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Appendix A: Proof of Observation 1

Observation 1. For an N-qubit permutationally symmetric state o, the first, second, and third moments j(r)(g)
for r = 1,2,3 completely characterize spin-squeezing entanglement. That is, a constructive procedure for achieving
the necessary and sufficient condition is obtained by the moments with the parameters o = 2/Na, f = —2(N —
2)/(NN3), v=—1/[2(N —1)] and Ny = N(N —1).

Proof. In the following, we will first describe the logic of how to prove Observation 1 in the main text and later explain
each line step-by-step

ops € H?N is spin squeezed <= g4 € 7—[?2 is entangled (Ala)
< 0w & PPT (Alb)
— M*0 (Alc)
— C#0 (A1d)
<= obtained from tr(C") for r =1,2,3 (Ale)
<= obtained from C(")(p) for r =1,2,3 (A1f)
<= obtained from J™ () for r = 1,2, 3. (Alg)

In the first line, we denote an N-qubit permutationally symmetric state as gps and recall again that it possesses
bipartite entanglement or often spin squeezing if and only if any two-qubit reduced state oup = tr(qp)-(ops) is
entangled for a,b =1,2,..., N, where X¢ is the complement of a set X. This has been already discussed in Refs. [62—
64]. In the second line, we also recall that any two-qubit state is entangled if and only if it has a negative eigenvalue
under partial transposition, that is, it violates the so-called PPT criterion [76, 77].

In the third line, we first recall that any two-qubit state o, can be written as

3
1
Qab = 7 i;{) m;;o; @ 0j. (A2)

Here we note that a two-qubit state g,p is permutationally symmetric and separable (that is, PPT) if and only if it

holds that M > 0, where M = (m;;) for 7,5 = 0,1,2,3. In the fourth line, this separability condition is equivalent to

C > 0 for a permutationally symmetric gq;. Here the 3 x 3 matrix C' = (C;;) is the Schur complement of the 4 x 4

matrix M, which is given by C;; = m;; — momo; for i,j = 1,2,3 since mgo = 1. For details, see Refs. [54, 66, 67].
In the fifth line, we first discuss the explicit form of the covariance matrix C

Cij = tr{oapo; ® 0;] — trgqoiltr{oso;] = tij — aiay, (A3)

where m;; = t;; = t;; and my = mo; = a; since g,y is permutationally symmetric. Then, the covariance matrix
C =T—aa" is symmetric C = CT, where T = (t;;) = T'" with the constraint tr[7] = Y, ¢;; = 1 and a = (az, ay, a.).
To proceed, let us remark that the matrix C' can be diagonalized by a collective local unitary transformation V ® V|
leads to that OCOT = diag(cy, ca, c3) with a rotation matrix O € SO(3). In fact, the eigenvalues ¢y, cq,c3 can be
found by computing the roots of the characteristic polynomial

po(A) = NP — tr(C)N2 + % [tr(C)? — tr(C?)] A — det (C), (A4)



where tr(C") =37, , 5 ¢} and the det (C) can be written as

det (C) = % [tr(C)° — 36r(C)tr(C?) + 26x(CP)] . (A5)

That is, knowing the tr[C"] for r = 1,2,3 can enable us to access its eigenvalues and therefore decide whether the
matrix C' is positive or negative.

In the sixth and seventh lines, it is sufficient to show that tr[C"] for r = 1, 2,3 can be obtained from the moments
J () in the collective randomized measurements. For the choice o = 2/Ny, B = —2(N —2)/(NNy), v = —1/[2(N —
1)], and No = N(N — 1), we immediately find that the moments 7" (o) can be equal to the moments C")(g,5) of
the random covariance matrix

T (0) = C") (0up) = / dU [Covy]", (A6a)
Covy = tr[oasU%%0, @ 0. (UN)®?] — tr[p,Uc. U tr[0pUc . UT]. (A6b)

This results from the fact that (J.)y = Jtr[o,Uc.UT] and (J2)y = & + N(Z\;_l)tr[gabUmaz ® 0, (UN®?]. In the
following, we will evaluate the moments C(")(g,;) and show that they are associated with tr[C”].
Let us begin by rewriting the moments C(") (g43) as

