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Reference-frame-independent quantum metrology
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How can we perform a metrological task if only limited control over a quantum system is given? Here,
we present systematic methods for conducting nonlinear quantum metrology in scenarios lacking a common
reference frame. Our approach involves preparing multiple copies of quantum systems and then performing
local measurements with randomized observables. First, we derive the metrological precision using an error-
propagation formula based solely on local unitary invariants, which are independent of the chosen basis. Next,
we provide analytical expressions for the precision scaling in various examples of nonlinear metrology involving
two-body interactions, like the one-axis twisting Hamiltonian. Finally, we analyze our results in the context of
local decoherence and discuss its influences on the observed scaling.

DOL: 10.1103/988w-6tpf

I. INTRODUCTION

Quantum metrology involves three stages: (1) preparing
an initial probe state, (2) encoding a parameter 6 through
a state transformation, and (3) measuring the transformed
state to extract information about 6. Each stage can be
quantum or classical, including choices such as entangled
or separable initial states, entangling or nonentangling state
transformations, and measurements with multipartite oper-
ators or single-particle operators [1-7]. The precision of
parameter estimation, denoted as (A#)?, naturally depends on
the chosen approach.

A central goal in quantum metrology is to overcome the
precision reachable in the classical regime. In a fully classical
setup, the best achievable precision is known as the shot-noise
limit [2,4-6] (A@)?> o N~!, where N is the number of par-
ticles in a probe system. On the other hand, the presence of
initial entanglement in the preparation stage enables scaling
beyond the shot-noise limit, ultimately reaching the quadratic
limit: (A8)? o« N~2 [2,4-6]. Furthermore, even without initial
entanglement, entangling transformations can yield a scal-
ing significantly better than the quadratic scaling, expressed
as (A#)* o« N~2+! for integer values of k [8-17], and an
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exponential scaling proposed by Roy and Braunstein [18].
Note that the notion of the Heisenberg limit was originally
introduced in Ref. [19], but later it was reformulated based on
a detailed accounting of relevant resources [20,21].

For better accuracy, it is essential to have precise control
of state preparation and parameter encoding, along with fa-
vorable measurements. In practice, however, uncontrollable
experimental noise, such as magnetic field fluctuations for
trapped ions or polarization rotations in optical fibers, can
cause information loss in the encoding directions and disturb
the calibration and alignment of the measurement settings.
Such noise effects may result in the absence of a com-
mon Cartesian reference frame [associated with the SO(3)
or SU(2) group]. Also, one might consider the possibility of
adversarial attacks by malicious parties that could covertly
disrupt the target system, perhaps nullifying quantum advan-
tages and preventing higher precision.

What options are available in such a nonideal and black-
box scenario where quantum control for the metrological
tasks is limited? One approach is multiparameter metrology
[22-32] to estimate the desired parameter as well as the error
parameters in one go, but this may not work effectively if
numerous unexpected variables change the system. Another
approach is to establish a common reference frame, but this is
known to be a resource-intensive process [33,34].

II. A NO-GO THEOREM

More specifically, let us regard a reference frame as an
abstract coordinate system that allows for transforming un-
speakable information (such as spin rotation) into speakable

Published by the American Physical Society
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FIG. 1. Sketch of the quantum metrology scheme presented in
this paper for two copies of an N-particle state with randomized
measurements. The parameter 6 is encoded in the first and sec-
ond copies via Ay ® Ay highlighted by gray color. Subsequently,
a randomized measurement M, = Zf’:l M is performed on the
two-copy state, where each local observable M, ,.(2) acts on the first and
second copies (highlighted by a vertical box). This paper introduces
systematic methods for evaluating the precision, denoted as (Af)?,
in a reference-frame-independent manner.

information (such as classical bits represented as 0 or 1);
for more details, see Ref. [34]. This is a general concept of
how gyroscopes and clocks give a consistent way to measure
orientation and time. Here, we consider reference frames in
quantum systems that can be converted to another system
with a different reference frame through a transformation
involving an element denoted as U € SU(d). For d = 2, the
Cartesian frame in SO(3) is represented by the group SU(2),
corresponding to spin rotations.

