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Chapter 1

Introduction

Although the most important principles of quantum mechanics were laid down by Schrö-
dinger, Neumann and their contemporaries by the 1930’s, a novel development started in
the 1980’s with applying information theoretical concepts to quantum mechanics. The
new interdisciplinary field, Quantum Information Theory (QIT), is concerned with fun-
damental issues such as entanglement, non-locality, as well as applications. The notion
of entanglement was introduced by Schrödinger in 1935. In spite of its long past, several
questions remain unanswered. Only quite recently, significant progress has been achieved
in understanding entanglement [1, 2].

Entanglement appears in most of the sub-fields of QIT, for example in quantum com-
putation. Quantum computers can outperform classical ones in certain tasks, such as
prime factoring and searching, since they exploit superposition and entanglement [3, 4].
Quantum teleportation can be used to move the state of a particle to a distant particle
[5]. For quantum cryptography, one can use entangled particles to provide secure com-
munication between two parties. In all these cases, successful experiments have already
been carried out while quantum cryptography is perhaps not far from becoming a real life
application. Moreover, entangled quantum states are shown to outperform non-entangled
ones in certain metrological application and might lead to more exact atomic clocks [6, 7].
Entanglement also appears as a natural goal in today’s quantum experiments (e.g., [8–
12]). In this way, quantum information science, and in particular entanglement theory,
can play a crucial role in the technological development of quantum control and quan-
tum engineering. Finally, the realization of larger and larger entangled quantum systems
might also help to answer fundamental questions concerning quantum theory, such as the
appearance of a classical macroscopic world based on a quantum microworld (e.g., [13]).

Next, we will first review quantum systems that make it possible to create many-
particle entanglement. Then, we present short reviews of entanglement theory and quan-
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CHAPTER 1. INTRODUCTION 2

tum metrology. Finally, we outline the theory of Bell inequalities.

1.1 Interesting quantum states

In this section, we present some quantum states relevant for quantum information. This
will help us to have an idea about the recent quantum experiments preparing highly
entangled quantum states.

A pure product state of an N -particle system can be given as

|Ψ1〉 ⊗ |Ψ2〉 ⊗ ...⊗ |ΨN〉, (1.1.1)

where |Ψn〉 is the state of the nth particle. If the system is in such a state, then there
are no correlations between the particles, that is, 〈AnBm〉=〈An〉〈Bm〉 for any An and Bm

operators measured on particle n and m, respectively.

For quantum information applications, we need highly correlated quantum states. One
of such states is the singlet state given as

1√
2

(|01〉 − |10〉) . (1.1.2)

The singlet state is often called maximally entangled among two-qubit states, where
“qubit” means a two-state system.

Highly entangled states are studied also in multiparticle systems. One of the most
interesting states is the Greenberger-Horne-Zeilinger (GHZ) state [14], which is
just a superposition of a state in which all particles are in state “0” and another one in
which all particles are in state “1”

|GHZN〉 =
1√
2

(
|00..0〉︸ ︷︷ ︸+|11..1〉

)
N qubits

, (1.1.3)

where N is the number of two-state particles. In a sense, one can call this state a
Schrödinger cat state.

GHZ states are in the symmetric subspace. They are very fragile to noise, since even
after a single particle is lost, we obtain a trivial mixture of two product states. There are
symmetric entangled states that are more robust to noise. One of them is calledW-state,
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CHAPTER 1. INTRODUCTION 3

and is defined as
1√
2

(|100..00〉+ |010..00〉+ ...+ |000..01〉) . (1.1.4)

It is just a superposition of all permutations of the states in which a single particle is in
state “1” and all the others are in state “0” .

States with more than 1 excitations are also studied intensively. AnN -qubit symmetric
Dicke state with m excitations is defined as [15, 16]

|m,N〉 :=

(
N

m

)− 1
2 ∑

k

Pk(|11, 12, ..., 1m, 0m+1, ..., 0N〉), (1.1.5)

where {Pk} is the set of all distinct permutations of the spins. |1, N〉 is the N -qubit W
state given in Eq. (1.1.4). In the literature and also in this thesis, for an even N, Dicke
state often means just the state |N/2, N〉, since it is the most studied state and the most
entangled one among the states (1.1.5).

Finally, quite recently another family of quantum states, called cluster states, have
raised considerable interest. While the multiparticle states mentioned so far were symmet-
ric, the cluster state is a state in a one-dimensional spin chain. It can be given explicitly
with an Ising dynamics starting from a product state as

|CN〉 = UC
|00..0〉x︸ ︷︷ ︸,
N qubits

(1.1.6)

where x indicates that the state is given in the x-basis, the unitary evolution is defined as

UC = exp(−iHC
π

4
), (1.1.7)

and the Hamiltonian is

HC =
N−1∑
n=1

(1− σ(n)
z )(1− σ(n+1)

z ), (1.1.8)

where σ(n)
l for l = x, y, z denotes Pauli spin matrices in the thesis1. Note that U2

C =

1. Hence, applying UC again we arrive at the initial product state. Cluster states are
interesting, since they can be used for a quantum computation scheme which is not based
on a unitary evolution, but on single-particle measurements. With two-dimensional cluster
states, even universal quantum computation can be realized. In the literature, it is called
measurement-based quantum computing [17].

1We also use the X(n), Y (n), Z(n) notation in some part of the thesis, following the literature.
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CHAPTER 1. INTRODUCTION 4

1.2 Physical systems

In this section, we will discuss some quantum optical systems, in which entanglement has
been created.

(i) Systems in which the particles are addressable, with typically 5-10 particles

Photons are one of the most versatile systems for quantum experiments. They encode
the “0” and “1” in the horizontal and vertical polarization of the photons, respectively.
While photons do not interact with each other, parametric down-conversion and selective
detection makes it possible to obtain a large variety of quantum states. Photonic setups
can typically create a single quantum state, or a family of states. If we would like to obtain
another state, we need to build another experimental setup. However, the quantum state
that we are aiming to create can be obtained with a large fidelity. Using more than one
degrees of freedom for a single photon, even a ten-qubit GHZ state has been created [18].
Since a photon can take more than two degrees of freedom, a rapid increase is expected
above 10 qubits [19].

Trapped ions are another possibility to create multi-particle quantum states. Ions
do not interact directly, only through phonons. Thus two-qubit gates must be realized
through involving the vibrational states of the chain of ions. Applying different pulse
sequences can be used, in principle, to realize various entangled states with the same ion
trap. In practice, there are states that are more suitable for the realization in an ion trap
than other states. Ion traps have a limit of around 10 − 20 atoms, hence they are now
aiming to combine several such traps to increase to number of ions further. An eight-qubit
W-state has been realized with ion traps [20], as well as GHZ states up to 14 qubits [21].