T

1 D) (G
C(r)(gab):E/dU Z Cij @é)@g) , (A7)

LI=T,Y,2

where we define that (’)[(Ji) = tr[o;Uo,U']. For convenience, we denote that

W (i, j) = / U oo, (A8a)
I, 5, k,1) = /dU@ Do ool (A8b)
I3 (i, j, k1, m,n) = / dav oloPoMobolmoln, (A8c)
These integrals are known to be simplified as follows

W (i, 5) = géij, (A9a)
I (i, 4, k,1) = E (5ij5kz + 8651 + i), (A9Db)

73 (i,7,k,l,m,n) = 1045 {(5”- [0k10mn + OkmOin + OknOim]| + 0ik[010mn + djmdin + 0jndim]

+ 6i1[050mn + OjmOkn + 0jn0km] + 0im [0j501n + 0;10kn + 055 0k1]

+ 0in[0j101m + 0510km + Ojm O] }7 (A9c)

where we use the formulas in Ref. [10]. Substituting the above results into the moments in Eq. (A7) for different
r =1,2,3, we can straightforwardly obtain the following expressions

€W (0u) = 3(C), (A10a)

) (gus) = %5 [1£(C)? + r(CCT) + r(C)], (A10b)

C®(ow) = —= {tr ) [tr(C)? + 3tx(C?) + 3tr(CCT)] + 4tr(C*CT) + 2tx(CCTCT) + 262(C®) } . (A10c)
Furthermore, using the symmetric condition C' = C'T, we can finally arrive at

¢ (o) = 5tx(C), (Alla)

C® (guy) = %5 [t:(C)? + 26x(C2)] (Al1b)

C® (0ap) =108 {tr ) [tr(C)? + 6tr(C?)] + 8tr(C?)} . (Alle)



The moments C") (g,), equivalently J () (p), are directly connected to tr[C"]. Hence we complete the proof. O

Appendix B: Derivation of the result in Observation 2

Observation 2. For an N-qubit state o, the first moment J with (a, 8,v) = (3,0,0) is given by

TN = Y (A (B1)
l=x,y,z
Any N-qubit fully separable state obeys
TN =Y. (B2)

Then violation implies the presence of multipartite entanglement.

Proof. Here we give the derivation of Eq. (B1). Let us begin by writing that 71 (o) = 3 [ dU (AJ,)? and

(AJz)2 _ <U®NJ2(UT)®N> _ <U®NJ (UT)®N>2

N
2 1 /
=3 Z (UsN g ()®U(g)(UT ®N -3 Z U®N UT ®N> <U®NO,£J)(UT)®N>Q

3,7=1
= {N+Y w [U@’?ag’) ® oW (Ut )®2gij} -S [Uay)UT gz} tr [Uo—g)UTQJ} : (B3)
i£j ij=1

where p;; and p; are the two-qubit and single-qubit reduced states of p. Let us focus on the second term in Eq. (B3)
and take the Haar unitary average

/dUtr U®2 () g o) (Uh)®? ]} /dUtr U6 0o UhH®? 3 Vel @ o)
iF£] 1#] k,l=x,y,z

772 3 t(”)/dUtr [ve@Ute? |t [UoVUTol]

z;ﬁj kil=zy,z
1 ) _ 4 >
zgz Z ty ~ 3 Z (JI) =N, (B4)
i#] l=x,y,2 l=x,y,z

where t,(jl’j) (o) o) O’l(] )oi,;- Similarly, the third term in Eq. (B3) can be given by

z /dUtr l] tr [Ucrgj)UTg]} :g Z (7). (B5)

i,j=1 l=x,y,2

Summarizing these results, we can thus arrive at

TO@=34N+5 Y U -N+y Y= Y (an? (56)

l=x,y,z l=z,y,z l=z,y,z
O

Remark B1. Here we consider the generalization of Obbervatlon 2 in the main text to high-dimensional spin systems.
For that, let us denote the N-qudit collective operators A; = 3 Zl 1 /\l( )7 with the so-called Gell-Mann matrices )\( 2
for | =1,2,...,d%> — 1 acting on i-th system. The Gell-Mann matrices are d-dimensional extensions of Pauli matrices
satisfying the properties: )\I = M, tr(N) = 0,tr(AgA;) = dog;. For details, see [107-110]. Let us define the random
expectation and its variance