In fact, given an N-particle state, the absence of a shared
reference frame between the particles excludes a quantum
advantage in standard schemes of metrology. More precisely,
we have the following statement.

No-go theorem. In the absence of a common reference
frame (i.e., N parties do not share a reference frame), quantum
metrology using an encoding of a parameter with the local
unitary V; = e " for H; = Zﬁvlei is impossible. This
holds even if multiple copies of the N-particle state are used.

This can be seen as follows: If each of the N parties has
no prior knowledge about the local reference frame (related to
local unitary U, = U; ® - - - ® Uy), then k copies of the state
can be represented by

Gilo) = / dUL (ULoUH)®, (1

where the integral is taken over the Haar measure. Hence,
Gr(0) is invariant under any local unitaries, that is,
[G(0), VE*1 = 0 for any V; = e M. Then, one cannot en-
code any information about the parameter 6 from V;, = e~
making linear metrology impossible.

Consequently, it is natural to ask whether nonlinear metrol-
ogy with nonlocal (entangling) unitary transformations is
still possible even without a common reference frame. Here,
we introduce metrological strategies in a reference-frame-
independent manner. Our main idea is to prepare multiple
copies of a quantum system and employ locally random-
ized measurement observables after a parameter encoding
transformation, illustrated in Fig. 1. This strategy is inspired
by previous works on randomized measurements used to
characterize quantum correlations [35,36]. Although related
scenarios were discussed in Refs. [37—42], randomized mea-
surements were, to our knowledge, not employed in those
studies.

In this paper, we present systematic methods to analyze
the precision in quantum metrology without a common refer-
ence frame. In particular, we provide analytical expressions
for the precision with several copies of the state using the
error-propagation formula. Our formulation relies on local
unitary invariants, which can be used for nonlinear quan-
tum metrology rather than linear one. Then, we calculate
the scaling behavior of the precision for various examples
and discuss how decoherence effects can worsen metrological
performance.

III. PARAMETER ESTIMATION AND
ERROR PROPAGATION

Consider a quantum state of N d-dimensional particles (qu-
dits) denoted as o defined in the Hilbert space HS’N . Suppose
that the initial state o can be transformed by a quantum trans-
formation Ay to encode a parameter 6: 0 — 0o = Agp(0).
In the following, we focus on a unitary parameter encoding
Vs = eH with a (usually nonlocal) Hamiltonian H as the
generator of the dynamics.

The parameter 6 can be estimated from a measurement
observable M. The estimation precision can be characterized
by the error-propagation formula [5-7,43,44]

_(AMY?
g (M)
where (AM)? = (M?) — (M)? and (M) is the expectation of

M. Note that the precision (A8)? depends on 6 and that the
above formula allows to study the situation where 6 is small.

(A0) 2)

IV. MAIN METHOD

Let us consider k copies of the quantum state and perform
a measurement on the system

(My) = tr(oF*My), 3)

where M acts on the k copies of the state defined in (H$")®*.
Here, we assume that the measurement observable M; is local
with respect to the parties,

N

Mi=> MY, 4)

i=1

where each Mi(k) acts (potentially nonlocally) on the k copies
of the ith system (see also Fig. 1). As a choice of the observ-
able Mi(k), we introduce a randomized (twirled) measurement
observable

O(0) = /dU (UTOU)®k, (3)

where O is a Hermitian operator defined in #, and the integral
is taken as the Haar random unitaries. By definition, this does
not change under any unitary: ®;(VOV) = &;(O) for any
unitary V.

For the sake of simplicity, we hereafter assume that O
is traceless, tr(©®) = 0, and normalized, tr(O%) = d. We can
then formulate the following:

Observation 1. Consider the two copies of an N-
qudit system with & =2 and Mi(z) = ®,(0;). Then, the
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error-propagation formula leads to

(d* — 1)N —281(0) + 25,(0) — $3(0)
13551 (0)1

(A0); = , (6

where S$;(0) = Zﬁ\;l[dtr(gf) — 1] for the single-particle re-
duced state o; = tr(0p) and $2(0) = ), _;{d’tr(o};) — 1 —
[dtr(g2) — 1] - [dtr(g ) — 1]} for the two-particle reduced
state 0;; = tri(0p), where all particles up to i, j are traced
out.