(ii) Systems in which only collective quantities can be measured, with typ-
ically 106 − 1012 particles

In experiments with cold atomic ensembles, the quantum information is stored in
the internal states of the atoms. The atoms are in a vacuum chamber and do not interact
with each other [22]. However, by shining light through the chamber and subsequently
detecting it, it is possible to entangle the atoms. This way, it is also possible to decrease
the variances of collective spin observables to a considerable extent, which is called spin
squeezing [23]. Quantum states obtained this way become useful for quantum metrology,
as shown in Fig. 1.1. That is, they can provide a better accuracy in measurements than a
state in which the spins are not correlated. In such systems, continuous variable quantum
teleportation was realized [24], two large ensembles were entangled with each other [10],
and a quantum memory for light was realized [25]. The optical depth can be enhanced
much further if the ensemble is placed inside an optical cavity. With that technique, very
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CHAPTER 1. INTRODUCTION 5
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Figure 1.1: (a) Magnetometry with an ensemble of spins. All spins point into the z direc-
tion. (Solid arrow) The large collective spin precesses around the magnetic field pointing
into the y direction. (Dashed arrow) After a precession of an angle ∆θsn, the uncertainty
ellipse of the spin is not overlapping with the uncertainty ellipse of the spin at the starting
position. Hence, ∆θsn is close to the uncertainty of the phase estimation, which coincides
with the shot-noise limit, indicated by the subscript “sn.” (b) Magnetometry with an
ensemble of spins. All spins point to the z direction and are spin squeezed along the x
direction. The uncertainty of the phase estimation is close to the angle ∆θss, which is
smaller than ∆θsn due to spin squeezing, indicated by the subscript “ss.”

recently, they achieved a 100 times squeezing in such systems [26].

Bose-Einstein condensates can also be used to create correlated states of an en-
semble of two-state atoms. The quantum information is stored again in the internal states
of the atoms. However, now the atoms interact with each other which can be used to
create spin squeezed states [7, 27–29] and Dicke states [30, 31]. Clearly, a bosonic particle
has an integer spin. Often, they use particles with a spin j = 1, hence such a particle
has three states corresponding to the three eigenvectors of the spin component jz. Often,
the experimenters would like to work with two-state atoms. Then, the two-state sub-
systems are created artificially, such that they keep one of the three levels, typically the
jz = 0 level, unpopulated. There are also experiments aiming to realize quantum states
with particles with more than two internal states (e.g., Ref. [11]). The advantage of such
experiments is that the two-state subsystems need not be created artificially.

Bosonic atoms can also be placed in a lattice. In a paradigmatic experiment they
filled around 100 000 cold atoms in a 3D optical lattice [32]. The quantum information
was again stored in the internal states of the atoms. Atoms with different states were
trapped with different trapping potentials. Moving one of these potentials relative to
the other one, they could achieve that atoms get delocalized and interact with atoms at
different lattice sites. They used these techniques to realize a 2D array of Ising spin chains
and create large scale entanglement [33]. We note that nowadays in some optical lattice
experiments they even have access to individual lattice sites [34].
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CHAPTER 1. INTRODUCTION 6

1.3 Entanglement detection

In this section we will discuss, how to interpret the results of various experiments aiming
at creating highly entangled quantum states. A review can be found in Ref. [2].

When a quantum state is created, we can obtain lots of data about the state. However,
we must be able to characterize the success of the experiment with few data. For example,
one can measure the fidelity of the state with respect to the state we intended to create.
This is a number between 0 and 1. If the fidelity is large, then the experiment was
successful. Another possibility is to prove that the quantum state is entangled. This, as
we later discuss, tells us that the state is qualitatively different from non-entangled or
separable states.

The theory of entanglement started with the seminal paper of R. F. Werner in 1989
[35], that defined entangled states as they are defined now. Next, we summarize some
important aspects of entanglement theory. Let us imagine for a moment, that we have
only pure quantum states in nature. In this case, it would be sufficient to talk about pure
product states and pure entangled states. The pure product states are also called pure
separable states. This classification is considered in condensed matter, when they talk
about the properties of ground states of certain spin chain Hamiltonians. In this case,
product states have the property that they do not exhibit any correlation between the
particles.

In the real word, we cannot prepare pure states in an experiment. We can only aim at
preparing a pure state, but the result will be a mixed state. (We have to remember that
when a quantum state is prepared, we always have to talk about a series of experiments,
not only a single one.) Thus, we have to generalize the notion of pure separable states to
mixed separable states. A mixed separable state is just a mixture of pure product states.
Any state that is not separable is called an entangled state.

Since separable states are just mixtures of trivial product states, quantum interaction is
not needed to produce them. This does not exclude the possibility that such an interaction
was present. However, we cannot prove it based on the density matrix. In the case of
entangled density matrices, we can know that quantum interaction provably contributed
to the creation of the state.

Note that separability does not exclude the possibility that the measurements find
correlations in separable states, which is not possible for pure product states. However,
these correlations can be achieved by operations acting locally on the subsystems, and
classical communication among the subsystems, which is the quantum information theo-
retical analogue of classical interaction. Such operations are called local operations and
classical communication (LOCC), see Sec. 2.1.2.
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CHAPTER 1. INTRODUCTION 7

Since entanglement is an important property of the quantum state, there has been
a large effort to decide whether a quantum state is entangled. In short, we have to
decide whether the density matrix of a two-particle or multi-particle quantum state can
be written as a mixture of product states. It turns out that this problem is not solvable
in general [36]. There are only necessary conditions for separability. If they are violated,
then we know that the state is entangled. However, we do not detect all entangled states
this way.

After a general review on entanglement theory, let us discuss how entanglement can
be detected in various systems. First, we consider few particle states, corresponding to
systems of type (i) of Sec. 1.2. After a multi-particle quantum state is created, one can try
to obtain the density matrix of the quantum state by quantum state tomography. This is
possible only for small systems (i.e., 10-20 two-state particles), since the number of degrees
of freedom (i.e., the number of independent real parameters) increases exponentially with
the number of particles. There are also other methods that do not recover the full density
matrix, only a part of it, such as permutationally invariant tomography (Sec. 6). They
can be used for larger systems.

One of the necessary conditions for separability is the criterion based on the positivity
of the partial transpose (PPT). It is based on transposing a density matrix of a two-particle
system according to one of the subsystems. Simple algebra shows that the matrix obtained
is positive-semidefinite for all separable states. Hence, if the result of the transformation
above is not positive-semidefinite, then the state was entangled. This way, we can detect
all entangled states in 2× 2 and 2× 3 systems (i.e., composite systems consisting of two
two-state systems, and a two-state system and a three-state system, respectively). There
are other criteria, such as the Computable Cross Norm-Realignment Criterion (CCNR),
that detects some entangled states that are not detected by the PPT criterion. However,
the CCNR criterion is in general not stronger than the PPT criterion.

So far we discussed entanglement detection in the case that the density matrix is fully
known. As we mentioned, this can happen only for small systems. Moreover, even for
small systems typically it is not possible to measure all the correlations needed to obtain
the density matrix. Fortunately, it is possible to detect entanglement by measuring only a
single operator. Such an operator is called an entanglement witnes. Clearly, entanglement
witneses detect only some entangled states. However, the infinitely many entanglement
witnesses altogether detect all entangled states.

There is a large literature on how to design entanglement witnesses. There are wit-
nesses which detect entanglement close to Greenberger-Horne-Zeilinger states [37–39],
cluster states [39–41], and Dicke states [42–46]. A multi-particle quantum operator can-
not typically be measured directly. It must be decomposed into the sum of product
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CHAPTER 1. INTRODUCTION 8

operators. When looking for entanglement witnesses, it is important to look for ones that
can be decomposed into the sum of few terms, hence they are easy to measure.

