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In the supplement, we present additional calculations for obtaining the accuracy of
the gradient measurement.

I. ADDITIONAL CALCULATIONS FOR OBTAINING (J})(©) FROM OBSERVATION 3

The general expression of (J2);(©) for N particles being at the positions 2y, collected in a vector Z, has been
obtained in Eq. (59). Here and in the following we will label with 2 a vector with N elements 2§, ..., 2&. In order to
being able to compute this for large N, we need to simplify

-[4 = Icccc + Issss + ZIccssa (S]-)
where

Tecee = Z CkC1CmCn,s
#(kLm,n)

Issss = Z SkSISmSn,
#(kLm,n)

Iccss = Z CkClSmSn, (82)
#(k.Lm.n)

where ¢, = cos(%@) and s = sin(%z@). We will show two ways of doing this. Firstly, as stated in Eq. (60), one can
rewrite it as

I, = Xio + Xg,l + 2X12,0X02,1
—(6X2,0XT 0+ 6X02X5 1 +2X20X5 | +2X02X7 0+ 8X1,1X1,0X0,1)
+8X3,0X1,0 +3X3 o +8X03X0,1 +3X( 5 +8X21X01 + 2X5,0X0,2 +8X12X10 +4X7,
—(6X4,0 +6X0,4 +12X55), (S3)

where

Xom =Y ci'sp. (S4)

N
k=1

The proof is presented in Section I A below. Secondly, as stated in Eq. (62), one may also rewrite it more compactly
as

=N {2(1\7 _3)—AN(N —2) ]f}(a)f + N3 ‘fl(a)r LN ‘f1(2a)‘2 —2N?Re[f2(a) f1(20)7] } . (S5)
where
(36)

¢ 1 iozS 76
fl(a)zﬁzk:e k and a= .

The proof is presented in Section IB below.



A. Proof of Eq. (S3)

Let us concentrate on the last term in Eq. (S1). We can write using a shorthand notation

1 ccss — Z
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— Z > CrLClSmSn- (87)
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Here # (k = m,l = n) means that the summation is such that k = m,l = n and k # [. Eq. (S7) can be rewritten
after simple considerations as

2 2
Iccss = Z CkClSmSn — Z (Ckslsm + ckersy, + 4ck3kclsm)
k,l,m,n #(k,l,m)
2.2 2 2 2.2
- E (cisi + 2ckskers) + 2¢sper + 2ex087) — E 3 S5 (S8)
#(k,1) k

Each term in Eq. (S8) corresponds to a line in Eq. (S7). Then, we can rewrite the terms in Eq. (S8) still containing
the conditions “not equal” with terms without such conditions as follows

S g (Y Y Y - % - % Jd

#(k,l,m) klm  #(k=l,m) #(kJl=m) #(k=m,) k=m=n
§ 2
== CrS1Sm
k,l,m

2 2.2 2.2 2.2
- 2(2 CrSESL — chsk) - (Z CrSr — Ecksk)
[ k [ k
2.2
-2 dsh,
k
= Z Csi5m — Z(2cisksl + cis?) + QZC%S%, (S9)

k,l,m k,l k

where we used that we have

Z akbl = Z akbl — Zakbk (SIO)
k,l k

#(kol)

for any real numbers a; and by. Analogously, one finds that

Z cpeys?, = Z cpers?, — 2(201&1812 +c2sh) + 226%8%, (S11)

#(k,l,m) k,l,m k,l k

and

E CLSECISm = Z CkSKCISm — E (cisksl + cpspcys; + ckclsf) +2 E (ﬁéi (S12)
#(k,l,m) k,l,m k,l k



Substituting Egs. (S9), (S11), and (S12) into Eq. (S8), and using again Eq. (S10) for the remaining terms of two
non-equal indices, we arrive at

Ccss = E CkClSmSn

k,l,m,n
— g A5 + E (2c2 51,51 4 c2s7) — 2 chsk

k,l,m
— E crers?, + Z 2cc187 + o) — 2 E ciss

k,l,m

2 2.2
—4 E CLSLCISm + 4 E (c2spsy + cpspers) + crersy) — 8 E €Sy
k,l,m k,l k

— g ((%5? + 2cpskcis; + QCiSkSl + QCkClSlz) +7 g Ciéi

k,l k

Syl (s13)

In Eq. (S13), the first four lines correspond to the first line in Eq. (S8), and the remaining two lines to the second
line. This can be simplified by combining terms that appear more than once as

Tecss = § CkC1SmSn

k,,m,n
2 2
= > (Rsi5m + crersh, + dcksicism )
k,l,m
+ Z (hsksi2+4-2)+cisi(1+1—1)+ cpasi(2+ 4 — 2) + cpspasi(4 — 2))
kL
+> Fsi(-2-2-8+T-1), (S14)
k
which finally yields
Ccss = Z CLClSmSn — Z (Cislsm + CkClSiL + 4Ck5kclsm>
klm,n k,l,m
+ Z (4cisksl + cie% + 4ckclsl2 + QCkSkCZSZ) —6 Z cﬁsﬁ. (S15)
k.l k