Proof. To derive Eq. (6), we substitute the observable in
Eq. (4) with M; 2) = ®,(0;) into Eq. (2). For that, we first
need to evaluate the Haar integral. In fact, assuming that O; is
traceless and normalized, one has

D,(0;) = (dS —1%%), (7
where S; is the swap operator acting on both the first and
second copies of the ith system: S |x) |y) = |y) |x); for details,
see Refs. [45—48]. Using the property Siz = 1, and the swap
trick tr[(X ® Y)S] = tr[X Y] for operators X and Y, a straight-
forward calculation yields (M,) = S(8)/(d*> — 1). Similarly,
we can arrive at Eq. (6). |

We have five remarks on Observation 1. First, the sketch
of this metrological scheme is illustrated in Fig. 1. Second,
in general, the quantities S; for integer / € [1, N] are known
as the /-body sector length [49-52], which can be associated
with the purity of the [-particle reduced states, leading to the
identity Z?’:l S1(0) = dVtr(0?) — 1. An important property is
their invariance under local unitary transformations: S;(V; ®

S ® VNQVIT ®--® V,J) = S;(o) for any unitary V; for i €
[1, N].

Third, the precision (AO)% in Eq. (6) may remind us of
the conventional spin-squeezing parameters [53-58] in the
sense that the denominator relies on the reduced single-
particle states and the numerator depends on both the reduced
single-particle and two-particle states. In contrast to spin-
squeezing parameters, the precision (A6)3 does not change
under any parameter encoding by local unitary V; = e~
for a local Hamiltonian H; = vazl H;, which agrees with the
no-go theorem discussed above. On the other hand, it can
be changed under some unitary Vi = =6 for a nonlocal
interaction Hamiltonian Hg.

Finally, one might generalize our approach to further mul-
ticopy scenarios or other observables, perhaps resulting in
additional local unitary invariants with higher degrees. How-
ever, it would be demanding to find the simple expression
by the analytical evaluation of Haar integrals, and it may not
necessarily lead to higher precision.

In the following, we consider four copies to derive the pre-
cision achievable with higher-order quantities. For the sake of
simplicity, we focus on qubits (d = 2) where we can, without
loss of generality, take O = o,. Then, we have the following:

Observation 2. Consider the four copies of an N-qubit sys-
tem, that is, k =4, d =2, and M\" = d4(c"). Then, the
error-propagation formula leads to

ISN—2081(0)+8F1(0)+2F,(0)— 3F2(9)

2
(A6);= AGE

®)

where Fi(0) = Zl 1[2tr(Q y—1)* for 0; = tr;(0yp) and
Fy(0) = ZKJ{[tr(T,]TT)]Z + 2ur(T;;T;] T;;T,] )} with the ma-
trix 7;; with the elements [Tj;],, = tr(g;jo, ® 0,) for
0ij = trj(0e) and w, v = x, y, z.

The proof of Observation 2 is given in Appendix A. We
remark that F; and F5 are also invariants under local unitaries,
where F> for N = 2 is known as one of the Makhlin invariants
[59]. Note also that the precision (AQ)?t depends on the one-
and two-body correlations of o only, which can be traced
back to the fact that M, is a one-body observable, and (Aé’)éz1
contains the variance of it.

Here, it should be essential to notice that (AQ)% in Eq. (6)
results from the two copies of N particles, while (AQ)Z in
Eq. (8) results from the four copies of N particles. To compare
both correctly, let us introduce the gain relative to the shot-
noise limit

1

kN(A6) ®

Gy =

Note that Gy > 1 implies higher precision beyond the shot-
noise limit.

V. NONLINEAR HAMILTONIAN DYNAMICS

Here, we show several scalings in the proximity of 6 = 0
based on our results. For that, we consider the estimation
precision in the limit of 6 — 0. We present the following
result:

Observation 3 Consider that |vy) = e |1)®N and H =
sz, where J, = 3 Z oD Then, the gain in Eq. (9) is ob-

i=1"x

tained as
lim G, = 1 10a)
Im Gy = ——, (10a
. 3IN-1)
51_1)1})G4—T1 (10b)

for k = 2 and k = 4, respectively.