So far, we considered quantum systems of few particles. Next, we discuss entanglement
detection in the many-particle ensembles corresponding to systems of type (ii) of Sec. 1.2.
On the one hand, in large systems it is impossible to obtain the density matrix due to
the very large number of degrees of freedom. On the other hand, typically the particles
are not individually addressable and there are few means that can be used to manipulate
them, both for creating highly entangled quantum states or to verify their entanglement
content.

In a system of many particles, typically one can measure the expectation values of
collective quantities, such as the collective angular momentum components. We can also
measure the variance of these quantities. These are already sufficient to detect entangle-
ment in an ensemble of many, say 103 or 1012, particles. The most known entanglement
criterion of this type is the spin-squeezing inequality. Later, the full set of such conditions
have been determined for spin-1/2 particles [47]. That is, we cannot find further condi-
tions that detect more states based on the expectation values and variances of collective
angular momentum components. Spin squeezing conditions can detect not only entangle-
ment, but can obtain a lower bound on the entanglement depth. In other words, apart
from telling “entangled”, they can also say, how many particles are entangled with each
other.

1.4 Quantum metrology

Apart from detecting entanglement, it is also desirable to prove that the quantum state is
useful for some application. One of the most important applications is quantum metrology
[48–54]. Indeed, spin-squeezed states mentioned above can be used for quantum metrology
and they provide a better precision in magnetometry than non-entangled states [23].

The central notion of the field is the quantum Fisher information. It determines the
best achievable precision in linear interferometers for a given quantum state. The larger
the quantum Fisher information, the better the precision.

Recently, it has even been proven that entanglement is needed to reach the maxi-
mal quantum Fisher information and hence, the best precision in metrology [52, 55, 56].
Hence, proving metrological usefulness can also be used for entanglement detection. In
more details, higher and higher values of the quantum Fisher information in linear inter-
ferometers can be achieved only by quantum states with a larger and larger entanglement
depth. This makes it possible to detect the entanglement depth by measuring precision
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CHAPTER 1. INTRODUCTION 9

in some interferometric task carried out with the quantum state.

1.5 Bell inequalities

In this section, we briefly describe the theoretical development leading later to mod-
ern entanglement theory. First of all, we have to mention the seminal paper about the
Einstein-Podolsky-Rosen (EPR) paradox published in 1935 [57]. It studied quantum mea-
surements on a two-particle singlet, when the particles are far away from each other. It
pointed out several effects unusual from the point of view of classical physics, which they
called “spooky action at a distance”.

Based on these ideas, Bell developed his famous inequalities in 1964 [58], which were
followed by other similar relations [59]. In general, Bell inequalities are inequalities that
are constructed for bipartite or multipartite systems. They are inequalities with cor-
relations terms that are fulfilled by all so-called local hidden variable (LHV) models
(Sec. 9.1.2), which assume that the results of a quantum measurement exist before the
measurement. There are quantum states, such as the trivial product states, that do not
violate any Bell inequality. They noticed that pure states violating Bell inequalities are
often highly correlated.

In Ref. [35], entangled states have been shown that do not violate any Bell inequality.
It has been conjectured by A. Peres in 1999, that bound entangled states, i.e., entangled
states with a positive partial transpose mentioned before, does not violate a Bell inequality
[60]. The conjecture is reasonable since bound entangled states possess a weak form of
entanglement. After a long search for counterexamples, the conjecture has been proven
to be false in 2014 since some bound entangled states have been found that violate a Bell
inequality [61].

On the other hand, all states violating a Bell inequality are entangled. Hence, Bell
inequalities can be used for entanglement detection, even if entanglement theory did not
exist when they were created. There are also other connections to entanglement theory.
Bell inequalities, like entanglement witnesses, are typically also designed for specific quan-
tum states. There are Bell inequalities that detect states close to two-spin singlets [62],
GHZ states [63], or cluster states [64–66].

1.6 Structure of the thesis

Next, we will present the topics considered in this thesis, mentioning also the relevant
publications. First of all, we would draw the attention to the review articles on quantum
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CHAPTER 1. INTRODUCTION 10

entanglement theory [2] and quantum metrology [52].

The thesis is organized as follows. At the beginning of each Chapter, we give a short
reference to relevant publications belonging to thesis. In each Chapter, we present some
sections explaining the background. Then, sections with our own results follow.

In Chapter 2, we discuss entanglement detection with few correlation terms. In par-
ticular, we will consider entanglement detection with spin chain Hamiltonians [67, 68].
In Chapter 3, we consider detection of multipartite entanglement close to graph states,
which also include cluster states and GHZ states [39, 41, 69]. We also discuss how to
estimate the fidelity with respect to such states [39, 41]. An experimental application of
this scheme is described in Ref. [40]. In Chapter 4, entanglement detection close to Dicke
states is discussed [42]. We will also show how to measure the entanglement conditions ef-
ficiently [46]. We also show examples of entanglement conditions that need only collective
measurements [42]. The experimental applications of this scheme are in Ref. [43, 44]. In
Chapter 5, the relation between entanglement and permutational symmetry is discussed.
We will present symmetric states that are not detected by the PPT criterion [70]. In
Chapter 6, we discuss an efficient tomographic method for permutationally invariant sys-
tems [71]. Its advantage is that the number of measurements needed scales quadratically
with the number of qubits. This makes it possible to carry out tomography of large
systems. In Chapter 7, entanglement detection with collective observables are discussed.
A generalized spin sqeeezing entanglement condition is presented that detects entangle-
ment close to singlet states [69]. Later, a complete set of entanglement criteria based
on collective observables is presented [47, 72]. In Chapter 8, the relation of multipartite
entanglement and quantum metrology is discussed. We show that full multipartite entan-
glement is needed to reach the maximum sensitivity [56]. In Chapter 9, Bell inequalities
for graph states are presented [66].
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Chapter 2

Entanglement detection with
correlations

In this Chapter, we will consider entanglement detection with spin chain Hamiltonians,
described in Refs. [67, 68].

2.1 Background

2.1.1 Entanglement

What kind of quantum states should experiments aim at creating? Let us consider first
pure states. Clearly, product states of the type

|Ψ(1)〉 ⊗ |Ψ(2)〉 ⊗ ...|Ψ(N)〉 (2.1.1)

are not that interesting. Such states can be created without any interaction between the
parties. On the other hand, pure multipartite quantum states that are not product states
have to be created via an interaction between the parties.

Let us turn now to mixed states. A quantum mixed state is (fully) separable if it can
be written as [35]

%sep =
∑
m

pmρ
(1)
m ⊗ ρ(2)

m ⊗ ...⊗ ρ(N)
m , (2.1.2)

where ρ(n)
m are single-particle pure states and N is the number of the particles. Separable

states are essentially states that can be created without an inter-particle interaction, just
by mixing product states. States that are not separable are called entangled.

11
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CHAPTER 2. ENTANGLEMENT DETECTION WITH CORRELATIONS 12

Entangled states are more useful than separable ones for several quantum informa-
tion processing tasks, such as quantum teleportation, quantum cryptography, and, as we
will show later, for quantum metrology [1, 2]. Entanglement is connected to older no-
tions of quantum physics, such as Bell inequalities, as we have mentioned in Sec. 1.5.
Entanglement is also related to non-classicality, a central concept in quantum optics [73].

