been demonstrated with
microwave photons®, ions”, Rydberg atoms®®, and even between pho-
tons and atomic magnons®. Ultracold atomic systems enable HOM
realizations through tunnel coupling in atomic tweezers*° or in optical
lattices® >, However, in these systems, multiparticle bosonicinterfer-
ence hasbeen limited to multimode settings®***. A direct extension of
the original HOM interference from two particles in two modes to N
particles in two modes has not been reported. Below, we refer to this
setting as multiparticle HOM interference.

A scaling to and analysis of HOM interference for larger num-
bers of particles is outstanding. We realize HOM interference with
up to 12 indistinguishable neutral atoms in a system with negligible
loss and single-particle-resolving detection. The HOM interference
relies on the high-fidelity creation and detection of twin-Fock states
generated by spin-changing collisions in Bose-Einstein condensates
(BECs). We analyse these states by evaluating parity observables, by
measuring squeezing parameters as low as -15.4(10) dB and by verify-
ing close-to-optimal multiparticle entanglement. We show that the
created quantum state can be employed for entanglement-enhanced
interferometry, and we observe a Heisenberg scaling of the Fisher
information of the states for up to12 atoms (corresponding to 6.4(8) dB
beyond the classical bound).

Pair creationin spinor BECs and single-atom
counting

Indistinguishable ultracold atoms in a gaseous BEC with a spin degree
of freedom represent a paradigmatic many-particle quantum system
near absolute zero temperature. A BEC of atoms with a total spin F=1
shows a ground-state phase diagram characterized by three quantum
phases®* with phase transitions driven by a pair creation process.
Although this process generates states with equal numbers of particles
akinto SPDC**°, the correlations at the single-particle level have previ-
ously beenwitnessed only indirectly. Direct detection hasbeen hindered
by detection noise, typically on the order of a few atoms, stemming
fromtechnical noisein therecorded absorptionor fluorescence signals.
With an improved fluorescence detection set-up, it has been possible
to observe pair creation with a counting noise of 1.6 atoms*, which is
close to but not beyond the single-atom-resolution threshold. In our
experiments, we reached a counting resolution of 0.2 atoms, which
enables the direct observation of HOM interference in spinor BECs.

Experimental procedure

We generated rubidium BECs of 250 atoms in a crossed-beam optical
dipole trap with waists of 35 um and 5 um, respectively*’. The atoms
were predominantly prepared in the Zeeman level (F, m) = (1, 0) by
spin-distillation cooling and purified during a cleaning and compres-
sion sequence (Methods). When spin dynamics is initiated by tuning
the quadratic Zeemanenergy g for afinite time ¢=120 ms, spin-changing
collisions generate particles in pairs (Fig. 1b), leading to a two-mode
squeezed vacuum (TMSV) state®:
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where £ = Qt is the squeezing parameter, which depends on the
spin-dynamics rate Q =2m x 2.2 Hz. The notation |n) ;|m)_, denotes a
two-mode Fock state with n atoms in the Zeeman level (1, +1) and m
atomsintheZeemanlevel (1, —1), respectively. The TMSV state consti-
tutes acoherent superposition of twin-Fock states with equal numbers
of particlesin the two modes. Asin SPDC, the final measurement of the
mode occupation numbers will determine the total number of particles
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Fig.1|Multiparticle HOMinterference. a, If N, =3 and N_=3identical particles
inatwin-Fock state (left panel) interfere on a 50:50 beam splitter, the resulting
state shows a characteristic distribution with only even numbers of particles at
the two output ports (right). The broad distribution of the number difference
(N, —N.)/2has maximal contributions for all particles bunching at the same
output port. b, Spin-changing collisions withina BEC in the Zeeman level
(F,mg) = (1,0) enable the creation of such twin-Fock states in the two levels

(1, £1) (left). Here, F=1, 2 denotes the quantum number of the total atomic
angular momentum and m=-F, -F+1, ..., Fis the magnetic quantum number.

A 50:50 Rabi coupling of these two levels is equivalent to abeam splitter and
realizes the same distribution of only even numbers.

Ninthestate. Because states with different numbers of particles do not
interfere, we cantreat the quantum state as asingle twin-Fock state before
the HOM interference. Interference is initiated by coupling the levels
(1, £1) through a sequence of resonant microwave pulses, effectively
achieving a 50:50 Rabi coupling (Methods and Extended Data Fig. 1).
The coupling yields an output state according to

n
) 4ln)_y = 3 cl2Kk), [2n - 2k) |, ()
k=0

where the coefficients ¢, follow a discrete arcsine distribution?:
, [2k\ [2n—2k\ ;1\
el = (3) - 3)
kJ\ n-k J\2

There is a characteristic occupation with only even numbers of atoms
andanenhanced probability of extremalstates (|N),;|0)_;and |0)_; IN)_)
inwhich most bosons occupy the same mode (bunching). After coupling,
this twin-Fock stateis also called aHolland-Burnett state’. Demonstrat-
ing the absence of odd occupation numbersin the final state constitutes
aprimary goal of our experiments and requires a single-atom-resolved
counting of the occupation numbersin the levels (1, £1).

Accurately counting atoms

Single-atom-resolved counting is achieved using a fluorescence
detection set-up**"*, which here operates in the light field configu-
ration of optical molasses (Methods and Extended Data Fig. 2a). The
set-up consists of six intersecting laser beams with millimetre-sized
diameters, red-detuned by 21t x 6 MHz from the Rb D2 cooling tran-
sition. The fluorescence light from the atoms is imaged onto a CCD
camera by a high-numerical-aperture lens system. The detuning
enablesalongillumination time of 4.2 ms due to continuous optical
cooling, and the small beam diameters minimize stray light at our
illumination intensities of ~3.6 mW cm™. By spatially separating the
atomsinthe three Zeeman levels (1, —1/0/ + 1) with a magnetic field
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Fig.2|Accurate counting of atoms in a TMSV state. a, ATMSV stateis created in
thelevels (1, 1) in an optical dipole trap. For counting, the atoms in these levels
are spatially separated by a strong magnetic field gradient during free fall. They
areilluminated with near-resonant laser light and imaged on a CCD camera. The
displayed picture shows an exemplary fluorescence signal from two single atoms
and theregions of interest used for signal summation (teal circles). b, The
exemplary histogram of the measured camera signal of the m=-1level (after
subtracting two systematic effects; Methods and Extended Data Fig. 3) from
26,712 repeated measurements features distinct peaks, demonstrating
single-atom-resolved counting. Gaussian fits provide a calibration of 975.8(16)
counts per atom (fitted peak spacing). ¢, The atom counting noise o (fitted peak
widths) is well below the single-atom level (Methods). The m,=+1dataare