(Au = trleUPN A (UDPN], (AA)E = (AD)u — (A, (B7)



which depends on the choice of collective unitaries UY with U € U(d). Now we introduce the average of (AA;)3, for
any [ over Haar random unitaries

D(o) = (@& - 1) [ dU (A}, (B8)
Now we can make the following:

Remark B2. For an N-qudit state o, the average can be given by

d*-1
D(o) = D (AN)*. (B9)
1=1
Any N-qudit fully separable state obeys
d*-1
> (any > ML (B10)
1=1

This violation implies the presence of multipartite entanglement.
This is the generalization of Observation 2. The fully separable bound was already discussed in Refs. [111, 112]. In
the following, we give the derivation of Eq.(B9).

Proof. Similarly to Eq. (B3), the random variance (AA;)? can be written as

N N
(AAZ)?]:% S U2 Ut +Ztr[U®2)\()®>\m (U1)*20;) - Z [P U] e [UAP U] b (B1Y)

i=1 i#j

where g;; and g; are the two-qudit and single-qudit reduced states of p. To evaluate the Haar unitary integral, let us

use the known formulas [2, 50, 113-117]
X X
{[tr(X) - tr(i )} 192 4 [tr(SX) - tr(d )] S}, (B12)

for an operator X. Here S is the SWAP (flip) operator acting on d x d-dimensional systems, defined as S |a) |b) = |b) |a).
Thus we first obtain

tr[X]
T 1 ®2 he2 _
/dUUXU 7 la /dUU XU 21

Yt /\(Z)]
Z/dUtr UND)2UT ] = Z tr[o;] = N. (B13)
i=1
Next, we have
d?—1 N
Z/dUtr U= © AP (Uh2,] = d22/dUtr UEAD @ AP (U122 T DA @ A0
i#£] i#£] m,n=1
1 1 N d*-1 N ‘ ‘
i#j m,n=1
N d?>-1
2])
z;éj =1
d2 d?-1

=1

In the first line, we denote that {7 = ()\5,? ® )x%”)Qij. In the second line, we used the formula in Eq. (B12) and the
so-called SWAP trick: tr[SX] = tr[S(X 4 ® Xp)] = tr[X4 X ] for an operator X = X4 ® Xp. In the final line, we used



that Zi;l A? = (d* — 1)14, which can be derived from the facts that S = % Zldial N ® N\ and §? = 152, Similarly,
we obtain

N d*—1
i 1 d?
Z /dUtr A( UTQJ tr[ A“)UTQJ] = o > ldir(eie) ~ 1] = — > (A2 (B15)
i,j=1 1,j=1 =1
Summarizing these results, we can complete the proof. [
Appendix C: Detailed discussion of Observation 3
Observation 3. The average T (o) is given by
T (o) = tr[oO4] = Z Z Eape(c) @ Uéj) ® o), (C1)

i<j<k a,b,c

where €qp. denotes the Levi-Civita symbol for a,b,c = x,y,z. Any N-qubit fully separable state can obey a certain
tight bound

IT(o)| < P, (C2)

(V)

where Py | can be computed analytically for N = 3 and numerically for up to N <7 and is, up to numerical precision,

given by p]({iv) = NZ%cot (n/N)/3\/3. Then violation implies the presence of multipartite entanglement.
Proof. Here we give the derivation of Eq. (C1). Let us begin by recalling
_ /dUtr UV O], 0u= Y Ao @ol) @ o), (C3)
i<j<k

where A represents a linear mapping that can make the antisymmetrization (or alternatization) by summing over
even permutations and subtracting the sum over odd permutations. More precisely, the observable can be rewritten
as