2.1.2 Local Operations and Classical Communication

Local Operations and Classical Communication (LOCC) are some series of the following
operations.

• Local unitaries, i.e., unitaries of the type

U (1) ⊗ U (2) ⊗ ...⊗ U (N), (2.1.3)

where U (n) acts on nth party of the N -partite state.

• Local von Neumann measurements and local generalized measurements, i.e., local
positive-operator valued measures (POVM).

• Local unitaries or measurements conditioned on measurement outcomes on the other
party.

Such operations cannot produce an entangled state from a separable one given in Eq. (2.1.2)
[1, 2]. Note, however, that such operations can create correlations starting from a product
state.

2.1.3 Multipartite entanglement and entanglement depth

In the many-particle case, it is not sufficient to distinguish only two qualitatively different
cases of separable and entangled states. For example, an N -particle state is entangled,
even if only two of the particles are entangled, as in the state

|Ψ〉 =
1√
2

(|00〉+ |11〉)⊗ |0〉⊗(N−2). (2.1.4)

Usually, we would not call the state given in Eq.(2.1.4) multipartite entangled. On the
other hand, there are quantum states in which all the N particles are entangled with each
other. One of the most important such highly entangled states is the GHZ state defined
in Eq. (1.1.3). Hence, the notion of genuine multipartite entanglement [37, 38] has been
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CHAPTER 2. ENTANGLEMENT DETECTION WITH CORRELATIONS 13

introduced to distinguish partial entanglement from the case when all the particles are
entangled with each other. It is defined as follows. A pure state is biseparable, if it can
be written as a tensor product of two multi-partite states

|Ψ〉 = |Ψ1〉 ⊗ |Ψ2〉. (2.1.5)

A mixed state is biseparable if it can be written as a mixture of biseparable pure states.
A state that is not biseparable is genuine multipartite entangled. Genuine multipartite
entanglement is one of the notions most used in nowadays experiments with ions and
photons [18, 19, 21, 38, 43–45, 74–77]. A quantum system possessing entanglement of
this type cannot be obtained from entangled systems of smaller size by trivial operations,
without real quantum interaction. For example, by merely adding a particle to a system
with N -qubit genuine multipartite entanglement, without interaction, it is not possible
to get a state with (N + 1)-qubit genuine multipartite entanglement. This way, if in an
experiment genuine multipartite entanglement of (N + 1) qubits is detected, then this
experiment provides something qualitatively new compared to N -particle experiments.

In the many-particle scenario, further levels of multi-partite entanglement must be
introduced since verifying full N -particle entanglement for N = 1000 or 106 particles is
not realistic. In order to characterise the different levels of multipartite entanglement, we
start first with pure states. We call a state k-producible, if it can be written as a tensor
product of the form

|Ψ〉 = ⊗m|ψm〉, (2.1.6)

where |ψm〉 are multiparticle states with km ≤ k particles. A k-producible state can
be created in such a way that only particles within groups containing not more than k

particles were interacting with each other. This notion can be extended to mixed states
by calling a mixed state k-producible if it can be written as a mixture of pure k-producible
states. A state that is not k-producible contains at least (k + 1)-particle entanglement
[78, 79]. Using another terminology, we can also say that the entanglement depth of the
quantum state is larger than k [23]. An N -qubit state with an entanglement depth N is
genuine multipartite entangled.

It is instructive to depict states with various forms of multipartite entanglement in
set diagrams as shown in Fig. 2.1. Separable states are a convex set since if we mix two
separable states, we can obtain only a separable state. Similarly, k-producible states also
form a convex set. In general, the set of k-producible states contains the set of l-producible
states if k > l.

An even more detailed classification of multipartite entangled states is possible, into
which the k-producibility based classification fits naturally. It is called partial separability
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Separable 

2-producible 

(N-1)-producible 

N-producible 

... ...

Figure 2.1: Sets of states with various forms of multipartite entanglement. k-producible
states form larger and larger convex sets. 1-producible states are equal to the set of
separable states. The set of physical quantum states is equal to the set of N -producible
states.

classification [80, 81], and it takes into account all the possible ways how the states can
be mixed by the use of pure states separable with respect to different splits.

2.1.4 Entanglement witnesses

An observable W is entanglement witness if it fulfils the following two requirements [82,
83]:

(i) 〈W〉 ≥ 0 for all separable states,

(ii) 〈W〉 < 0 for some entangled state.

In another context, entanglement witnesses are entanglement criteria that are linear in
operator expectation values.

Entanglement witnesses can also be designed such that they detect no entanglement in
general, but a certain type of entanglement, i.e., only genuine multipartite entanglement.

2.1.5 Robustness to noise for entanglement witnesses

There are infinite number of entanglement witnesses that can be used to detect a given
quantum state as entangled. We have to choose one of them, by evaluating the witnesses
based on their usefulness. One of the most important requirements is that the witness
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CHAPTER 2. ENTANGLEMENT DETECTION WITH CORRELATIONS 15

should have a large robustness to noise. In an experiment that aims to prepare a pure state
|Ψ〉, the result is, of course, a mixed state, which can typically be very well approximated
by the original pure state mixed with white noise as

%(pnoise) = (1− pnoise)|Ψ〉〈Ψ|+ pnoise%cm, (2.1.7)

where the completely mixed state is defined as

%cm =
1

dN
1, (2.1.8)

where 1 is the identity matrix, pnoise is the fraction of the noise, and we considered a
system of N qudits with a dimension d. It is important that the witness used is able to
detect not only the ideal state as entangled, but also the noisy state. The largest noise
fraction pnoise for which the state is still detected as entangled is the robustness of the
witness to noise. Alternatively, it is also called noise tolerance. Simple calculation shows
that if the witness W detects |Ψ〉 as entangled (i.e., 〈W〉|Ψ〉 < 0) then a state of the type
(2.1.7) is detected as entangled if

pnoise <
〈W〉|Ψ〉

〈W〉|Ψ〉 − 〈W〉%cm
. (2.1.9)

2.2 Using correlations to witness entanglement

Beside constructing entanglement witnesses, it is also important to find a way to measure
them. For example, they can easily be measured by decomposing them into a sum of
locally measurable terms [8]. Here we follow a different route. We will construct witness
operators of the form

WO := O − inf
Ψ∈S

[
〈Ψ|O|Ψ〉

]
, (2.2.10)

where S is the set of separable states, “inf” denotes infimum, and O is a fundamental quan-
tum operator of a spin system which is easy to measure. In the general case infΨ∈S〈Ψ|O|Ψ〉
is difficult, if not impossible, to compute [84, 85]. Thus we will concentrate on operators
that contain only two-particle interactions and have certain symmetries. We derive a
general method to find bounds for the expectation value of such operators for separable
states. This method will be applied to spin lattices. We will also consider models with a
different topology.

If observable O is taken to be the Hamiltonian then our method can be used for detect-
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CHAPTER 2. ENTANGLEMENT DETECTION WITH CORRELATIONS 16

ing entanglement by energy measurement.2 While our approach does not require that the
system is in thermal equilibrium, it can readily be used to detect entanglement for a range
of well-known systems in this case. The energy bound for separable states correspond to
a temperature bound. Below this temperature the thermal state is necessarily entangled.