\_/

50:50 +
Rabi coupling

displayed in Extended Data Fig. 2b,c. The error bars represent the standard error
of the fitting parameters. The demonstrated single-atom-resolved counting
capability constitutes our main technical breakthrough. It enables the
observation of atomic HOM interference. d, The detection method was used to
obtain the distribution of the numbers of atoms for the TMSV state. The
preferential occupation of equal numbers of atoms N, = N_(the diagonal of the
histogram) is a characteristic of the ideal state (inset). e, After a 50:50 coupling of
the two levels, the resulting histogram shows the characteristic chequerboard
pattern with combinations of even numbers only (inset: ideal state). Each
subspace for a selected total number of atoms (highlighted in orange and blue for
N=6) presents a twin-Fock state before (d) and a Holland-Burnett state after (e)
HOM coupling. Each histogram shows a dataset with 3,816 repetitions.

gradient before illumination (Fig. 2a), the detection becomes
mode-resolved. A single atom in (1, 1) caused a signal of approxi-
mately 900 photoelectron counts on our CCD camera, whereas the
recorded background noise was significantly lower, with astandard
deviation of less than 0.17 atoms. The quantization of the camera
signal tointeger numbers of atoms (Fig. 2b) demonstrates the desired
single-atom-resolving counting capability. As fluorescence signals
of dilute atomic gases do not exhibit any saturation effects**, which
we checked for our systemin a slightly modified, not mode-resolving
configuration* for more than 100 atoms, we can extrapolate the
quantization intervals linearly to larger numbers of atoms. The

counting noise (Fig. 2c) was dominated by the shot noise of the back-
ground light and camera noise for small numbers of atoms, and
increased due toresidual particle movement during the illumination
(Methods). We analysed the images so that we could assign integer
numbers of atoms N_, N, and N, to the three Zeeman levels for each
experimental realization.

Direct observation of many-particle HOM
interference

First, the numbers of atoms were recorded for the generated TMSV
state. The histogramin Fig. 2d shows how often a specific combination
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Fig. 3| Demonstration of multiparticle HOMinterference. a,b, The observed
counting statistics before (a) and after (b) HOM interference closely match those
of theideal states (grey bars), with fidelities & > 0.87 for up to N=10 atoms

(F = 0.79for N=12 atoms after coupling). ¢, These two measurements constitute
the observation of /,andJ, of the initially prepared twin-Fock state, respectively,
asillustrated by the Husimi distributions on the generalized Bloch sphere.d, The
observed parity signals remain near the maximum values of +1 and indicate the
clear suppression of odd occupation numbers after interference. This

No. of atoms, N

demonstrates the main characteristic of the HOM effect for up to N=12 particles.
e, The almost vanishing variance before HOM interference and the near
maximum spread after coupling result in generalized squeezing parameters with
an average value as low as —15.4(10) dB. The mean valuesind and e were
calculated from the counting statistics displayed ina and b. Error bars denote
standard errors of the mean (d) and propagated standard errors of the mean (e).
The dashed lines depict the predictions from our noise model (Methods).

of numbers of atoms N_and N, was observed during a measurement
run with 3,816 identical repetitions. It shows a dominant population
of the twin-Fock states with equal numbers of atoms on the diago-
nal. There are minor off-diagonal contributions arising mainly from
non-zero probabilities for miscounting. Further contributions are from
unwanted state transfers during the spatial separation (main noise
source for N<3), and losses before detection. A model of the noise
contributionsis provided in Methods. The spin-dynamics rate Q under-
went small fluctuations that emerged from variations in the numbers
ofatomsinthe BEC and the dipole trap configuration. Consequently,
the distribution of the total number of atoms in the twin-Fock modes
slightly deviated from the exponential distribution of equation (1). The
distributioninthe subspace of afixed, even number ofatoms N=N,+N_
(highlighted for N= 6) indicates that the spin-changing collisions in
our systemserved as a high-fidelity source of atomic twin-Fock states.
HOM interference, realized by a 50:50 Rabi coupling, fully reshaped
the population distributionin accordance with equation (3) (Fig. 2e).
Detection events near the diagonal region were then least likely.

The non-classical features of the detected quantum states are
highlighted in the distributions for selected total numbers of atoms
N (Fig.3). The dataare expressed in terms of the total angular momen-
tumJ = Zgzlj(”), defined as the sum of the spin-1/2 operators j™ of
the nth atom in the two levels (1, +1). Note that a detection error by
a single particle does not deteriorate these distributions, as the
recorded total number of atoms N becomes odd and the event is
discarded. All the following analyses are based exclusively on the
directly observed population statistics, without incorporating any
assumptions about underlying noise contributions.

Figure 3ashows the differencein the number ofatoms/,=(N,-N_)/2
before the HOM interference. The observed twin-Fock states remain
very close to theideal state with/,= 0, even for N=12 atoms, with fideli-
ties ¥ > 0.9. Figure 3b presents the number difference after HOM
coupling, which is equivalent to a measurement of /, of the twin-Fock
inputstate./,and/,must beidentical due to the symmetry of the state
andthe absence of a phase relation between the atoms and the applied
microwave pulses. The fidelities of the states after HOM interference,
calculated as 7 = (X_o\/Px |ck|)2 with p, the measured probabilities
and ¢, the coefficients from equation (3), remain as high as 0.87 for up
tol0atoms (¥ = 0.79for12atoms). These states show alarge suppres-
sion of odd-numbered mode occupations (Fig. 3d), which can be quan-
tified by the parity operator /7, where I1; = (—I)N/z_j’signals ifthe state

exhibits even (/7,=1) or odd (/7,=-1) occupation numbers before (/=z)
or after (/=x) HOM interference. We can directly assess the parity

observable thanks to our number-resolved detection. Although parity
oscillations have been observed with neutral atomsin optical lattices®,
trapped ions*® and Rydbergatoms*, our technique, using BECs, offers
aparticularly promising route toscaling tolarger numbers of particles.
We obtained values beyond +0.8 for up to10 atoms and 0.6 for 12 atoms,
revealing akey characteristic of the multiparticle HOM effect. The very
low variances A2 < 0.1of the twin-Fock states and the large spread of
J.yafter HOM interference led to generalized squeezing parameters

=((N- I)% (refs. 50,51) as low as -15.4(10) dB on average
x Ty )™

(Fig. 3e). Although we did not directly observe a deterioration of féen
for increasing numbers of atoms, our noise model (illustrated by the
dashed lines) predicts amoderate decline.
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Fig. 4 |Multiparticle entanglement. The minimal number of entangled atomsk,
whichis compatible with the measured dataaccording to equation (4),
demonstrates full genuine multiparticle entanglement for up to N=8 atoms. Top
leftinset: measured (blue dots) and ideal (black solid line) width (/)2( +j§)ofthe
occupation number difference after HOM interference. The datain the figure
represent mean values derived from the counting statistics shown in Fig. 3a,b. The
error barsin theinset denote the standard error of the mean, while those in the
main figure represent asymmetric standard deviations calculated via the Monte
Carlo resampling approach (Methods), whichillustrates the uncertainty in the
computed distributions of the entanglement depth k, depicted here for N=8
(bottomrightinset).

Next, we evaluate the quality of the performed HOM interference
further by extracting the multiparticle entanglement of the involved
quantum state from the recorded data.