Proof. To prove this Observation, we need to compute all
the terms S;(0), S2(0), F1(0), and F>(0). Since the state |yy)
is symmetric under exchange for any two qubits, it is sufficient
to focus on one of the reduced two-qubit states and multiply
its results by some factors like N or N(N — 1)/2 in the end.
With the help of the result in Ref. [60], we can immediately
find their explicit expressions; for details, see Appendix B. B

We remark that the nonlinear dynamics with H = J? is
called the one-axis twisting Hamiltonian. This nonlinear dy-
namics is known to produce spin-squeezing entanglement
[6,53,58] and also many-body Bell correlations [61]. In Ap-
pendix D, we will consider another Hamiltonian dynamics
and show that the gain Gj in Eq. (9) for k = 2,4 scales
exponentially, similarly to the example of Roy and Braunstein
in Ref. [18]. In general, quantum entanglement generated by
the unitary dynamics is necessary to achieve high values of
Gy.

Note that our scaling G; « N in Egs. (10a) and (10b),
that is, (A0)? o 1 /N2, was found in Ref. [62] for product
states with separable measurements in the one-axis twisting
Hamiltonian (moreover, the better precision (A8)? o« 1/N?3
was discussed [12-14]). In these works, however, a shared
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FIG. 2. Sensitivity of the metrological gain defined in Eq. (9)
to parameter shifts based on Observation 3 in N = 100, where p
denotes the noise parameter in the local depolarizing channel in
Eq. (11).

reference frame between the particles was assumed, and our
results show that is not needed.

VI. DECOHERENCE

Here, we analyze how decoherence can influence the
metrological gain. As a typical decoherence model, we con-
sider the so-called depolarizing noise channel for a quantum
state o € H, (see Ref. [63]):

1—
Ep(o) =po + P

1,4, (11

where 0 < p < 1. In the following, let us discuss a scenario
that a pure initial state is transformed by nonlinear unitary
dynamics, and then each particle is locally affected by the
depolarizing channel with the same local error parameter
Ng(0) = EI?N(V@QVJ). In this scenario, the precision can be
obtained from the formulas given for the noiseless case in
Egs. (6) and(8) by replacing S;(#) and F;(0) for = 1,2 by

51(0) — p*'S1(0), (12a)
F©) — p'F(0). (12b)

In Figs. 2 and 3, we plot the gains Gy(p) for a noise
parameter p of Observation 3 and compare the noiseless and
a noisy case with p = 0.95. In Fig. 2, we can find that the
maximal gain in the noisy case cannot be achieved by the
limit of & — O unlike the noiseless case, and the optimal
value of 8 can be shifted depending on p and N [64,65]. In
Fig. 3, we illustrate the growth in both gains for increasing
particles for fixed 6 = 1/N. We remark that the metrological
gain decreases due to noise effects, where the precision in
Egs. (10a) and (10b) is diminished.

VII. COLLECTIVE RANDOMIZATION

So far, we have discussed the reference-frame-independent
metrological scheme using locally independent randomized
observables based on Eq. (5). As shown in Fig. 1, we have
considered individual randomizations for each local mea-
surement on the two-copy space, as M, = Y1 | ®»(a?) in

FIG. 3. Growth in the metrological gain defined in Eq. (9) for
an increasing number of particles based on Observation 3 with a
fixed 6 = 1/N, where p denotes the noise parameter in the local
depolarizing channel in Eq. (11).

Eq. (4). Here, we will introduce a collective randomization
scheme that uses multilateral simultaneous rotations on all
subsystems, motivated by the recent work in Ref. [66].