Let us consider first a simple example.

Example 2.2.1 For two-qubit separable states we have

〈σ(1)
x σ(2)

x 〉+ 〈σ(1)
y σ(2)

y 〉+
〈
σ(1)
z σ(2)

z

〉
≤ 1, (2.2.11)

while the maximum of the left-hand side of Eq. (2.2.11) for entangled quantum states is 3.

Proof. Let us consider first pure two-qubit product states of the form |ψ1〉 ⊗ |ψ2〉.
Then, for such states we have

〈σ(1)
l σ

(2)
l 〉 = 〈σ(1)

l 〉〈σ
(2)
l 〉 (2.2.12)

for l = x, y, z. Hence, the left-hand side of Eq. (2.2.11) can be written as a scalar product
of two vectors

〈σ(1)
x σ(2)

x 〉+ 〈σ(1)
y σ(2)

y 〉+
〈
σ(1)
z σ(2)

z

〉
= ~v1 · ~v2, (2.2.13)

where

~vn =

 〈σ
(n)
x 〉
〈σ(n)

y 〉
〈σ(n)

z 〉

 (2.2.14)

for n = 1, 2. Finally, applying the Cauchy-Schwarz inequality we get

~v1~v2 ≤ |~v1||~v2| = 1. (2.2.15)

With that, we proved Eq. (2.2.11) for pure product states. Keeping in mind that separable
states are the mixtures of product states, Eq. (2.2.11) is also valid for separable states
given in Eq. (2.1.2). �

After the simple example, we consider spin lattice Hamiltonians. Calculations similar
to this one are widely used in statistical physics, however, we still think that it will help
to understand the basic goals of entanglement theory by connecting it to other areas of
physics. We would like to find the minimal expectation value of such Hamiltonians for
product states. The calculations can be simplified if the lattice can be divided into two
sublattices, A and B, such that every correlation term involves one spin component from

2Independently, a pre-print with a similar approach has appeared: Č. Brukner and V. Vedral, quant-
ph/0406040.

dc_1593_18

Powered by TCPDF (www.tcpdf.org)



CHAPTER 2. ENTANGLEMENT DETECTION WITH CORRELATIONS 17

��
��
��

��
��
��

���
���
���

���
���
���

���
���
���

���
���
���

��
��
��

��
��
��

����������������������������������

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

���
���
���

���
���
���

���
���
���

���
���
���

����������������������������������

����������������������������������

����������������������������������

����������������������������������

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��
��

��
��
��

��
��
��

���
���
���

���
���
���

���
���
���
���

���
���
���

���
���
���

��
��
��

��
��
��

���
���
���

���
���
���

��
��
��

��
��
��

���
���
���
���

����
����
����

����
����
����

���
���
���
���

���
���
���

���
���
���

��
��
��

��
��
��

����
����
����

����
����
����

��
��
��
��

��
��
��

��
��
��

����
����
����
����

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��
��

���
���
���

���
���
���

��
��
��

��
��
��

(a) (b)

(c) (d)

Figure 2.2: Some of the most often considered lattice models: (a) Chain, (b) two-
dimensional cubic lattice, (c) hexagonal lattice and (b) triangular lattice. Different sym-
bols at the vertices indicate a possible partitioning into sublattices. Figure is taken from
Ref. [67].

sublattice A and another one from sublattice B. Such sublattices are shown in Fig. 2.2. If
we also assume that all interaction terms are the same then we can write the expectation
value of the Hamiltonian for such systems as

〈H〉 =
∑
k

f(~sak , ~sbk), (2.2.16)

where f is some two-spin function, and ak and bk denotes the indices of spins of sublattice
A and B, respectively. The minimum over product states can be obtained as

min
Ψ1⊗Ψ2⊗...⊗ΨN

〈H〉 = min
{~sk}Nk=1,|~sk|=1

∑
k

f(~sak , ~sbk). (2.2.17)

It is possible to minimize the terms in Eq. (2.2.17) idependently, hence we arrive at

min
Ψ1⊗Ψ2⊗...⊗ΨN

〈H〉 = Ncorr min
~sm,|~sm|=1

f(~sA, ~sB), (2.2.18)

where Ncorr is the number of correlation terms.

Finally, we need the minimum of 〈H〉 for separable states. Since separable states are
just mixtures of product states, and the expectation value is 〈H〉 = Tr(%H) is linear in
%, the bound we obtain in Eq. (2.2.18) is also valid for separable states. Hence, if 〈H〉 is
lower than this minimum, then the quantum state must be entangled. This way we can
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Figure 2.3: (a) Heisenberg chain of 8 spins. Nearest-neighbor entanglement as a function
of magnetic field B and temperature T . (b) The same for an Ising spin chain. Here kB
is the Boltzmann constant, J and Jx are coupling constants. Light color indicates the
region where entanglement is detected by our method. Figure is taken from Ref. [67].

detect entanglement based on energy measurement. With the formalism of Sec. 2.1.4, we
can say that

W = H −Ncorr min
~sm,|~sm|=1

f(~sA, ~sB), (2.2.19)

is an entanglement witness.

If the nondegenerate ground state or the T = 0 thermal state of a system is entangled,
then it is expected that the thermal state remains entangled even at finite temperatures
up to a temperature bound. Let us define the temperature TE such that the energy of the
thermal state equals to the bound obtained in Eq. (2.2.18), that is,

Tr
(
He

H
TE

)
Tr
(
e

H
TE

) = Ncorr min
~sm,|~sm|=1

f(~sA, ~sB). (2.2.20)

For T < TE the thermal state will have lower energies than the bound (2.2.18), hence it
must be entangled. It is straightforward to calculate TE based on our approach. We add
that we do not claim that the system is separable for all T > TE.

2.3 Entanglement detection with well-known spin Hamil-
tonians

Let us consider an anti-ferromagnetic Heisenberg Hamiltonian with periodic boundary
conditions on a d-dimensional cubic lattice

HH :=
∑
〈k,l〉

σ(k)
x σ(l)

x + σ(k)
y σ(l)

y + σ(k)
z σ(l)

z +Bσ(k)
z . (2.3.21)
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The strength of the exchange interaction is set to be J = 1, B is the magnetic field, and
〈k, l〉 denotes spin pairs connected by an interaction. The expectation value of Eq. (2.3.21)
for separable states is bounded from below

〈HH〉 ≥ EH,sep :=

{
−dN [(B/d)2/8 + 1] if |B/d| ≤ 4,
−dN(|B/d| − 1) if |B/d| > 4,

(2.3.22)

where N is the total number of spins. This bound was obtained using two sublattices,
minimizing the expression fH(~sA, ~sB) := ~sA~sB +B(sAz + sBz )/(2d). Based on this EH,sep =

dN inf[fH].3

Another important question is how the temperature bound TE depends on the number
of particles. For the Heisenberg model of even number of spins with B = 0 this temper-
ature decreases slowly with N and saturates at T ≈ 3.18. Refs. [86, 87] find the same
temperature bound for nonzero concurrence for an infinite system.