Oa= > Y el @ wol. (C4)
i<j<k lm,n=zy,z
For instance, in the three-qubit system ABC, it is given by
Ou=0M@cP @ +0M 0P @0+ eoclP 0ol
oM @e® @ UZ(IC) - J?SA) @) 0ol - Mg JZ(IB) ®al®). (C5)
Then we have

- Z Z Elmn {/dU tr [giij@afsgl(i) ® ogz) ® 0,({“>(U*)®3”

i<j<k lym,n=x,y,z
23 >y ST € / dU tr[c DU UM e[V U D Ui [oW UM U, (C6)
i<j<k l,m,n=x,y,z a,b,c=x,y,z
23k)

where g;; is the three-qubit reduced state of ¢ for 7,5,k = 1,2,..., N with the three-body correlation 5(1 =

tr[gmkaé )al(f) §k)] for a,b,c = z,y, 2.

To evaluate the Haar unitary integral, we use the formula
4
/ dU tI"[UaUO'wUT]tI"[O'bUO'yUT]tI“[O'CUUzUT] = gEabcy (C7)

which has been derived in Ref. [10]. Using this formula leads to

= 1 4 Z Z Z 5lmn§abf )Eabc— Z Z gabf k)gabo (08)

z<7<k lymn=z,y,z a,b,c=x,y,z i<j<k a,b,c=z,y,z

Hence we can complete the proof. O
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Figure 3. Geometry of N single-qubit states |x;) represented as (Blue) points on the surface in the single-qubit Bloch sphere,
fori=1,2,... N and N = 6, 20, 100.

Remark C1. Here we explain how to derive the bound pEsN ). First, we note that the average |T(p)| is a convex
function of a quantum state. Then it is enough to maximize the average for all N-qubit pure fully separable states:
|Dgs) = ®ZI\L1 |xi). Each of single-qubit states |x;) can be mapped into points on the surface in the single-qubit Bloch
sphere, which can be parameterized as (o4)y, = cos(6;), (oy)y; = sin(6;) cos(¢;), and (0.),, = sin(6;)sin(¢;) for
Xi = |xi){xi|]. Substituting these expressions into |7 ()| and performing its maximization over the parameters, we

can find the bound pgv ). From numerical research up to N < 7, we collect evidence that there may exist the tight
bound

N2 cot (i)
(N) — N 9
Py 3\/3 ) ( )

which may be obtained by 6; = 2tan~'(1/2 — v/3) and ¢; = 27i/N for i = 1,2,...,N. In Fig. 3, we illustrate the
geometrical expressions of the points |x;) on the surface in the single-qubit Bloch sphere for N = 6,20, 100. Note that
we will give the analytical proof of the case with NV = 3 at Corollary in the end of Appendix C.

Remark C2. In Fig. 4, we illustrate the criterion of Observation 3 for the state g, , in Eq. (14) in the main text for
N =4,5,6 on the z — y plane.

Remark C3. Let us generalize Observation 3 in the main text by focusing only on three-particle systems. We begin
by denoting three-particle d-dimensional (three-qudit) operator as

Ws = Z WijkSi ® 85 & Sk, (C10)
.5,k

for some given three-fold tensor w;j;, and matrices s; € Hq with s; # 14. If d = 2, wy;i, = €451, and s; = oy, then it
holds that |(Ws)| = |T|. To proceed, we recall that a three-particle state is called biseparable if

obs = _piok @+ pior @ ot + > pfef @ olt”, (C11)
k k k

where and ka for X = A, B,C are probability distributions. The state is called genuinely multiparticle entangled if
it cannot be written in the form of ons. Now we will make the following:

Lemma. For a three-qudit state papc, we denote the vector sx = (sX) and the matriz Sxy = (sf](Y) with s3X =
tr[oXs;] and s%y = tr[o*XY s; @ s;], where ox, 0xy are marginal reduced states of oapc for X,Y,Z = A,B,C. Any
three-qudit fully separable state obeys