More precisely, instead of M;, we consider a collective
randomized observable on the two-copy system:

Xy = / du (Ui ey, (13)

where J, = %va:l o7 is known as the collective angular
momentum acting on the N-qubit system. Here, U is a local
unitary on a single particle and the difference to the scheme
before is that the same U is applied to all parties. Then, we
can formulate the final result:

Observation 4. Consider the two copies of an N-qubit
system with the collective randomized observable X,. The

error-propagation formula then leads to

N) + B(©) — [S1(0) + K, (8)]
(Ae)é:f( )+ B(6) [1()+21( )]’ (14)
[0p[S1(0) + K1 (6)]]

where f(N) =3N(—2N + 3) and

B(0) = 2[=5,(0) — 2K1(0) + $2(0) + K2(0)]

3
+K3(0)+16(N — 1) Y (J2). (15)

n=1

Here, we define that K;(0) = Zf;/ Zi:l tr[(0; ® 0j)(0, ®
o, for o =tr;(0g), K2(0)= Z##k tr(7;;T, ), and
Ki(0) = Z##k# tr(]}ij-lr) with the matrix 7;; with the
elements [7;;],, = tr(g;jo,. ® o,) for g;; = trﬁ(gg).

The proof of Observation 4 is given in Appendix C. In
order to distinguish with the precision (AO)% in Observation 1,
we add the subscript C; in the precision (A@)a. By definition,
(A@)%2 does not change under any collective local unitary
Ve,

We apply this result to nonlinear metrology with the
one-axis twisting Hamiltonian H = J2. From a similar cal-
culation with Observation 3 (see Appendix B), the gain

013327-4



REFERENCE-FRAME-INDEPENDENT QUANTUM ...

PHYSICAL REVIEW RESEARCH 8, 013327 (2026)

=[2N (AQ)%Z]’1 is obtained as

N2 (N —1)
lim Go, = ——— 2 16
60" T ONGBN —5) + 8 (16)

This scaling is the same as in Eq. (10a).

VIII. EXPERIMENTAL IMPLICATIONS

The one-axis twisting Hamiltonian H = J? can be realized
in several physical systems. In trapped cold atoms, even ad-
dressing the particles is possible [67,68]. In a Bose-Einstein
condensate, this can be realized by collisional interactions
between atoms [55]. Also, the generation of Haar random
unitaries can be implemented by stochastic quantum walks on
the integrated photonic chips [69,70] or a polarization con-
troller operating in scrambling mode [71]. It is also possible
to realize such operations in parallel in an ensemble of many
multiqudit quantum systems [72].

We note that the Haar integral on ®;(O) as in Eq. (5) can
be implementable by measuring permutation operators, such
as Eq. (7) for k = 2. More generally, the Schur-Weyl duality
implies that any observable ®;(QO) can be expressed as lin-
ear combination of permutation operators [48], i.e., ®;(O) =
> eSym, €7 W,, where c, is a coefficient that depends on O
and W}, 1s a permutation operator corresponding to a permuta-
tion 7 in the symmetric group Sym,, of order k.

IX. CONCLUSION

We have proposed (collective) reference-frame-
independent metrological schemes with two and four copies
of a quantum state. Our formulation is invariant under
(collective) local unitaries, which enables us to perform
nonlinear metrology with nonlocal transformations. We
analytically computed the precision for several relevant cases,
showing that they go beyond the shot-noise limit.

There are several research directions in which our work
can be generalized. First, it would be interesting to show
analytical examples of various types of scaling with the
nonlinear Hamiltonian H = Jf [10,11,15]. Second, by the
spirit of spin squeezing, finding metrologically meaningful
uncertainty relations from random measurements may give
fundamental limitations of precision. Finally, our method may
encourage the further development of parameter estimation
tasks in terms of multicopy metrology [73], multiparame-
ter scenarios [27,29], or temperature estimation in quantum
thermodynamics [74].
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APPENDIX A: PROOF OF OBSERVATION 2

Observation 2. Consider the four copies of an N-qubit sys-
tem, that is, k =4, d =2, and M" = ®,(c”). Then, the
error-propagation formula leads to

15N — 20S,(0) + 8F(0) + 2F>(0) — 3F2(9)

AB)? =
(A0); = 3189 F1(0)]2
(A1)
where Fi(0) = Y [2tr(0?) — 1]? for o; = tr;(0p) and
R@ = et n)] + 2@ B a2

i<j

with the matrix 7;; with the elements [7;;],,
for g;; = tri7(0p) and p, v = x, y, z.
Proof. We begin by evaluating the form of (M,) as follows:

N
(My) = Ztl‘ (l) ]
i=1

N
1 o
= E E rOrOr 0O, b, e, d)

i=1 a,b,c,d

= tr(QijO—;L ® o))

1
= §F1 ). (A3)

Here, in the first line, we use that ®4(c”) only acts on the
four copies of the ith system. In the second line, we denote
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that for rl(j) = tr[Qialgi)] foru =a,b,c,d =x,y,zand

I(a, b,c,d) = / duzy 2070 7, (Ad)

where Zl(ji?a = tr[o’U 6 U]. In the third line, we apply the
following formula:

16
I(a7 bs c, d) = E(aa,bac,d + aa,cab,d + Sa,d(sb,c)a (AS)

given in Ref. [71] and introduce the fourth-order quantity

N
FO)=Y rl
i=1

where r7 =3 _ [r01 = 2tlof] — 1.
Next, we Wlll ‘evaluate the expression of the variance:

(A6)

(AM,)? = (Mf) — (M,)?, where
(M3) = D (@4(0) ) + D (@4 (0) @4 (o). (AT)
i i#]

The first term in (M?) is given by

D (@a(o))

i

= > t{[ef@a(o”)], ® [@4(0")], Sxv}
::%E:/ﬂ&/dwh () ® vS,,)]"

1 4
_ WZ/dUX[dUY[ZZ{}X)aZ{}Y)a}
=Tl L Tahy 8)26(”

i a,pB,y.8
1
= ——[15N —20S,(0) + 8F;(9)]. (A8)
5x15

Here, in the first equality, we divide the squared term into two
different spaces X, Y inversely using the swap trick mentioned
in the proof of Observation 1: tr(XY?) = tr[(XY ® Y)S]. The
swap Sy y acts on the eight-qubit system, where each system
X = {x1, %2, x3, x4} and Y = {y1, y2, 3, y4} is the four-copy of
a single-qubit system.

In the second equality, we use that the swap operator
in many qubits can be realized by the swap operators in
individual qubits [75], that is,

Sx,y = Sy, n ® sz,yz ® st,ys ® SM,M' (A9)
Also, we denote that

XD =UjoPUy + > rePUioPUx, (Al0a)

a=x,y,z

vl = U ey, (A10b)

where r) = tr[o;0].

In the third equality, we apply the formulas

1
S = §<11§’2 + ) o ®aa>, (Alla)
o=x,y,2
0p0g =Spgla+i Y Epgron, (Al1b)

r=x,y,2

with the Kronecker-delta symbol §,, and the Levi-Civita
symbol €, , ,, and denote that

20 =25 i Y ewanrZy) (A12)
a,k=x,y,z
where Z)) , = tr{o{’Uf oV Ux].
In the fourth equahty, we denote that
[ vz 28,20 20, = Zc<’> (A13)

where o, 8, v, 8 = x, y, z and the label j in C(’) represents the
number of times the imaginary unit i is multlphed

In the final equality, we indeed evaluate all the terms in C; @
and simplify the expression. Note that C\" = C(’) = 0 for any
i due to the properties of the Kronecker delta and Levi-Civita
symbol.

Let us continue the computation of the variance. The sec-
ond term in (M3) can be given by

Y (@4(0) @4 (o))
i#]
= Yo @:(0)4(0)]
i#]
— (l/) (lj) (l/) (tj)
- 44 Z Z aiby uzbz mbw a4b4I(a)I(b)
i#j ab
_ 2 F(9)
T 5x15
In the second equality, we denote that a = (ay, az, az, as),
= (b1, by, b3, by), and z;’f,) = tr(0;;04, ® 03,) for a,, b, =
X,y z. In the third equahty, we use that the sector length
can be given by $:(0) = Y_,_ (T}, T;]) = Y, _;[4tr(0f) —
1 —81(6)] with the matrix [7;]ls = téb’ ) and introduce the
fourth-order two-body quantity

(A14)

) = Y {[e(T, 7)) +20(1, T T, )} (ALS)
i<j
Hence, we can complete the proof. ]