Multiparticle entanglement
Although the /,measurement without HOM coupling tests the equality
of the numbers of particles, the measurement of /., after HOM coupling
tests the coherence and the indistinguishability of theinputstate. From
these measurements, it is possible to quantify the multiparticle entan-
glement of the created twin-Fock states. This entanglement is quanti-
fied by the entanglement depth, defined as the number of particlesin
thelargest non-separable subset of the quantum state (Methods). We
evaluated alower limit for the entanglement depth from the recorded
data. The topinset of Fig. 4 shows the evaluation of (/; + /})asafunction
ofthetotal number of particles (Extended Data Table1). The large fluc-
tuations of (/2 +j§>are closetothe optimal value ofg(g + 1). Theslight
deterioration for larger numbers of atoms is attributed to counting
noise, loss and fluctuations in the microwave transfer pulses.
Fromthese measurements, we extracted the entanglementdepth
according to anew criterion (Methods) that is based on the parity /7,:
B+ + L Bmy < 5 (5 1),
The parity directly probes N-body correlations within the ensemble.
If equation (4) is violated for some k > N/2, the entanglement depth
is atleast (k +1). In Fig. 4, the experimental data for up to N=8 atoms
demonstrate full N-particle entanglement. For larger numbers, the
certified entanglement is not maximal but is not fewer than 10 particles
inthe N=12 case with 68% confidence (Extended Data Table 2). Methods

4)

contains a verification of the extracted entanglement depth based
on an alternative criterion’**” (Extended Data Fig. 4). It also provides
an entanglement proof for the combined state for all N<12, includ-
ing odd N, with a criterion for fluctuating numbers of particles. Here
we obtain an entanglement witness value of -1.205(44), which is 27
standard deviations beyond the classical bound of 0. The presented
single-atom-resolved counting capabilities enable entanglement cer-
tification and quantification that underline the quality and quantum
coherence of the generated mesoscopic twin-Fock states.

Metrological sensitivity

The observed high-fidelity state creation, manipulation and detection
can be exploited for interferometric applications. Twin-Fock states
canbeusedtoachieve phase sensitivities close to the ultimate Heisen-
berg limitin systems with a single-atom-resolved detection’. We quan-
tified the achievable sensitivity of our N-particle twin-Fock states with
the Fisher information F,. The Fisher information is related to the
Cramér-Rao bound Afcgg = 1/4/Fy for estimating a Rabi rotation of
angle 6 (ref. 8). By following the Hellinger method*’, we extracted Fy
from the experimental data by measuring the squared statistical dis-
tance between probability distributions:

N/2

(60,05 = Y, %(\/peluz;m—\/pez(JZ;N))2, )

J,==NJ/2

where py(/,; N) is the relative population of the output value/,for agiven
rotation angle 6. A quadratic fit dZH(Ol, 0,;N) = (Fy(6,)/8)(0; — 92)2
provided an estimate of the Fisher information F,(6,) (Methods). Inthe
noise-free case, twin-Fock states allow reaching aHeisenbergscaling F,
= N?/2 + N with an improved robustness towards decoherence
compared with the highest-sensitivity NOON states.

We probed the metrological sensitivity by recording the relative
population for four rotation angles close to =0 with another 4 x 3,816
experimental realizations. The rotation angle quantifies the strength
ofthemode coupling. The insets of Fig. 5a show exemplary histograms
obtained foratwin-Fock state with N=10 atoms before and after rota-
tionby 6=0.28 rad (Extended DataFig. 5). Although the input state has
anegligible population of /, # 0, these contributions increased with
rotation angle: an effect that was captured by the Fisher information.
Figure 5a presents the squared Hellinger distance according to equa-
tion (5) between the twin-Fock state (6, = 0) and the rotated state for
numbers of atoms ranging from N =2 to 14, along with quadratic fits.
Figure 5b shows the mean Fisher information Fy obtained by averaging
thefitting results F(6,) over the available angles 6,. The obtained Fisher
information significantly exceeded the classical limit F,,= N for unen-
tangled states: for N=12, we observed a Fisher information with a
6.4(8)-dB enhancement. Moreover, the Fisher information and the
corresponding sensitivities increased with the same scaling obtainable
inanideal measurement using twin-Fock states. To quantify this obser-
vation, we modelled the data using the function Fy = r (N*/2 + N),which
is versatile enough to capture both the ideal twin-Fock scenario (where
s=2andr=1)andthe classical limit (wheres=1and r = 2/3). Afityielded
Fy = 0.57(10) x (N+95®)/2 + N), which expresses the Heisenberg
scaling of the interferometric sensitivity. Entanglement-enhanced
sensitivities for neutral atoms have been demonstrated in thermal and
condensed atomic ensembles® with up to 20-dB squeezing enhance-
ment** for 10° atoms. However, detection noise and other technical
noise sources limited the achievable sensitivities to orders of magni-
tude above the Heisenberg limit. A Heisenberg scaling of the phase
sensitivity has so far been demonstrated only with ions*.

Discussion
The demonstrated HOM interference, including the generation and
analysis of high-fidelity entangled many-particle states, opens a path
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extract the Fisher information F(6,). b, The weighted average of F(6,) over
different 6, is shown as a function of N. The values obtained for the Fisher
information increased with the number of atoms according to r(N*/2 + N).The
demonstrated scaling exponent of s=1.95(9) is compatible with the theoretical
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prediction for ideal twin-Fock states, s=2, being a factor r=0.57(10) below the
ideal values. The blue shaded area depicts the 68% confidence region. The
experimental data agree withamodel thatincludes the combined effect of the
dominant noise sources (Methods), with no free fitting parameters. The
displayed mean values were derived from 391(21),163(9), 96(14), 66(9), 49(4),
31(3) and 28(4) measured occurrences for numbers of atoms N=2to 14,
respectively. The sample sizes deviated only slightly for the different rotation
angles 6. For example, the insets ina show estimates obtained from 45 (6,=0) and
52(6,=0.28) measured occurrences. The error barsin a were obtained as
standard deviations from a Monte Carlo resampling approach (Methods), and
thoseinbrepresent the averaged standard errors of the fitting parameters F,(6,).

towards quantum atom optics and atom interferometry with unprec-
edented fidelities, negligible losses and single-atom resolution. Our
set-up and experimental capabilities allow for the further exploration
of multipartite entanglement in complex many-body systems, like
those generated by crossing quantum phase transitions. Forinstance,
adiabatic passages enable the deterministic generation of twin-Fock
states*>* or even Schrodinger-cat-like states®. Furthermore, by real-
izing a spatial separation®, such states open the path to multiparticle
Bell tests with both twin-Fock®® and two-mode squeezed states®*°.
The proposal of ref. 58 requires small losses and the ability to measure
parity, both of which we demonstrated with the presented results.
Finally, the detection set-up can be improved to detect up to 1,000
atoms with single-atom resolution***', The state generation can be
improved to the same number of atoms by reducing the density and
the corresponding three-body collisions. Thus, our method promises
to scale up the Heisenberg-limited sensitivities into an atom number
regime, where the interferometric resolution becomes competitive
with state-of-the-art unentangled sources, thus enabling the future
generation of high-precision atom interferometers.
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Methods

Coherent mode coupling and spin-changing collisions

We employed a low-noise 6.8-GHz microwave source® to drive Rabi
oscillations between the F=1and F=2manifolds. The transition frequen-
cieswere defined by an actively stabilized homogeneous magnetic field
of 0.955 G. The microwave system was developed and tested for
spin-squeezed samples of more than10* atomsin previous studies, where
itcontributed norelevanttechnical noise. Rabi pulselengths are typically
of the order of 100 ps. We implemented a spin-distillation scheme®
during the evaporative cooling, such that the BEC occupies the (1,0)
level, and the side modes (1, +1)areinitially occupied by only afew atoms
at most. Before the spin-changing collisions, we removed these atoms
by transferring them to (2, £1) and exposing the ensemble to resonant
cooling light. We repeated this cleaning sequence three times.