[(Ws)| <

12
- X,Y,IZIE,)A(,B,C [sx|l vy z]l » (C12)
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Figure 4. Entanglement criteria for the mixed state in Eq. (14) in the main text for N = 4,5,6 in the x — y plane. The fully
separable states are contained in Green area, which obeys all the optimal spin-squeezing inequalities (OSSIs) previously known
with optimal measurement directions [44, 45] and also our criterion in Obs. 3 in the main text. Blue area corresponds to the
spin-squeezed entangled states that can be detected by all OSSIs and Obs. 3. Yellow area corresponds to the entangled states
that cannot be detected by all OSSIs but can be detected by Obs. 3, thus marking the improvement of this paper compared
with previous results.

where ||v]|* = 32, v2 is the Buclidean vector norm of a vector v with elements v; and the vector vy z = (v¥' %) with
vZ

1
v ¢ = Zj i s}/sk wiji. Also, any three-qudit biseparable state obeys

[Ws)l < | max Z oi(Sxy)oi(Z7), (C13)

where ;(0) are singular values of a matriz O in decreasing order and the matriz Z* = (z};) with z}; = Y., s wiji.

Proof. Since |(Wg)| is a convex function for a state, it is sufficient to prove the cases of pure states. First, let us
consider a pure fully separable state 0 ® o ® ¢©. Then we have

(Ws) =Y wipptrlo? @ 0 @ o“si @55 @s4] = > sy sPsfwin =Y si0P7 < |lsal |vsell, (C14)
ig.k i ik i

where we used the Cauchy—Schwarz inequality to derive the inequality. Similarly, we can have cases that correspond
to sp and sc.
Second, let us consider a pure biseparable state for a fixed bipartition XY|Z. For a case AB|C, we have

Wy =>_saP> sfwije = siPel; = tr[Sap(C*) "] <Y 0i(Sap)oi(C), (C15)
1,J k i,J i

where we used von Neumann'’s trace inequality [118]. Similarly, we can obtain the bounds for the other bipartitions
B|CA and C|AB. Hence we can complete the proof. O

Corollary. Consider the case where d = 2, wiji = €5, and s; = 0;. Any three-qubit fully separable state obeys
[(Ws)| < 1. Also, any three-qubit biseparable state obeys |(Wg)| < 2.

Proof. To show these, without loss of generality, we can take ¢ = |0)(0]. This can lead to that vgc = (s&, —s¥,0).
For single-qubit pure states, we have that ||s4|| = 1 and ||lvgc| < 1. Thus we can show the the fully separable
bound. For the biseparable bound, since o1(C*) = 02(C*) = 1 and 03(C*) = 0, we can immediately find that
01(SaB) + 02(Sap) < 2 for all pure p”5. O



Appendix D: Detailed discussion of Observation 4

Observation 4. For a 2N-qubit state pap with the permutationally symmetric reduced states, any separable oap
obeys

¢+ gV +g8 - gPah <, (D1)

where g = (3/N?)? and (a, B,7v) = (0,12/N?,0).

Proof. We begin by writing

65 =9 [ Vs [ dUsl,)" Mons = (ATF) — (AT, (D2a)
70 (ex) = [ dUx fulex)) folox) = a(Ax)by +B(Jx)3y +7,  (D2b)
where
(TE)uan =t [eaUSH TEWR)®Y |, (ATD)E,, = (FE)Dvas — TN (D3a)
1 N

JE=Joatdop Lx =g Y oX0 Usp=Ua®Us. (D3b)

Then we can have
(JEV s = (Loa)b, + (JoB) by £ 20 A)ua (T B)Us, (D4a)
(Aji)UAB (AJZ A)UA (AJZ,B)%JB i2[<Jz,A®Jz,B>UAB - <Jz,A>UA<Jz,B>UB]v (D4b)
Muap =4[(J24 ® L2 B)UAp — (Jza)UalJzB)Us] - (D4c)

Let us evaluate the form of g " B(Q AB). Applying the assumption that o4 and ¢p are permutationally symmetric, we
can further simplify the form of ny, ,