APPENDIX B: DERIVATION OF OBSERVATION 3

Observation 3 Consider that |yg) = e 7 |1)®¥ and H =
J?, where J, = 3 Z o®. Then, the gain in Eq. (9) is ob-

i=1"x
tamed as
. N —1
gl_rg)Gz =7 (Bla)
) 3IN-1)
(}1_1)1})G4 =—5 (B1b)

for k = 2 and k = 4, respectively.
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Here, we will give the the explicit expressions of
S1(0), $2(0), F1(0), and F,(0). Let us begin by recalling that
all the single-qubit and two-qubit reduced states g; and g;; are
the same for i, j = 1,..., N. Then, we denote that g; = ¢,
and g;; = 0. According to the result in Ref. [60], for r, =
tr(g10,) and t,,, = tr(g20,, ® o,), we can have

re=r,=0, r,=—cos" '), (B2a)
Iy = txz =1y = tyz = [Zy = O, (sz)
ty = 3[1 — cos" 2(20)], (B2c)
t.. = i[cos"2(20) + 1], (B2d)
tyy =ty = sin(@) cos” 2(0). (B2e)
This yields
Si0)=N > ri=Ncos™ (), (B3a)
U=X,),Z
NN — 1)
$:0)= ——5— > 1
MW V=X,V,2
NN —1
= %[cosm’_z)(%’)
+45in?(9) cos®™ ~4(0) + 1], (B3b)
2
F@) =N Y 1] =Ncos™ @), (B30)
U=X,),Z
NN —1) 2
F0) = T{[ > o
W V=X,Y,Z
+2 Z tﬂutﬂktgvtg,(}
HV,E K=X,),2
NN -—1)

{cos*™ =2 (26)

—8sin?(0) cos®*() cosM 2(20)
+ cos”?™2(20)[8 5in%(0) cos?M ~*(9) + 4]
+ (4sin(0) cos™™ () + 1)%}. (B3d)

Substituting these expressions into the precisions (A6)3 in
Eq. (6) and (Aé’)ézt in Eq. (8) and taking the limit 6 — 0, we
can arrive at the results in Eqs. (Bla) and (B1b).

APPENDIX C: PROOF OF OBSERVATION 4

Observation 4. Consider the two copies of an N-qubit
system with the collective randomized observable X,. The
error-propagation formula leads to

» _ f(N)+B©O) —[5:1(0) + Ki(0)]
(AO)E, =
: 106[51(6) + K1 (6)]]?

where f(N) = 3N(—2N + 3) and
B(6) = 2[—51(0) — 2K, (0) + S2(0) + K»2(0)] + K5(0)

, (CI)

3
+16(N — 1)y (77). (C2)

pn=1

Here, we define that K;(8) = Zf\;/ Zi:l tr[(0i ® 0j)(0, @
o,)] for g; = tr;(0g) and '

K0)= Y u(l;T)). K@= Y u(TiT]). (C3)
i# j#k i# j#k#L
with the matrix 7;; with the elements [T;;],., = tr(g;jo, ® 0,)

for g;; = trg(gg) and u,v =x,y,z
Proof. We begin by denoting

X, = / du (U JueNy®?

Il
TN
IMZ

/dU UTePU) ® (UT0U)

<
Il
—_

D;;, (C4)

<
Il

Il
FN
M=

where

1 1 . ,
i = 3(2S; -1 =3 Y o"®o).  (C5)
U=X,Y,Z
Here, i denotes the ith system in the first copy and j denotes
the jth system in the second copy. Then, we can immediately
evaluate the form of (X5) as follows:

1 N
() = tr(®*Xy) = i ]ZZI tr[(0: ® 0,) ;]

1
= 3W[SI(GHKI(@)],

where o; = tr;(0y) is the single-particle reduced state.
Next, we will evaluate the form of the variance: (AX;)? =
(X3) — (X»)?. Here, a straightforward calculation yields

(Co)

1

+ )[40 0u + 2055 ]+ Y cb,,-cpk,},

ij#k i j#kA]