For the XY Hamiltonian on a d-dimensional cubic lattice with periodic boundary
conditions

HXY :=
∑
〈k,l〉

Jxσ
(k)
x σ(l)

x + Jyσ
(k)
y σ(l)

y +B
N∑
k

σ(k)
z (2.3.23)

the energy of separable states is bounded from below as

〈HXY〉 ≥ EXY,sep :=

{
−dNM

(
1 + b2/4

)
if b ≤ 2,

−dNMb if b > 2.
(2.3.24)

Here Jx and JY are the nearest-neighbor coupling along the x and y direction, respectively.
B is the magnetic field, M := max(|Jx|, |Jy|) and b := |B|/M/d. This bound is simply
the mean-field ground state energy. It was obtained using two sublattices and minimizing
fXY(~sA, ~sB) := Jxs

A
x s

B
x + Jys

A
y s

B
y +B(sAz + sBz )/(2d).

A one-dimensional spin-1/2 Ising chain is a special case of an XY lattice with Jx = 1

and Jy = 0. Fig. 2.3(b) shows the nearest-neighbor entanglement as a function of B
and T for this system. According to numerics, TE (computed for B = 1) decreases with
increasing N . For N =∞ we obtain TE ≈ 0.41 [88].

3If the number of sites along one dimension is odd, then a lattice with periodic boundary conditions
cannot be partitioned into two sublattices such that neighboring sites correspond to different sublattices.
In this case Esep given here is still a lower bound for the energy of separable states, but not necessarily
the highest possible lower bound.
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2.4 Connected work

We review some works connected to this topic. A similar approach has been reported in
independent works in Ref. [89, 90]. Optimal temperature bounds have been calculated
in Ref. [91]. References [78, 79] consider the detection of various forms of multipartite
entanglement, described in Sec. 2.1.3, with a similar approach.
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Chapter 3

Entanglement detection close to graph
states

In this Chapter, we consider detection of multipartite entanglement close to graph states,
which also include cluster states and GHZ states described in Refs. [39, 41, 69]. We present
criteria that detect any type of entanglement, as well as criteria that detect only genuine
multipartite entanglement. We also discuss how to estimate the fidelity with respect to
such states based on Refs. [39, 41].

3.1 Background

3.1.1 GHZ states, as stabilizer states

There are various quantum states that appear often in experiments. One of them is
the Greenberger-Horne-Zeilinger (GHZ) state [14] given in Eq. (1.1.3), which is the su-
perposition of two states: all atoms in state ’0’ and all atoms in state ’1’. For large
number of particles, this is the superposition of two macroscopically different states, i.e.,
a Schrödinger-cat state.

We introduce very briefly the stabilizer theory [92], which will be used for entanglement
detection. This theory already plays a determining role in quantum information science.
Its key idea is describing the quantum state by its so-called stabilizing operators rather
than the state vector. This works as follows: An observable Sk is a stabilizing operator
of an N -qubit state |ψ〉 if the state |ψ〉 is an eigenstate of Sk with eigenvalue 1

Sk|ψ〉 = |ψ〉. (3.1.1)

21
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Many highly entangled N -qubit states can be uniquely defined by N stabilizing operators
which are locally measurable, i.e., they are products of Pauli matrices.

We now show how the stabilizer theory can be used to give a set of correlations that
determine the GHZ state uniquely. An N -qubit GHZ state is given by Eq. (1.1.3). Besides
this explicit definition one may define the GHZ state also in the following way: Let us
look at the observables

S
(GHZN )
1 :=

N∏
k=1

X(k),

S
(GHZN )
k := Z(k−1)Z(k) for k = 2, 3, ..., N, (3.1.2)

where X(k), Y (k), and Z(k) denote the Pauli matrices acting on the k-th qubit. Now we
can define the GHZ state as the state |GHZN〉 which fulfills

S
(GHZN )
k |GHZN〉 = |GHZN〉 (3.1.3)

for k = 1, 2, ..., N. One can straightforwardly calculate that the GHZ state is uniquely
defined by Eq. (3.1.3). From a physical point of view the definition via Eq. (3.1.3) stresses
that the GHZ state is uniquely determined by the fact that it exhibits perfect correlations
for the observables S(GHZN )

k .

Note that |GHZN〉 is stabilized not only by S(GHZN )
k , but also by their products. These

operators, all having perfect correlations for a GHZ state, form a group called stabilizer
[92]. This 2N -element group of operators will be denoted by S(GHZN ). The operators
S

(GHZN )
k are the generators of this group.

3.1.2 Cluster states and graph states

Cluster states are multipartite states arising naturally in Ising spin systems. In the two-
dimensional case, they can be used for measurement based quantum computing as a
resource [17].

For simplicity let us consider a one-dimensional cluster state defined in Eq. (1.1.6). One
can use the stabilizer theory described in Sec. 3.1.1 to define cluster states. In this case,
a cluster state |CN〉 is defined to be the state fulfilling the equations |CN〉 = S

(CN )
k |CN〉

with the following stabilizing operators

S
(CN )
1 := X(1)Z(2),

S
(CN )
k := Z(k−1)X(k)Z(k+1); k = 2, 3, ..., N − 1,

S
(CN )
N := Z(N−1)X(N). (3.1.4)
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Analogously to the case of GHZ states described in Sec. 3.1.1, the cluster state is uniquely
given by the N stabilizing operators (3.1.4).

Let us now describe graph states. They are the generalizations of cluster states [93].
A graph state corresponds to a graph G consisting of N vertices and some edges. The
connectivity of this graph is defined by N (i), which gives the set of neighbors for vertex
i. Let us define for each vertex a locally measurable observable

S
(GN )
k := X(k)

∏
l∈N (k)

Z(l). (3.1.5)

A graph state |GN〉 of N qubits is now defined to be the state which has the operators
S

(GN )
k given in Eq. (3.1.5) as stabilizing operators. This means that the S(GN )

k have the
state |GN〉 as an eigenstate with eigenvalue +1,

S
(GN )
k |GN〉 = |GN〉. (3.1.6)

We can see that cluster states correspond to graph states with

N (1) = {2},
N (n) = {n− 1, n+ 1}, for n = 2, 3, ..., N − 1,

N (N) = {N − 1}. (3.1.7)

3.1.3 Local decomoposition of entanglement witnesses

An entanglement witness W is typically a multipartite operator. In principle, it is an
observable, and can be measured. In practice, it is very difficult to measure a multipartite
operator. Fortunately, we do not need a von Neumann measurement of W , we need only
its expectation value. 〈W〉 can be obtained from a series of correlation measurements
using the local decomposition

W =
∑
k

ckA
(1)
k ⊗ A

(2)
k ⊗ ...A

(N)
k , (3.1.8)

where N is the number of parties and A(n)
k are operators acting on party (n). Then, 〈W〉

is obtained as a weighted average of the expectation values of correlation measuements

〈W〉 =
∑
k

ck

〈
A

(1)
k ⊗ A

(2)
k ⊗ ...A

(N)
k

〉
. (3.1.9)
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3.1.4 Local measurement settings

Based on the previous section, one might think that the experimental effort needed for
measuring such an operator is characterized by the number of correlation terms we need
for a decompositon. In fact, this is not the case. The experimental effort needed for
measuring a witness can be characterized by the number of local measurement settings
needed for its implementation [83, 94].