We aimed to prepare BECs with asmall number of atoms of around
250 to avoid saturating the CCD camera during illumination and to
reduce the effect of certain noise contributions, as discussed later. To
maintain a high spin-dynamics rate Q = 21t x 2.2 Hz, we increased the
trap frequencies by raising the beam powers of the optical dipole trap
from23 mWand-~320 pW to 200 mW and 2 mW after BEC creation. The
spin-dynamics rate scales as 2 « @*°N23. with the geometric mean @
of the trap frequencies and the numbers of atoms in the BEC Ny.. We
applied amicrowave dressing field on the clock transition to shift the
Zeeman energy toresonance at g =hQ (ref. 43), where fiisthe reduced
Planck constant. After 120 ms, we found a mean number of 7.5 atoms
inthelevels (1, +1). The distribution of the occupation numbers did not
follow an exponential decay as predicted by equation (1). We ascribe
this discrepancy to anon-constant spin-dynamics rate due to fluctua-
tionsin the numbers of atoms and trap frequencies.

To couplethelevels (1, +1), we applied a sequence of three micro-
wave Rabi pulses (Extended Data Fig. 1). Between two Tt-pulses, which
transferred the atoms from (1, —1) to (2, 0) and back, we used a pulse of
variable length on (2,0) < (1, +1) to control the coupling ratio of the
twin-Fock modes (1, +1). Effective pulse lengths of 7.66 ps, 10.8 ps,
15.4 ps, 18.8 psand 85.0 ps at aRabi frequency of 2 ,- = 21 x 2.94 kHz
resultedinsmallrotation angles between 0.14 rad and 0.35 rad and the
HOM coupling corresponding to an angle of /2.

Asthetransition frequenciesfor (1,0) < (2, x1)differed from those
for (1, +1) < (2,0) by only A = 21t x 2.66 kHz, the pulse sequence also
transferred some BEC atoms to F=2. These atoms were removed by a
cooling light exposure during free fall, 2.5 ms before the detection
beamswere turned on. We observed that removing atoms this way can
cause losses of (1, +1) atoms. We, thus, kept the fraction of BEC atoms
transferred to F =2 small by using two different techniques. For the
coupling pulse, we chose a microwave antenna that couples 4.7 times
less to 0" than to o transitions, thatis g ,« = 2z ,-/4.7, resultingina
maximally transferred fraction of 2 , /(2} . + A%) ~ 2%. For the two
m-pulses, we chose the relative phase such that all BEC atoms that were
transferred by the first pulse were transferred back to (1,0) by the
second pulse.

Fluorescence detection

For detection, theatomicensemble was released from the crossed-beam
optical dipole trap, exposed to amagnetic field gradient pulse during
freefalland thenilluminated by six laser beams inan optical-molasses
configuration (Extended Data Fig. 2a). The magnetic field gradient was
generated by a single coil aligned with the homogeneous magnetic
quantization field used for the coherent state manipulation. Then,
0.5 ms after release, a capacitor was discharged through the coil over
a period of 6 ms, resulting in a peak current of 430 A and a gradient
of about 40 G cm™ at the position of the atoms. A spatial separation
of 470 pum was reached for adjacent modes. At the end of the pulse,
6.5 msinto free fall,both magnetic fields were turned off. After another
3.5 ms, during which time the fields settled down, the laser beams of
the optical molasses were turned on.

The molasses consisted of six millimetre-sized, circularly polar-
ized beams, detuned by one natural linewidth/'tothe F=2 - F =3
cooling transition of the ¥Rb D, line 5°S;, > 5P, ,. The optical set-up
was the same as that described inref. 46, but with the beam diameters
of the four horizontal beams reduced from 3.1 mm to 1.1 mm. This
adaptation reduced the amount of stray light present during the illu-
mination process, which was amain contributor to the counting noise.
Beam intensities close to the saturation intensity for isotropically
polarized light, I,. = 3.6 mW cm, resulted in an expected isotropic
photonscatteringrate of R=1.04 x 10’ photons per second. Considering
the photon collection efficiency of the detection lens system of 3.9%
and the properties of the CCD camera employed (Pixis1024BR eXcelon
WaterCool, 1,024 x1,024), which are given by a quantum efficiency of
0.98 primary electrons per incident photon and a set amplification
gain of 0.92 digital counts per electron, we expected 1,530 counts dur-
ing theillumination time of 4.2 ms per atom. From the recorded data,
we found 978 counts per atomin (1, 1), 1,580 counts per atomin (1, 0)
and 830 counts per atomin (1, +1). As the molasses beams were aligned
ontothe position of the (1,0)atoms after 10 ms of free fall, these atoms
experience the most intense and best intensity-balanced light field
and, thus, emitted the most fluorescence photons. The twin-Fock
modes probably experienced a slight intensity-imbalance of
counter-propagating beams, as the horizontal displacement of 470 pm
was not negligible compared with the Gaussian beam waists of about
550 pm.

Image evaluation

The CCD cameraarray has 1,024 x 1,024 physical pixels. Incident pho-
tonslead to the accumulation of charge during the illumination time.
To reduce the level of electronic noise, arrays of 8 x 8 were combined
into asuper-pixel (pxinthe following) before read-out, resultinginan
image of size 128 px x 128 px. For the three modes (1, -1), (1,0)and (1, +1),
we added up the brightness values of the pixels in constant areas
(‘masks’) around the respective bright spot so that we had a single
camera-count value for each image and mode, denoted s, and s, for
mg=0and m,=+1, respectively. We found the best results for round
areas with radii of 5 px. Each mask had 69 (super-)pixels, with one
(super-)pixel covering a physical area of 34.4 um x 34.4 pmat the focus
plane of the detection objective. We took oneimage for each run of the
experimental apparatus. No background image was taken.

A quantization of the signals, that is an accumulation of the
obtained count numbers at evenly spaced values, was visible inthe raw
data.Importantly, the mean signals of the zero-atom peaks were easily
evaluated by a fit with a single Gaussian. To obtain the data shown in
Fig.2b, we calculated and subtracted the contributions of two system-
atic effects (Extended Data Fig. 3). First, a very small but still relevant
fraction of the m.=0 atoms movedinto the regions of the m.=+1atoms
duringillumination, which caused correlations of the zero-atomsignals
s"==9 and the (1,0) signal s,, with correlation coefficients 1.48 x 10~
(my=-1)and1.76 x107% (m,=+1). Second, we found that the zero-atom
signals sf_r’v*:(’), identified from 400 adjacent images, drifted slightly
over the duration of the measurement, with the maximal and minimal
observed signals differing by 370 counts.