N N

11 _ .
NUap = 455 Z tr[QAiBjUAUgAL)UL ® UBtygBJ)UT Z r[oa,Uac?t ’)UT}tr[gB Ugo'Fi )UT]
ij=1 =1
N2
= T Z Cpqo((}gzOI(Jq;’ (D5)
Pq=,y,z

where the covariance matrix C' = (C)q) is given by
Cpq = tr[QAz‘Bj Uz(aAi) ® Ut(lBj)] - tr[QAiJI()Ai)]tr[QBj Jt(sz)} = lpq — apbg, (D6)

for the two-qubit reduced state oa,p;, = trE(QAB) such that both particles are still spatially separated, defined in
Ha, ® Hp,;. Here we denote that

o), = tr [o U XITL] (07)

for X; = A;, B;. Notice that Cpy and O(p ) are independent of indices 4, j due to the permutational symmetry.

To avoid confusion, we have to stress that the above covariance matrix C' = (Cpq) is different from Eq. (A3) in
Appendix A in general. If the spatially-separated reduced state ga,p; is also permutationally symmetric, both are
the same, but here we do not require the assumption.

Using the formula in Eq. (A9a) in Appendix A, we have that

N4 I S
Ohean) =95 O CuCh [dUa0Q)0)) [amofof) = Y c2, (D8)

p,q,7,5=T,Y,2 P,q=,Y,2



where we set that g = (3/N?)2. Also, since (J, a)u, = (N/4) Y p—zyz apC’)I(]pj and 3 = 12/N?, we can find

TV (0a Z apaq / AU 0P 0 = N a? (D9)

Pa=a,y,z p=.y.2
as well as jél)(gB) = Y p—uy.z Uy In summary, for the choice g = (3/N?)* and (a, 8,7) = (0,12/N?,0), we have
that
gy + 75 + 75 = Y a2+ Y @e)y- > ad (D10)
P.a=a.y.z p=2.y.z P.a=x.y,z

To derive the entanglement criterion, we rewrite the right-hand-side in Eq. (D10) as
G+ T+ T - TPT = DT (8, = 2apbatpg) + > (a2 +b2), (D11)
P.q=2,y,2 P=2,y,2

where we use that ng = tf,q + af)bg — 2apbgtpq. To proceed further, we recall the separability criterion presented in
Ref. [16] (see, Proposition 5): if a bipartite quantum state pxy is separable, then it obeys that

tr(oky) + tr(o%) +tr(oy) — 2trloxy (ox ® oy)] < 1. (D12)

If oxy is a two-qubit state, we can rewrite this inequality as

> G- 2myzg) + Y (@ 4y) <1, (D13)

1,]=T,Y,2 1=T,Y,z

where z; = tr(ox0;), y; = tr(oyo;), and z;; = tr(oxyo; ® 0;). Let us apply this criterion to Eq. (D11). Exchanging
the symbols

Ti > ap, Yi by 2 by, (D14)

we can connect this criterion to Eq. (D11) and arrive at the inequality in Observation 4. Hence we can complete the
proof. O

Remark D1. The right-hand-side in Eq. (D10), that is, the right-hand-side in Eq. (17) in Observation 4 in the main
text, can be rewritten as

G+ + g0 - gV {anq+4N22 —162 A2 (T B } (D15)

where

> 4= (;)2 Y (pa), (D16a)

p=z,y,z p=z,y,z

> b= <§]> Y (), (D16b)

pP=x,Y,z pP=x,Y,2
1\? 2 1\?
2 _ 2 —\212 _ 2
Z Coq = <]\[2> Z [(AJ;) - (AJy) "= <N2> Z Npgs (D16¢)
P,q=,y,z P,q=1,y,z P,q=,y,z

and 1, = (AJF)? — (AJ, )2

Remark D2. Here we consider the generalization of Observation 4 in the main text to m ensembles for m > 3. For
that, let us define a quantum state p € H1 ® « -+ @ H,p,, where Hx = 'H?N for X =1,...,m. Now it is essential to
notice that the left-hand-side in Observation 4 can be available for any two-pair in m ensembles. Then, let us define
the average over all pairs

Plo) = oy S o+ 7P+ R - TH gD, (D17)

X<Y
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for X, Y =1,2,...,m. Now we can formulate the following.