A local measurement setting
L = {O(k)}Nk=1 (3.1.10)

consists of performing simultaneously the von Neumann measurements O(k) on the cor-
responding parties. By repeating the measurements many times one can determine the
probabilities of the possible outcomes. Given these probabilities it is possible to compute
all two-point correlations 〈O(k)O(l)〉, three-point correlations 〈O(k)O(l)O(m)〉, etc. Hence,
there are several correlation terms that can be measured with a single setting.

Optimal decompositions for various system sizes and operators has been intensively
studied [95–97]. The number of measurement settings needed to decompose any projector
to an N -qubit symmetric state is at most (N2 + 3N + 2)/2 [71].

3.2 Detection of entanglement

Based on Sec. 3.1.1, we construct our witness from two locally non-commuting stabilizing
operators:

Observation 3.2.1 A witness detecting entanglement around an N-qubit GHZ state is

W(GHZN )
m := 1− S(GHZN )

1 − S(GHZN )
m , (3.2.11)

where m = 2, 3, ..., N .

Proof. The proof is based on the Cauchy-Schwarz inequality. Using this and 〈X(i)〉2 +

〈Z(i)〉2 ≤ 1, for pure product states we obtain

〈S(GHZN )
1 〉+ 〈S(GHZN )

m 〉 =

= 〈X(1)〉〈X(2)〉...〈X(N)〉+ 〈Z(m−1)〉〈Z(m)〉
≤ |〈X(m−1)〉| · |〈X(m)〉|+ |〈Z(m−1)〉| · |〈Z(m)〉|

≤
√
〈X(m−1)〉2 + 〈Z(m−1)〉2

√
〈X(m)〉2 + 〈Z(m)〉2

≤ 1. (3.2.12)
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It is easy to see that the bound is also valid for mixed separable states. �

This proof can straightforwardly be generalized to arbitrary two locally non-commuting
elements of the stabilizer. Using the definitions of Sec. 3.1.2, a derivation similar to the
one above yield the following.

Observation 3.2.2 A witness detecting entanglement around an N-qubit cluster state is

W(CN )
m := 1− S(CN )

m − S(CN )
m+1 , (3.2.13)

where m = 1, 3, ..., N − 1.

Proof. The proof is analogous to the poof of the previous Observation 3.2.1. �

3.3 Detection of multipartite entanglement

The measurement of the fidelity with respect to some pure quantum state, and the detec-
tion of genuine multipartite entanglement are needed in numerous quantum experiments
(e.g., Refs. [40, 44, 98]). In most of these experiments, only local measurements can be
carried out. For such systems, many methods need a measurement effort increasing ex-
ponentially with the number of qubits [39]. This also means that measuring the quantum
fidelity and measuring witness operators is impractical in many cases apart from very
small particle numbers. Hence, it has been noted that it is not clear that entanglement
witnesses have really an advantage over full state tomography (e.g., Ref. [83]). It seems
that we cannot obtain any useful information in an experiment about the quantum state
prepared. Indeed, there is no a priori reason that the detection of multipartite entangle-
ment is possible in a scalable way with local measurements.

In this section, we will present efficient methods, which need few local measurements,
to detect genuine multipartite entanglement in the vicinity of stabilizer states, and also
for obtaining a very good lower bound on the fidelity. Next, we present efficient witnesses
for GHZ states.

Observation 3.3.1 The following entanglement witness detects genuine N-qubit entan-
glement for states close to an N-qubit GHZ state:

WGHZN
:= 31− 2

[
S

(GHZN )
1 + 1

2
+

N∏
k=2

S
(GHZN )
k + 1

2

]
. (3.3.14)
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Another witness for this task is given by

W ′GHZN
:= (N − 1)1−

N∑
k=1

S
(GHZN )
k . (3.3.15)

Proof. First, we need to know that

W̃GHZN
=

1

2
1− |GHZN〉〈GHZN | (3.3.16)

detects genuine N -qubit entanglement. This follows from the methods presented in
Ref. [8]. We will now show that the witness W̃GHZN

is finer than the witness WGHZN
,

i.e., that for all states with Tr(%WGHZN
) < 0 also Tr(%W̃GHZN

) < 0 holds [82]. For that
we have to show that

WGHZN
− αW̃GHZN

≥ 0, (3.3.17)

where α is some positive constant. Then for any state % detected by WGHZN
we have

αTr(%W̃GHZN
) ≤ Tr(%WGHZN

) < 0 thus the state is also detected by W̃GHZN
. This implies

that WGHZN
is also a multi-qubit witness. Let us now look at the observable

X :=WGHZN
− 2W̃GHZN

, (3.3.18)

and show that X ≥ 0. We can express X in the GHZ state basis. Since WGHZN
as

well as W̃GHZN
are diagonal in this basis, X is also diagonal. By direct calculation it

is straightforward to check that the entries on the diagonal are all non-negative, which
proves our claim. For the other witness one can show similarly thatW ′GHZN

−2W̃GHZN
≥ 0

�

In Fig. 3.1(b) the measurement settings are shown that are needed to measureWGHZN

and W ′GHZN
. We need only two measurement settings for these witnesses that detect gen-

uine multipartite entanglement, for any particle number. This is the main point of these
witnesses. Since the number of settings does not increase with the particle number, these
witnesses are feasible for large systems. In contrast, the number of settings needed to
detect genuine multipartite entanglement with Bell inequalities [63] is increasing expo-
nentially with the number of qubits.

Next, we present efficient witnesses for cluster states.
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Figure 3.1: (a) Measurement settings needed for detecting genuine multi-qubit entan-
glement close to GHZ states with Bell inequalities. For each qubit the measured spin
component is indicated. (b) Settings needed for the approach presented here for detect-
ing entangled states close to GHZ states and (c) cluster states. Figure is taken from
Ref. [39].

Observation 3.3.2 The following witnesses detect genuine N-party entanglement close
to a cluster state

WCN
:= 31− 2

[ ∏
even k

S
(CN )
k + 1

2
+
∏
odd k

S
(CN )
k + 1

2

]
,

W ′CN
:= (N − 1)1−

N∑
k=1

S
(CN )
k . (3.3.19)

Proof. In order to show that these observables are witnesses, we first show that

W̃CN
:=

1

2
1− |CN〉〈CN |. (3.3.20)

is a witness. To do this we have to show that for all pure biseparable states |φ〉 the bound

|〈φ|CN〉| ≤
1√
2

(3.3.21)

holds. This is equivalent to showing that the Schmidt coefficients do not exceed 1/
√

2

when making a Schmidt decomposition of |CN〉 with respect to an arbitrary bipartite
splitting, since they bound the overlap with the biseparable states [8]. It is known that
one can produce a singlet between an arbitrary pair of qubits from a cluster state by local
operations and classical communication [99]. For a singlet both Schmidt coefficients are
1/
√

2. Furthermore, it is known that the largest Schmidt coefficient cannot decrease [100]
under these operations. This proves our claim. Knowing that W̃CN

is a witness, one can
show as in the GHZ case that WCN

and W ′CN
are also witnesses. �
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In Fig. 3.1(c) the measurement settings are shown that are needed to measure WCN

andW ′CN
.We need only two measurement settings for these witnesses that detect genuine

multipartite entanglement, for any particle number. This again makes the witness feasible
for large systems.