The formula for I.c.c can be obtained from the formula for I..ss [Eq. (S15)], by replacing s by ¢, and combining
terms that appear more than once as

Tecee = Z CLCICmCn — chclcm (1+1+4) +chcl4+4 +chcl (1+2) —Gch

k,l,m,n k,l,m
Z CLCICmCn — 6 Z CLCiCm + Z 8cic; +3cicl) —6 Z - (S16)
k,l,mmn

Similarly, the formula for Iy is obtained as

Tssss = Z SkS1SmSn — 6 Z S7S1Sm + Z 85351 + 35752,) 625%. (817)
k

k,lm,n k,l,m

Combining the results of the Egs. (S15), (S16), and (S17), we obtain



-[4 - Icccc + Issss + QICCSS
= E CLCICmCn + SES1SmSn + 2CkC1SmSn

k,l,m,n

2 2 2 2
— Z (6ckclcm + 65%515m + 2¢;,815m + 2cicysy, + SCkskclsm)
k,lm

+ Z 80kcl + 3ckcl + 83ksl + 33 o T SCisksl + 20%312 + SCkcls? + 4ckskclsl)
k,l

—6 (ck + s} + 2 s7). (S18)
k

This is equivalent to Eq. (S3). 0

B. Proof of Eq. (S5)

Using the continuous distribution formalism one can write I from Eq. (S1) as

NI N o
14 = m / d54f4N (24) (01020304 —+ 51828354 + 201028354), (819)
where ff C(Z4) is the reduced 4-body correlation function for the chain, cf. Eq. (72) of the main text. It is computed

as f4 = [dzs---den ff,”c (Zn) from the permutationally invariant N-variate probability density of N particles
with the 2- coordmateb 7, which is given by

]ZVN (Zn) N' Z H 1) (zk ﬂc(k)) = % Z Hé (z] — 25 ) . (S20)

TESN k=1 #(k1,k2,....kn) 7=1

Here, Sy is the permutation group of N particles and the first sum runs over all permutations 7 from that group. In
the second sum the k; indices ranges from 1 to N with the restriction that the indices be different, and zj, are the
locations of the particles on the chain.

For any permutationally invariant probability density fy one can show that

/d24f4 (01026364 + 51525384 +201028384) = /d54f4 COS [%@] /d24f4e == 221—23 46 (821)

holds. The second equality holds because the sine expression occuring in the exponent is an odd function under the
exchange of z; + z3 and 22 + z4. In this way, we can express I, with the help of characteristic functions. In particular,
the multivariate characteristic of the multivariate probability density fn(Zn) is

fn(@n) = <ei2£¥:lam> - /dZNfN(EN)eizgzlakzk- (522)

As can be casily checked, fy(@y) has the following properties: (i) fy is permutationally invariant if fy is, (ii)
fN ([al,ag, wan—1,0]) = fAN,l(d’N,l), (iil) fN(ﬁN) =1, where Oy is a vector where all entries are equal to 0, and
(iv) fn(—@n) = fn(@n)*. Property (ii) follows from the fact that [dznfn(Zn) = fv—1(Zv—1) and property (iii)
follows from the normalization of fn(Zn).
Comparing the Equations (56), (S21), and (S22), we observe that
N!

=

ff”c(a, —a,a,—a), where a= %, (S23)

and where ff ~ has to be computed from the probability density of Eq. (S20). In general, the lower elements ffjvc (Zar)
(M < N) are given by

f;}ﬁ(zw,):w 3 Ha( —4,) - (S24)

?5(/@1 ka,... kM)J 1



Let us compute the characteristic function of f;:}‘a dropping from now on the upper index 2 in order to simplify the
notation. We obtain the following recurrence relation

N N — M)! iMooy
fa(anr) = VM) Z B

N!
#(k1,k2,....kn)
(NiM)' iSM ay2? Nl iSM I 0,20 0
= - 7 Z e j=1 % %k; _ Z Z e j=1 3%k euzMzkl
|
N! #(k1,ka,..., kar—1).km #(k1,ka,....kp—1) =1
M-1
(N—M)' ic N! M1 0 N! M1 o o
= N N<eUle> m <612J:1 a]zJ> _ m Z <6l21:1 ;25 o ule>
=1
1 M-1
T N_M+1 {Nfl (aar) far—1(@n—1) = Z fu—i(@v-1 + OzMél)} ; (S25)
=1

where é; is a vector of length M — 1 that has only one nonvanishing element (that is equal to 1) at the position I. It
can be used to compute Iy via Eq. (523), leading to

fala, —a, o, —a)

= 55 {(VFi@fs(e.—a,0) = 2fa(a. —a) + fala, ~20,0)} (526)

We can apply the recurrence relation again for M = 3 in order to reduce the complexity of this expression. We obtain

. 1
fs(ais) = )]