Finally, the occurrences of the count values were fitted withasum
of evenly spaced Gaussian functions:

Ninax+1 _ 2
((s (ng + b)) ) ©)

G(s) = a, exp
PI 22

where a, are the peak heights, g, the peak widths and g the signal per
atom. The position of the zero-atom peak b was close to zero due to the
applied signal drift correction. For quantization, each camera-count
value per image and mode was assigned the integer number of atoms
nofthe closest peak, resulting in the quantization intervals depicted
in Fig. 2b and Extended Data Fig. 2b, respectively. Note that this
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quantization technique extends to numbers of atoms much larger than
nmax, the number for the last peak that could be fitted.

For the fitting procedure, we weighted the occurrences within
each peak withtheinverse of the total number of the detection events
for the peak. To ensure convergence, the n,,, + 1 peak was assigned a
fixed width (which we predicted iteratively from the widths of the
previous peaks). The fits with equation (6) yielded atomic fluorescence
signals g of 832.5(34) counts per atom for the m, = +1 mode and
975.8(16) counts per atom for the m,= -1 mode. The counting noise
was captured in the widths g,. Anoise model of the molasses detection
predicted electronic camera noise and background light fluctuations
(from shot noise and non-constant beam powers) to be the dominant
contributors to the zero-atom signal noise, denoted o,. The most rel-
evant contribution that scales with the number of atoms was from
atoms leaving the detection volume during the illumination time due
totheslowed, but not spatially restricted, atom movement in the opti-
cal molasses. Thisis captured by ¢, (ref. 44), and we get

or =05 +cin. @)

The fits with equation (7) to the obtained Gaussian widths of the
peaks are presented in Fig. 2c and Extended Data Fig. 2c. For the m, =
-1 mode, we found g, = 0.1466(9) atoms, incoherently increasing by
¢; = 0.107(3) atoms/+/ atoms , whereas for m, = +1, we found o, =
0.168(4) atoms and c¢; = 0.164(15) atoms/+/atoms . From this, we esti-
mated the detection fidelities, thatis the chance of correctly counting
the number of atoms, as the integral of the normalized Gaussian func-
tions over the respective quantizationintervals. Forup to N=12atoms,
we obtained fidelities of >79% for the m.=-1 mode and >60% for the
m,=+1mode. The larger coefficient ¢, for m. = +1 can be explained by
aless optimal beam intensity balance at the position of these atoms
after the spatial separation.

Calculating fidelities 7

For two probability distributions p(/,) and g(/,), the fidelity is given as
F= (ijx/mz. For the numbers given in Fig. 3, we compared the
experimentally observed probabilities pe*P(/,; N) with the probability
distributions g(/,) of the ideal quantum states, where/,=-N/2,-N/2 +1,
..., N/2represents all possible values for agiven even number of atoms
N. The experimental probabilities p®P(/,; N) were obtained from the
number of occurrences of the value/,during the fullmeasurement. The
probability distributions for the ideal states are givenby q(/,) = 6, for
the twin-Fock states, where 6, is the Kronecker delta, and by equation
(3)for the states after HOM interference. Expressed in terms of /,and NV:

N/2+J, N/i2—], N
( )( )(—) ,J, + N/2even,
qU) =1 \(NI2+J)/2 J\ (N2 =J)/2 ) *2
0, J, + N/2odd.

Parity
The parity operator for a single mode assigns a value of +1to even
occupation numbers and -1to odd occupation numbers®*. As all states
can be written as asuperposition of Fock states |n), this property fully
defines the operator. It can be written as ggemode = (-1)", With
fi = |n)(n|the occupation number operator.

For our two-mode system, in principle, two parity operators exist,
1, = (-)™ and 11_ = (-1)"-. However, for an even total number of
atoms N=N, +N_, we note that (-1)"=1, such that

N/2—/,

, := ()" = )" = (™

is well defined and describes the occupation number parity for both
of the measured modes. Similarly, we can define parity operators for
all spin components/, with/=x,yand z, as

1, = ()"

11, describe parity measurements after rotating the state by 90° on
the generalized Bloch sphere, that is after HOM interference. Their
relation to the single-particle operatorsis 17, = of’”, with g,= 2j, twice
the/component of the single-particle spin-1/2 operator, whichcanbe

written as a Pauli matrix and has eigenvalues of £1.

Probabilistic noise model of the measurements

We deliberately avoid using assumptions about the underlying noise
sourcesinthe analysis of the recorded populationdata. Inthe absence
of any noise correction technique, the results presented directly
describe the performance of our system.

To compare the results with theoretical expectations and for con-
sistency checks, we developed a numerical model that describes the
combined effect of various noise contributions on the population
probabilities py(/,; N). These probabilities for the possible outcomes
(/,; N) are modelled as an array, pg“’de‘(jz;N), like those depicted in the
insets of Fig. 2d,e. To ensure that truncation effects were negligible,
the model considered up to N =20 atoms per mode, which is arange
much larger than that used for Figs. 3-5. We checked that the results
were stable with respect to changes in the array size. The calculation
ofthe probabilities follows these steps:

(1) Startwith the probabilities of a superposition of twin-Fock
states. The distribution of the total numbers of atoms N follows
the recorded average of all measurements.

(2) Change the probabilities within the subspaces of constant N ac-
cording to arotation by the angle 6. For example, 8 =90° results
in Holland-Burnett states.

(3) Undesired transfers of atoms in the BEC reservoir into the
detected modes m= +1 can occur after the mode interference
when the magnetic fields change quickly before and during the
strong magnetic field gradient pulse for spatial separation.
These extra particles are modelled by a convolution of the prob-
ability array with Poisson distributions with parameters a,.

(4) When those BEC atoms that were transferred to (F = 2, my = +1)
during the Rabi coupling sequence (Extended Data Fig. 1) are
removed by a short resonant light pulse after the magnetic field
gradient, losses in (F = 1, m; = £1) can occur due to collisions
with the accelerated atoms. This effect is clearly visible when we
purposely remove very many atoms.

These losses are described by convolutions with binomial
distributions with probabilities 1-L..

(5) The calibration of the detection, that is the definition of the
quantization intervals shown in Fig. 2b and Extended Data Fig. 2b,
will have some error. Looking at measurement outcomes for twin-
Fock states with very high numbers of atoms N, we notice that the
detection predicts slightly asymmetric numbers N_=1.052N,.
This is modelled by applying chances of v/1.052 — 1 per atom to
overpredict V_by1and underpredict N, by 1. Note that we cannot
use this observation to refine the assignment of the number of
atoms when analysing the experimental data. That calibration
method would assume, rather than demonstrate, the generation
of twin-Fock states.

(6) Finally, the finite detection resolution, that is counting noise,
is considered by miscounting probabilities according to the
overlap of the Gaussian peaks from equation (6) with adjacent
quantization intervals.

The model has only four free parameters, namely a, and [..