Remark D3. For this mN -qubit state o consisting of the m ensembles of N spin-% particles, if each N -qubit ensemble
is permutationally symmetric, then any fully separable o obeys

Plo) =1, (D18)

where g = (3/N?)? and (o, B,7) = (0,12/N?,0).

Proof. In general, if a multipartite state g is fully separable, then all the bipartite reduced states are clearly separable.
For such separable reduced states, Observation 4 in the main text holds. Thus we can complete the proof. O

Remark D4. Let us test our criterion in Observation 4 in the main text with the Dicke state as a bipartite state.
The N 4p-qubit Dicke state with m4p excitations is defined as

Nap

) ZPmAB(|117~-~71mABaOmAB+17"'aONAB>)a (Dlg)
maAB

MmAB

INaB,map) = (

where {P,,, 5} is the set of all distinct permutations in the qubits. Applying the Schmidt decomposition to the Dicke
state, one can have

Nas
INag,map) = Y Am|Na,ma) ®|Np,mp), (D20)

m=0

where Ng + Ng = Nag, ma +mp = mapg, and m = m4. Here, the Schmidt coefficients \,, are given by

=) (o) () o)
MAB ma mp

The states |[Na,m4) and |[Np,mp) are permutationally symmetric states, for details, see [56, 119].
Let us consider the case where N4 = Ng = Nap/2, and map = Nap/2. Then we have

<JP7A> = <JP,B> = 07 fOI' p=x,9,z2, (D22a)
(J2) = (ATF)? =0, (D22b)
N2
AT =—4 =48 D22
( Jz ) <‘]Z,A ® JZ,B> 4(NAB _ 1)7 ( C)
(AT} = (g = M (JV;B . 1) , (D22d)
- _ Nap Nap —2
2 _ 2

where we used the results in Ref. [99]. Then we have the values of (Ain)z. In this paper, we set Nap = 2N. This
results in

6N* —2N3 +1
(1-2N)2N2

1 _\272
G5p+ I+ T - TVI = 55 YD (AL - (A1) =

P,q=x,Y,z

(D23)

The right-hand side monotonically decreases as N increases, and it becomes 3/2 when N — co. Therefore the pure
2N-qubit Dicke states can be detected in any N.

Finally, let us consider the case where the global depolarizing channel with noise p influences the state as follows:
op = 0p = pop + (1 — p)omm for op = |[Nap,map)(Nap, mag| and the maximally mixed state gym. This noise
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Figure 5. Linear-Log plot of the critical point p*(N) discussed in Remark D4.

effects can change (AJ*)? as follows:

NAB Nag N(l + Np)
+ )2 + 2 _ 4+ \2 _
(AT )op = (AT ) = 1 [(ij/y)w - ] = 5 , (D24a)
_NAB Nap] N[N(@2-p)—1]
(AJl/y)QD (AJL/y) = —4 [(AJl/y)gD -~ ] =T oeN-1) (D24b)
(ATH), = (ATD)% = NAB(41 P _ N(lz_ ») (D24c)
_ _ Nap _ Nap N(@2N +p-1)
2 2 _ 2 _
(AT )5, — (AJ] )g/D =1 +p {(AJZ )ob 1 } 52N 1) (D24d)
This leads to
6N* —2N3 4+ 1) p?
¢+ TP+ g - gPal) = ( )r° (D25)

(1-2N)2N?
Then we can find that the separability bound in Observation 4 is violated when p > p*(N) for the critical point

N(2N —1)
VO6NT—2N3 11’

In Fig. 5, we illustrate the behavior of the critical point depending on N. In the limit N — oo, this point becomes
p* — \/2/3.

p*(N) = (D26)

Appendix E: Entanglement detection with finite statistics

In Appendix E, we will discuss the estimation of the statistical error of the moments from collective randomized
measurements. We will determine the number of measurements required for reliable entanglement detection, following
similar discussions given in the previous works [2, 8-10, 15].