N[fi(an)filaz +as) + fi(as) filar +as) + fi(as)fi(ar +a2)] } |

{N2f1(a1)f1(a2)f1(aa) +2fi(e1 + az + ag)

which for the two cases of interest in Eq. (S26) yields

R 1 R 2 . R R
hla—aa) = g { N [ e - Niea)ji(@) 207 - D)}
~ 1 ~ N N 2 N 2
ol ~200) = ey {szf(a) “(2a) — 2N ‘fl(a)‘ N ’fl(Qa)‘ + 2} .
Similarly, we obtain for M = 2 that
o lon,a2) = 53 { Vi (1) fi (02) = fu (o +) | (527)
For the special case of interest a; = —ag occuring in Eq. (S26) this reduces to
ol —0) = {N fute)] - 1} . (S28)
Finally
~ 1 “ 2 N 4 N 2
filo,~a 0, -0) = sy {Q(N = 3) ~AN(N =2) |fi(0)| + N*|fi(a)| + N |fi(20)|

~2N?Re[f2(0)f1(20)°] }

which due to the identity (S23) is equivalent to Eq. (S5) for fi(a) = & Xk e’# [computed with the Eqs. (S22) and

(S24)] with o = €. O

II. ADDITIONAL CALCULATIONS FOR OBTAINING (A0);?|le—o FOR OBSERVATION 7

We will show that for © — 0, the inverse variance of the estimation of © is given by



- N
(40).* |o=0 = 75 [0° — cov(a1, 22)] , (529)
where
o’ = /dZ1f1(21)(21 —(z1))%
(z1) = /dzlfl(zl)zl7

cov(z1, 22) = /d21d22f2(21,22)(21 — (21))(22 — (22)) = (z122) — (21)(22)- (S30)

Proof. We estimate the uncertainty from the error propagation formula

AJ2)

ABO)2 = _(AJ)s ) 831
(B9 = oo (.1 (531

cf. Eq. (48) of the main text, for general continuous density profiles. The quantities which occur are (J2)¢(©),
00 (J2)(0) and (J2)s(0). In order to get the desired limit, we need to expand them around © = 0. Let us start with
(J2)4(©). For fixed particle positions Zy, we obtain
s NR2 1 Zn — %

I ©) = "1 - v (0],

< z)s ( ) 4 N(N71)7§ncos I
from the Eqgs. (37,38) and (43). Averaging this over a general permutationally independent density profile fn(Zn),
we obtain

NA? — Nh? ~
(IHive) = o {1 - /d2’1d2’2f2(217/‘12)005 (21 i = 9)} = T(l - Iy).
Expanding the cosine in the integral we arrive at
~ 1
12 ~1— ﬁ/dzleQfg(Zl,Zg)(Zl - 22)2 @2 + 0(64)
1
=1- ﬁ</d21f1(21)2% — /d21d22f2(21,22)2122>@2 + 0(94)
Lo 2 4
—1- ﬁ<a fcov(zl,z2)>@ +0(0Y, (S32)

where the last line is obtained by adding and subtracting a term (z1)2. We also used that due to the permutational
invariance (22) = (23) and {21) = (22) hold. This leads to

Nh?
2\ fNn ~ 2 2 4
A ©) ~ T (a cov(z1, 22))@ +0(6%Y (S33)
and
Nh?
2\fN ~ 2 3
Do (T2 (0) = 575 (a cov(z1, zQ))@ +0(0%), (S34)
Let us now consider the expansion of the term (J3)s(©). Again for fixed positions Zy, we have [cf. Eq. (67)]
(JHZv(©) 3N?2-2N 3N —4 Zn — Zm 3 1
z/s _ _ 8 I S |
Z 16 8(N—1)§l s i3 e)+16(N—1)(N—3) &

with I from Eq. (S1) above. Note that in contrast to this equation, the particle positions are labelled by Zn instead
of Z,; because we have to average the expression over fy. This leads to

A\ N 2 _ _ _
<Jz>> (@) _ 3N 2N . N(3N 4) /d21d22 fz(thz) oS (Zl . Z9 @>

ht 16 B
3N(N —2
+ %/d%ﬁ(a)(chcgm + $1528384 +201025334)
N2—-2N N@BN-4)- 3N(N-2)-
_3 _ NGB )7, 4 3 )7, s

16 8 16
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where we used again the permutational invariance of fy. We need to expand the expression Iy. Using the first

equality from Eq. (S21) and expanding the occurring cosine as before one obtains that
. 1
Iy~1— YE] A2 f4(z1, 22, 23, 24) (21 + 22 — 23 — 24)©% + O(©?)

2
=1- E[UZ — cov(z1, 22)]0% 4+ O(0%).

Inserting the expansions of I, from Eq. (S32) and of I from Eq. ($36) into Eq. (S35) leads to

Jhin (e 3N2—-2N N(3N —4 1
: >h4( )~ 6 : 8 %177[02*00%21722)}@2)

L
N %6—2)(1 B %[0_2 — cov(z1,)|6%) + 0(6")

2 cov(z1,22)]0% + O(0%).

=12l

(S36)

(S37)

Now we have all the necessary ingredients to prove the claim. Indeed, inserting the Eqgs. (S33,534,S37) into Eq. (S31)

we obtain

NR (52 — cov(z,2)]202 +0(©%) N

(AO)2 ~ 4L = — [0 — cov(z1, 20)] + O(0?),

M [o? —cov(z1,2)]02 + 0(04) L2

which proves Eq. (529).