For each value of the rotation angle 8 (O rad, 0.14 rad, 0.20 rad,
0.28 rad and 0.35 rad), we fitted the model to the full array of measured
experimental probabilities pg*(/,;N) for 0 <N, <20, normalized
such that

20 N/2

> Y pPUsN) =1 8)

N=0/,=—N/2
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Note that this analysisincludes odd values of N, which are the primary
effect of the noise contributions. For the fitting, we minimized the
Hellinger distance between pg°®'(/; Nyand p}(/,; N) using a differential
evolution algorithm.

For each 0, we performed 3,816 experimental repetitions, each
resultingin a pair (V,, N_) of detected atoms. We obtained fitting param-
etersa,=0.0551(63),a_=0.0218(18),[.=0.042(22)% and [_=1.1(8)% as
the mean values for the five angles 8. The uncertainties are the statisti-
calstandard deviation. We attribute the increased chance forlossesin
m;=-1totheasymmetry of the coupling sequence, as asmall fraction
of atoms might not be transferred back to (F = 1, ms = —1) by the second
m-pulse due to magnetic field fluctuations.

The obtained parameters indicate that losses have only a minor
impact on our system. The primary noise sources were finite detection
resolutions, as depictedin Fig. 2c and Extended Data Fig. 2c, as well as
unintended incoherent transfers from (F = 1, my = 0)to (F = 1,my = +1),
asdescribed by a..

For clarity, note that the results of the noise model were not incor-
porated in the data analysis for Figs. 3-5.

Entanglement witness based on parity

We considered the detection of entanglement in systems with many
indistinguishable particles, using the definition of particle entangle-
mentas described, forexample, inref. 6. The firstimportant resultin
this field was the spin-squeezing entanglement condition based on the
first and second moments of collective observables®. Subsequently,
many experiments measured collective quantities***%%¢,

Inthis section, we present entanglement relations that are based
on N-particle correlations, rather than the first and second moments
of collective observables.

We can use the following witness to detect entanglement. For
separable states

[(IT) + KITy)| + KT <1 ©
holds, which can be proved following ideas like those in ref. 68. For a
product state of the type

'Q(l)) ® |¢(2)> R..® |g/(N)>’ 10)

the left-hand side of equation (9) can be bounded from above as

> [T <

I=xy,z |n=

S [l)(e) <1 m

l=xy,z

where in the first inequality we used that |<o§”)>| <L Inthesecondine-
quality, we used the Cauchy-Schwarz inequality and the fact that the
length of the Bloch vector is at most 1 for a qubit. Separable states are
mixtures of product states. Hence, the inequality in equation (9) is also
valid for separable states.

For the ideal Dicke state, for even N, the left-hand side is 3. This
condition is based on N-body correlations, unlike previous methods
that were based ontwo-body correlations. Here /7,is the parity operator,
which equals ¢®" for [=x,yand z.

Thewitness also detectsthe Greenberger-Horne- Zellmgerstates

as entangled The singlet state, given as [(|01) — |10))/\/— as
(8,)> = 0andalso (6®"y = 1and (02" = 1,if Nis divisible by4.Thus,these
operators cannot be used to detect genuine multipartite entanglement.

We summarize the results in Extended Data Table 1. We assume
(0®") = (0®"). The witness detects entanglement in all cases.

Next, we will derive an entanglement condition detecting genuine
multipartite entanglement based on the parity operator /7,. As a first
step, we will derive a criterion that detects entanglement between two
groups of the particles.

Entanglement condition using bipartite correlations

Inthis section, we present asimple relation using the expectation val-
ues of collective observables and the expectation values of N-particle
correlations. We use these relations to obtain entanglement conditions
based onbipartite correlations that detect entanglement between two
groups of particles.

Observation 1. For N-qubit quantum states,

U2 + U7+ @2 <1 i)
holds, where j=N/2 and
1 N
Ji=5%0" 13)
n=1

forl=x,y,z.

Proof. The ground state of the Hamiltonian H = BJ, + ko®",where
Band K are constants, is of the form |W) = a]0)®" + g1)®", whichis a
generalized Greenberger-Horne- Zeilinger state in the x basis. Then,
the relevant expectation value of /. is (/,) = (ax>¢ and the expectation
value of the products of o, matrices is (6®") = <az>¢,where wedefinethe
smgle qubit state |) = a|0), + BI1),. As <ax> + (az>¢ <1, it follows that
U212 + (o®”) < 1. Then, assuming that the mean spin is not in the x
directionbutisin the x-y plane, we arrive at equation (12).

Observation 2. For bipartite separable states,

Ux ®J)Ura) + Uy ® 1)/ Un2) + | <0;®N‘ ® 0;®N2> | <1 (14)

holds, wherej,=N,/2 andj,=N,/2.
Proof. We start from equation (12) and use the Cauchy-Schwarz
inequality. See, for example, ref. 68.

Entanglement-depth condition based on parity

In this section, we obtain entanglement criteria for detecting entan-
glement between two groups of particles. We start from the relations
based on bipartite correlations. Then, we obtain entanglement con-
ditions that do not need bipartite correlations but rather need the
measurement of collective quantities. Such quantities can be measured
eveninsystemsinwhich we cannot addressthe particlesindividually.
Finally, we present arelation that detects the entanglement depth and
can detect genuine multipartite entanglement.

Observation 3. The following expression is true for bipartite
separable states:

(0 ) V@i + () <iG+ iRz, a3)

I=xy

wherej,=N,/2,j,=N,/2andj=N/2.
Proof We start from equation (14). We add to both sides
Sy U V@) + (U i) to give:

(16)

S (7 +2) Y1aisor+ o)

I=xy

a7

2 2
<14 3 (1) )@ + (1) )@
I=xy
2 2
Finally, we use the inequality (") + () ) <ji(ia +D.
Next, we will show how to use the criterion given in equation (15)
to detect genuine multipartite entanglement of the N-qubit system.
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Observation 4. States violating the inequality given in equation (15)
forj,=k/2 andj,= (N - k)/2 have at least (k +1)-particle entanglement,
where we assume that k> N/2. A violation for k= N -1 means genuine
multipartite entanglement (equation (4)).

Proof. Theviolation of equation (15) for j, = k/2 means that the state
cannot be written as a mixture of states of the form

[¥1) ® |¥3), (18)

where [;) has k qubits and |#,) has (N - k) qubits. Note that this is true
forany separation of the qubitsinto groups of kand (N- k) qubits. The
states given in equation (18) are called biseparable states, as they are
possibly multipartite entangled states that are separable with respect
to abipartition.

Without loss of generality, let us consider the case (6®") > 0. Then,
let us rewrite the inequality given in equation (15) as

(U0 +42) )+ 2052 (02) <+ 1.