In randomized measurement schemes, the total number of measurements is denoted as Mi,; = M x K. Here
M is the number of random unitaries, and K is the number of measurements for a fixed unitary. For the moment
J") = [dU [fy]" defined in Eq. (4) in the main text, the unbiased estimator can be given by J) = (1/M) wal An
that is, IEUE[j (T)] J ). Here, the subscrlpt iin | fr}l refers to the measurement setting, By represents the average
over collective local random unitaries, and fr is the unbiased estlmator of [fu]", that is, E[f.] = [fu]".

To quantify how much the estimator J (") deviates from the J("), let us consider the inequality

Prob(j(r) - j(r) Z 6error) S Qgsl, (El)
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where Jerror is called the error or accuracy, ass the statistical significance level, and . = 1 — agq the confidence
level. In the case where [f,]; cannot be assumed to be i.i.d. random variables, we can employ the so-called (one-sided)
Chebyshev-Cantelli inequality

< Var(J (™)
B Var(j(r)) + 5621‘1‘01'

Prob (7 = 7 > derer) : (E2)

where Var(j (T)) denotes the variance of the estimator J (. Based on this inequality, one can determine the total
number of measurements M;., = M X K required for entanglement detection, for a fixed error and confidence level.
Since it holds that Var(J (")) = (1/M?) Zf\il Var([f.]s), the main task is to evaluate the variance Var([f,];).

In the following, as a simple example, we will particularly focus on Observation 2 in the main text: the moment
JW = [dU [3(AJ.)F] is equal to >, . (AJ))?, and any N-qubit fully separable state obeys J!)(0) > N/2. Now

the variance is written as Var(f1) = EvE[(f1)?] — [7 (]2, and the explicit form of E[(f1)?] can be given by
E[(/1)*) = 9 {es ()T )u + (K)o (Ja)u + (KNI + ea(B) o (L)h + e ()G}, (E3)

where ¢ (K) = 1/K, ¢3(K) = —4/K, c3(K) = [(K = 1)* + 2]/[K(K = 1)], ca(K) = =2(K = 2)(K - 3)/[K(K — 1)},
and ¢5(K) = (K —2)(K —3)/[K(K —1)]. This expression can be derived using the result in Ref. [120] that coincides
with [121].

Let us consider the statistically significant test with the family of the states

1
Op = (1 - p)Qsinglet + P27N7 (E4)

where gginglet denotes the N-qubit many-body spin singlet state, discussed in the main text. Since this state obeys
(JF) puinges = 0 for any k, we have that (J;),, =0, (J2),, = Np/4, and therefore, 71 (p,) = 3Np/4. Thus, the state
op violates the separability bound in Observation 2 when p becomes smaller than the critical point psep, = 2/3, which
is independent of N. From a straightforward calculation, we can obtain

INp{3N(p—1)+2— K[N(p —3) + 2|}
[16(K — 1)K|M ’

Var(JW) = (E5)

where we used (J}) 0, = N(BN —2)p/16. Rearranging the Chebyshev-Cantelli inequality in Eq. (E2) and requiring
that the confidence 1 — Prob(j(l) —gJm > Oerror) 18 at least 7y, we have

Vel -
5error = Var \.7(1) . E6
Ve ) (€0

Since the variance Var(j (1)) can monotonically increase for large p, the worst-case error in the estimation is given by
p = 1. In this case, we have

91N [K(N = 1) + 1]

M = .
8(1 - ’YCI)(K - 1)K6§rr0r

(E7)

To proceed, let us set the error as derror = ming,, csep j(l)(gscp) - j(l)(gp) = N/2 — 3Np/4. By minimizing the
value of Mo, = M(K) x K with respect to K for a fixed N, we can thus find the optimal number of measurements.
In Fig. 6, we illustrate the necessary number of measurements for N = 100 and the confidence level 7. = 0.95.
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Figure 6. Log plot of the total number of measurements M;o; obtained from the Chebyshev-Cantelli inequality required to
certify the violation of the separability bound in Observation 2 in the main text of g,, for N = 10% and confidence level
Yel = 0.95.
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