(€7

where we used that ®;; = & ;. To find the explicit form of

(AX,)?, we must evaluate all these expectations. A long cal-
culation leaves us with

> (@2) = L3N —25,(6)]. (CSa)
D (@i0j;) = $5,(0), (C8b)
i#]
1
D (@) = 5[4 > w(oead;) — 3N:|, (C8c)
i#] W=X.y.2
> (@F) = SBN(N — 1) = 2K (0)], (C8d)
i#]
N -2
Z (@i Py) = ( 5 )[4 Z tr(goJ]) — 3N:|, (C8e)
i j#k H=X,y,Z
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1
D (@a®i) =5 ) Ka(®), (C8f)
i j#k i jk
1
D (@) =5 ) KO (C8g)
i j#k#l i#j#k

Summarizing these terms, we can complete the proof.
Here, it might be useful for some readers to note that

1 o N 1
2 _ (D) 5 (D) D) — .
P}, = 5 § 00" ®00))) = 5(511 —4Sij), (C9)

U V=X,Y,2

where we recall Eq. (C5) and use the property in Eq. (A11b)
and 30, o Eunebung =20z u

Remark. Consider a permutationally invariant state:
o = S;;oS;;foralli, j € {1,2,..., N} withi # j; for details,
see Ref. [76]. Since S(X ® Y)S =Y ® X for operators X, Y,
any permutationally invariant state o has the same Bloch
vector r = r; and the same matrix T = T;; for all i # j with
[T].v = [T],u. Thus, we can simplify the expressions

S1(0) + K (0) = N*r2(9), (C10a)
B(®) = N{r’(2 —4N)+ (N — 1)
X [(3+ NN =3)r(0)
+4(N — Dt;(0) + 12]},  (C10b)

where we denoted that r2(0) = |r|>, #(8) =tr(T), and
1(0) = tr(T?). To find the above simplification, we used

S; = Nr?, (Clla)
K; = NN — Dr?, (C11b)
N(N — 1)
$=——F—n, (Cllc)
K» = NN — )N = 2)1, (C11d)
Ky = NN — 1)(N —2)(N —3)5, (Clle)
1
)= ZBNV NN = D), (C11)

H=X,y,Z

where we abbreviated the notation of 6.

APPENDIX D: EXPONENTIAL SCALING

Here, we formulate the exponential scaling:

Observation 5. Consider that [y7) = e " |0)®N and
H=Q, for n=1,2 such that Qy +iQ; = (0, + icy)®".
Then, the gain in Eq. (9) is obtained as

4N
gl_l;l})GzzN_’_l, (Dla)
3 X 22N+1
limG, = -~ (D1b)
6—0 3N + 1

for k = 2 and k = 4, respectively.

Remark. The Hamiltonian Q,, for n = 1,2 is the same
as the Hermitian operator used in Mermin-type inequalities
[77-80]. This Hamiltonian model was considered by Roy and
Braunstein in Ref. [18].

Proof. According to Ref. [18], we have that

[¥rg) = cos(8) |0)®Y — isin(0") |1)®",
[yg) = cos(@') |0)®Y + sin(0') [1)®,

(D2a)
(D2b)

where 8’ = 2V~19. To proceed, we need to evaluate all the
terms S;1(0), S2(0), F1(0), and F>(6). As a more general case,
let us consider the N-qubit pure asymmetric Greenberger—
Horne—Zeilinger (GHZ) state:

IGHZq ) = « |0)*Y + B 1), (D3)
where |a|> + B> =1 for complex coefficients o, 8. The
reduced two-qubit state in any systems i, j=1,...,N is
given by

07 = tr;:(IGHZ,, 4) (GHZ,, 4))
1 A A . .
= 19+ AL + o] 0P Bol). (D4
with A = |a|> — ||%. Thus, we can immediately find
S1(GHZ,, p) = NA?, (D5a)
NN -1
S2(GHZ, ) = NNV —1) 5 ), (D5b)
Fi(GHZ, ) = NA*, (D5¢)
3NN — 1
F,(GHZ,, ) = % (D5d)
Substituting these into the form in Eq. (9) and taking the
limit & — 0, we can complete the proof. |
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