I=xy

19)

The productj,j, =j,(j —j)) is largest for j, = j/2, and it is monotonically
decreasing for a decreasingy. It is also monotonously decreasing if j;
isincreasing fromy; =j/2. It is the smallest for j, =1/2 and j, = N/2 -1/2
andforj,=1/2andj,=N/2-1/2.Ingeneral, the value of j,(j—j,) is the same
forj, as forj—j,. Hence, if the criterion in equation (19) is violated by a
quantum state forj, <j/2, then it is also violated for any j; fulfilling
h<J <)

Let us now consider the criterion in equation (19) withj, = k/2,
where we assumed that k > N/2. Let us consider pure biseparable states
of the form equation (18), such that |¥;) has N, qubits and |&,) has N,
qubits, and Ny, > N,, which also implies Ny, > N/2. Such a state can
contain at most Ny,-particle entanglement. Then, pure biseparable
states of the form of equation (18) with N, < kcannot violate the crite-
rion. Moreover, as equation (19) is linear in the expectation values, such
acriterion cannot be violated, even by states that are the mixtures of
pure states of the type given in equation (18), |#;) having k or fewer
qubits. Simple arguments then show that the criterionin equation (19)
cannot be violated by k-producible states, that is, states with at most
k-particleentanglement. Thus, a state violating the criterion must have
at least (k +1)-particle entanglement or, equivalently, it must have at
least anentanglement depth of (k+1). It canbe proventhat states with
at most [-particle entanglement with / < N/2 cannot violate the main
condition givenin equation (4) for any k.

If a state violates the criterion given in equation (19) for j, =1/2,
thensuchastate cannot be a mixture of biseparable states of the form
of equation (18) with |#;)and |&,) being quantum states of one or more
qubits. Thus, the quantum state must be genuine multipartite entangled.

Observation4 canbe used to detect (k+1)-particle entanglement
such that k> N/2. The expectation values used for the entanglement
criterionare shownin Extended Data Table 1. In the table, we also give
the value of the parameter

(i +5)
77 N 20

which characterizes how symmetric the stateis. J = 1 corresponds to
perfect bosonic symmetry.

Entanglement-depth condition based on collective

measurements of spin components
Let us use the definitions of the angular momentum components

(21)

forl=x,yandz. Anentanglement conditionis defined inref.50. We use
a somewhat stronger inequality in ref. 52, such that for states with at
most k-particle entanglement, the following inequality holds

(Ajz)z Z-/maka/z (\J <-I)2( +./y2> _jmax(k/z + 1)) ,

(22)

./max(./max - k/2)

where the maximal spinlengthis defined as J,.x = N/2, F ;())is defined
in ref. 69. If the above condition is violated, we have at least (k +1)-
particle entanglement.

Thecriterioninref.50 canbe improved inadifferent way in certain
cases. We candetect (k+1)-particle entanglement with anew condition:

J,Z( Py-X
VUE+h)-X ] o

ALY F,
( jz) ijax k/Z[ jmax

Here we used that the maximum of (A/,)* + (Ajy)2 for pure states that
are at most k-particle entangled is”*”

X = |N/kIR(K) + R(r), (24)
where we define
n/2(n/2 + 1), evenn,
R(n) = (25
n/2(n/2 +1) —1/4, oddn.
Foran n-qubit state, (4/,)° + (A),)* < R(n) holds. Moreover,
r=N—|N/k|k. (26)

We used both conditions on the experimental data. For k=1, we used
the condition for entanglementinref. 72. We chose theresults from the
method thatgave alarger entanglement depth. Theresults are shownin
Extended Data Fig. 4, and the expectation values used for the criterion
aregivenin Extended Data Table 1.

Note that for statesinthe/,= 0 subspace, (J,) = /,) =0, and for states
with at most k-particle entanglement:

(/2 +12) < INIKIR(K) + R(r) (27)
holds. Any state that violates equation (27) is at least (k + 1)-
particle entangled.

Entanglement witness for a state with an indefinite number
of particles
For separable states with agiven number of particles, we have’

2 N
N-D@.)" = (F+h)+5 20. (28)
Note that the left-hand side isidentical to zeroforN=0and N=1.
Then, if the number of particles is fluctuating, we use”
AL = (V=D ) = (W=D ;)
(29)

+ % (- 1)“N> >0,

forwhich theleft-hand sideis -1.205(44), more than 27 standard devia-
tions below zero. To compute the expectation values, we used the data
forN=2,3,4,...,12 particles, which includes odd numbers of particles.

Extracting the Fisher information from the Hellinger distance

From the recorded occurrences for (/,; N) for the five small rotation
angles 0, we estimated the Fisher information F,, when using the pre-
pared N-atom twin-Fock states from the experimental probabilities

Nature Physics


http://www.nature.com/naturephysics

Article

https://doi.org/10.1038/s41567-026-03302-7

exp

p;“’(/z; N), here normalized such that %Py UiN) =1 Measured occur-
rences for N=2and N=10 are displayed in Extended Data Fig. 5. The
data clearly show that the rate at which the measured experimental
probabilities change with the rotation angle 6is much larger for the N
=10 atom state.

To estimate the uncertainties in the analysis, we performed a
Monte Carlo resampling of the measurement occurrences, which we
used to calculate the experimental probabilities pzx"(jz; N).We assumed

multinomial distributions with event probabilities given by PerUz:N)
for the N +1possible outcomes of /,. Subsequently, we computl'éd the
Hellinger distance of the recomputed distributions according to equa-
tion (5) and obtained the final value dfmt(el, 0,;N) as the mean and its
uncertainty as the standard deviation.
For each possible choice of reference angle 8,, we fitted the

obtained values using the quadratic function

Fn(6)

a2 (61.6::N) = L2(61 - 6,)” + b, (30)

where F(6,) and b are free fitting parameters.
Finally, we computed the weighted average of the Fisher informa-
tion obtained for different 6, as

_ We, .
Fy= ; s Fyn(8)), with (€3)
1 2
wo = (5ranmv@n) 62

Here the weights w, were computed from the relative uncertainty of
FA(6,). For the uncertainty of F, we used the averaged uncertainties of
thefitting parameters F,(60,) rather than the standard error of the mean,
as thefive values F\(6,) are not statistically independent.

We note that the resampling method introduced astatistical bias.
As dg,,ﬁt(el, 6,; N)isaconvex function, this bias was positive. Comparing
the obtained mean values with those directly calculated from the
measured experimental probabilities, we see that the bias depends
only ontheavailable sample sizes and not directly on 8. As these sample
sizes were almost independent of 6, the free fitting parameter b can
account for the introduced bias.

We further note that the Hellinger method itself is also affected
by a statistical bias™, especially when the sample sizes are small. To
quantitatively determine the effect, we employed the probabilistic
noise estimation model to predict probability distributions for all
rotationangles 6. Fromthese probabilities, we calculated the Hellinger
distance directly, without any form of random sampling or rounding
tointeger occupation numbers. Thus, no statistical bias was expected.
Employing the same fitting techniques as for the measured data, the
modelgivesascaling ¥ + N.Adding the fourth-order Taylor expansion
term —(L()Fﬁ - éFN)(:?4 to the fitting function &2  , as expected for
twin-FoczlS< states, resultedin '%37 + N.Wefurther note that the measure-
ment point for 8= 0.35rad and N = 14 atoms lies outside the range in
which d2,(6;,6,; N)canbe approximated by a Taylor expansion, as there
isanon-differentiable point at 8= 0.321 rad. Neglecting this data point
inthefitof Fyyielded ascaling of ¥ | N.Thus, our measurements are
compatible with the M scaling oft2he ideal twin-Fock state.

Calculating uncertainties

Unless stated otherwise, the error bars throughout this article rep-
resent the standard errors. For further details of our calculations of
uncertainties, seeref. 50.

For Fig. 4 and Extended Data Fig. 4, the uncertainties were calcu-
lated using aMonte Carlo resampling approach. This method is analo-
gous to thatused in our Fisherinformation analysis. For each number
of atoms N, we resampled the occurrences of the /, values (without

HOM coupling) and/, values (after HOM coupling). This resampling
used multinomial distributions, where the sample sizes and probabili-
tieswere derived from the measured data, specifically pg(/,; ), which
was normalized such that Zfow/szXp(/z?N) =1.From each obtained
sample (indexed by i=0, 1, -..,10,000), we calculated value pairs
{2 + 2),(11,)}, for equation (4) and {¢2 +/2), (Ajz)z}i for equations (22)
and (23). We then computed two samples {k;} of entanglement-depth
values: one based on parity (for Fig. 4) and one based on the variance
ofJ, (for Extended Data Fig. 4). The displayed k values are the average
ofthe {k}, and their uncertainties are displayed using upper and lower
standard deviations, as described below in equation (33).
Extended Data Table 2 shows the minimally verified entanglement
depths for confidence regions of 68% and 95%, that is the largest pos-
sibleinteger k., such that k; > ki, still holds for at least 68% or 95% of
the samples.

The new entanglement-depth criterion, equation (4), is appli-
cable only for k> N/2.For 1.31% (N=10) and 6.81% (N =12) of the resa-
mpled value pairs, the criterion could not detect entanglement. In
these cases, we used the criterion given by equations (22) and (23) to
detectentanglement.

For the asymmetric error bars in Fig. 4 and Extended Data Fig. 4,
we used the definitions for the upper and lower variances:

00" =5 T =)
2 2 2 (33)
"= 5 3 - @)

wherex,forn=1,2, ..., Mareasetof values and (x) is the average. With
these definitions, for the variance

A+ (A x)

2
(Ax)” = 2 34

holds.

Data availability

Theraw fluorescence signal data, along with all other datasets used to
generate the plotsin this paper, are available via the LUIS data reposi-
tory at https://doi.org/10.25835/b77m3ufp (ref. 74).
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Extended Data Fig.1| Tunable mode coupling viamicrowave Rabi pulses.

a, Asequence of three microwave pulses with frequencies around f, = 6.835 GHz is

employed for a variable Rabi coupling of the twin-Fock modes (1, +1). The

coupling strengthis controlled by the duration of the second Rabi pulse. b, For

the measurements presented here, a total of seven different microwave
sequences were repeated 3816 times each. Sequence 1and 2 both resultin

85.0 ps

time

unmodified two-mode squeezed vacuum states. Figures 2d and 3a show the data
from sequence 2. Sequences 3 to 6 constitute small rotations of the twin-Fock
states, employed for the results presented in Fig. 5. Sequence 7 provides the data
for the Hong-Ou-Mandel coupling, presented in Fig. 2e and Fig. 3b, and utilised
for analysis results given in Fig. 3d,e and Fig. 4.
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Extended Data Fig. 2| Optical molasses configuration and detection
resolution for m;=+1. a, Six red-detuned beams in molasses configuration
illuminate the atomic ensemble for detection. The fluorescence signal is
captured by a detection objective and imaged onto a CCD camera.

b, Histogram of the measured atomic signal of the m,=+1mode for all 26712
recorded measurements (after subtraction of two systematic effects, see
Extended Data Fig. 3). The distinct peaks demonstrate the single-atom-resolved

fluorescence signal
quantization intervals

"I i

Counting noise o
&

2000 4000 0o 1 2 3 4
Camera counts Atom number N,

counting capability. Gaussian fits yield an atomic signal of 832.5(34) cts/atom
(fitted peak spacing). ¢, The counting noise is quantified as the widths g, of

the Gaussian peaks. The slightly worse performance compared to the my=-1
mode is explained by a less optimal beam intensity balance at the position of the
atoms after the spatial separation. Error bars represent the standard error of the
obtained fit parameters.
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Extended Data Fig. 3| Camera signal corrections. a, Due to movement of extracted from the recorded camera signals. For this, a single Gaussian function
m,=0atoms during the illumination, asmall fraction of their fluorescence is fitted to the zero-atom signal peak of the histogram of 400 adjacent images.
signalis present in the neighboring masks. The correlationis captured with a Subsequently, the peak positionis subtracted from those images recorded at
linear fit (solid black line) to the signals of zero m,=-1atoms (blue points), and similar times. The data presented here is for the m,=-1mode. The data for the

subsequently subtracted. b, A small drift of the background light intensity can be m,=+1modelooks similar.
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Extended DataFig. 4| Multi-particle entanglement. The detected entanglement
depth with the method based on variance (Ajz)z. The criteria are givenin
equation (22) and equation (23). The error bars represent asymmetric standard
deviations calculated via the Monte Carlo resampling approach described in
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The error bars denote the standard error of the mean. (Bottom right inset)

The resampling approach results in a discrete distribution of k values, shown
here for N=8 asan example. The datain the figure represent mean values derived
from the counting statistics showninFig.3a,b.

section Error calculation. (Top left inset) The values of (Ajz)2 for various N.
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Extended DataFig. 5| Increased rate of change due to larger Fisher information. The probabilities of different/, values change with the rotation angle 6 (different
rows). The measured occurrences (orange bars) very closely follow direct, model-free predictions (gray bars), indicated by fidelities & close to unity. The/, distribution
for the N=10 state (right column) changes much faster than that of the N=2 state (left column), an effect that is quantified by the state’s Fisher information Fy.
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Extended Data Table 1| Measurement results for various particle numbers

N (02N) (e ®V)] (J2 + J3) J (AJ,)?
2 0.892(22)  0.965(13) 1.892(22)  0.946(11)  0.0176(66)
4 0.821(44)  0.951(25) 5.08(29) 0.85(5) 0.025(12)
6 0.833(61)  0.942(33)  11.26(85) 0.94(7) 0.029(17)
8 0.821(70)  0.806(70)  19.0(16) 0.95(8) 0.098(36)
10 0.872(72)  0.822(86)  25.7(26) 0.86(9) 0.091(45)
12 0.61(13) 0.862(96)  33.7(46) 0.80(11) 0.067(44)

The uncertainties denote one standard deviation.
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Extended Data Table 2 | Minimally verified entanglement depth for confidence regions of 68% and 95%

kes % kos %
N (II.)-cond.® AJ2-cond.? (II.)-cond.! A.JZ-cond.?
2 2 2 2 2)
4 4 4 4 4
6 6 6 6 6
8 8 7 7 6
10 9 8 i 7
12 10 9 7 7

" According to equation (4), with equation (22) and equation (23) only as fall-back options (Methods, section Calculation of uncertainties). > According to equation (22) and equation (23).
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