We examine the robustness of the witnesses defined above to noise. First, we consider
noisy GHZ sates of the type

%noisy GHZ state = (1− pnoise)|GHZN〉〈GHZN |+ pnoise%cm, (3.3.22)

where the completely mixed state is defined in Eq. (2.1.8).

Let us see now how much white noise can be mixed to the GHZ state such that it is
still detected as entangled by the witness WGHZN

, that is, 〈WGHZN
〉 < 0. For that, we

calculate the expectation value of WGHZN
for the GHZ state and the completely mixed

state, which we obtain as

〈WGHZN
〉|GHZN 〉 = −1,

〈WGHZN
〉%cm = 3− 2

(
1
2

+ 1
2N−1

)
= 2− 2−(N−2). (3.3.23)

Similar expectation values for the witness W ′GHZN
are〈

W ′GHZN

〉
|GHZN 〉

= −1,〈
W ′GHZN

〉
%cm

= N − 1. (3.3.24)

Based on these and on Eq. (2.1.7), simple calculation shows thatWGHZN
detects the GHZ

states as entangled if

pnoise <
1

3− 2−(N−2)
. (3.3.25)

while W ′GHZN
detects such states if

pnoise <
1

N
. (3.3.26)

The bounds in Eqs. (3.3.25) and (3.3.26) characterize the robustness of our entanglement
witnesses to white noise. Note that the bound in Eq. (3.3.25) converges to 1

3
for large N,

while the bound in Eq. (3.3.26) converges to zero. Hence, WGHZN
is much more robust

to white noise than W ′GHZN
.

Let us see now how much white noise can be mixed to the cluster state such that it
is still detected as entangled by WCN

for an even N. For that, we define the noisy cluster
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state as
%noisy cluster state = (1− pnoise)|CN〉〈CN |+ pnoise%cm. (3.3.27)

We now calculate the expectation value of WCN
for the cluster state and the completely

mixed state, which we obtain as

〈WCN
〉|CN 〉 = −1,

〈WCN
〉%cm =

{
3− 4 · 2−N/2, for even N,
3− 6 · 2−(N+1)/2, for odd N.

(3.3.28)

Similar expectation values for the witness W ′CN
are〈

W ′CN

〉
|CN 〉

= −1,〈
W ′CN

〉
%cm

= N − 1. (3.3.29)

Based on these, simple calculation shows that WCN
detects the noisy cluster state as

entangled if

pnoise <

{ 1
4−4·2−N/2 , for even N,

1
4−6·2−(N+1)/2 , for odd N,

(3.3.30)

while W ′CN
detects such states if

pnoise <
1

N
. (3.3.31)

Note that the bound in Eq. (3.3.30) converges to 1
4
for large N, while the bound in

Eq. (3.3.31) converges to zero. Hence, WCN
is much more robust to white noise than

W ′CN
.

We can compare the noise tolerance of the above witnesses to that of the projector-
based witnesses W̃CN

and W̃GHZN
. Both of them detect a state as entangled if

pnoise <
1

2− 2−(N−1)
. (3.3.32)

For large N, the bound in Eq. (3.3.32) converges to 1
4
for large N.

In summary, our witnesses are easy to measure, while they are somewhat less robust to
noise than the projector-based witnesses. We can see thatW ′GHZN

andW ′CN
have a simple

structure, but their robustness to noise is decreasing rapidly with the particle number.
On the other hand, for WGHZN

and WCN
the robustness to noise converges to a constant

for large N. These statements are summarized in Fig. 3.2. It has also been proved that
WGHZN

and WCN
are optimal from the point of view of noise tolerance among witnesses

that need two measurement settings [41].
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Figure 3.2: Robustness to noise for our entanglement witnesses as a function of the number
of qubits. (a) Witnesses for GHZ states. (dotted) W̃GHZN

, (solid) WGHZN
, and (dashed)

W ′GHZN
. (b) Witnesses for cluster states. (dotted) W̃CN

, (solid)WCN
, and (dashed)W ′CN

.

3.4 Estimation of the fidelity

Let us say that in an experiment we intend to create a GHZ state. Beside knowing that
the prepared state % is entangled, we would also like to know how good its fidelity is. The
fidelity could be measured by measuring the projector on the GHZ state

FGHZN
:= Tr(|GHZN〉〈GHZN |ρ). (3.4.33)

However, we would encounter the same problem as with witnesses: The number of local
settings needed for measuring the projector increases rapidly with the size.

Fortunately it is possible to obtain a lower bound on the fidelity from the expectation
value of our witnesses. For example, for our GHZ witness defined in Observation 3.3.1 we
have WGHZN

− 2W̃GHZN
≥ 0, that is, WGHZN

− 2W̃GHZN
is a positive semidefinite matrix.

Let us define now the operator [39]

P
(est)
GHZN

=
1

2
− 1

2
WGHZN

=
S

(GHZN )
1 + 1

2
+

N∏
k=2

S
(GHZN )
k + 1

2
− 1, (3.4.34)

where W(GHZN ) is given in Eq. (3.3.14). We can see that

P
(est)
GHZN

≤ |GHZN〉〈GHZN |. (3.4.35)
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Figure 3.3: Estimation of the fidelity with our witnesses for N = 8 qubits for a quantum
state mixed with white noise as a function of the noise fraction. (a) (solid) estimation of
the fidelity with WGHZN

and (dashed) the actual fidelity value. (b) (solid) estimation of
the fidelity with WCN

and (dashed) the actual fidelity value.

Hence, a lower bound on the fidelity, (3.4.33), can be obtained as

F
(est)
GHZN

= Tr(P
(est)
GHZN

ρ). (3.4.36)

Note that for measuring P (est)
GHZN

only two local measurement settings are needed. Let us
see how good this lower bound is for the noisy GHZ state (3.3.22). For this state, the
fidelity and our lower bound on the fidelity, respectively, are

FGHZN
= 1− pnoise(1− 2−N),

F
(est)
GHZN

= 1− pnoise

(
3

2
− 2−(N−1)

)
. (3.4.37)

The difference is ∆F ≈ pnoise/2 for large N.

Bounds can be obtained similarly for the fidelity with respect to the cluster state based
on the operator [39]

P
(est)
CN

=
1

2
− 1

2
WCN

=
∏

even k

S
(CN )
k + 1

2
+
∏

odd k

S
(CN )
k + 1

2
− 5

2
1. (3.4.38)

Note that for measuring P (est)
CN

only two local measurement settings are needed. We can
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see that
P

(est)
CN
≤ |CN〉〈CN |. (3.4.39)

Hence, a lower bound on the fidelity with respect to the cluster state

FCN
= Tr(|CN〉〈CN |ρ) (3.4.40)

can be obtained as
F

(est)
CN

= Tr(P
(est)
CN

ρ). (3.4.41)

Let us consider now the noisy cluster state given in Eq. (3.3.27). For this state, the fidelity
and our lower bound on the fidelity, respectively, are

FCN
= 1− pnoise(1− 2−N),

F
(est)
CN

=

{
1− pnoise(2− 2 · 2−N/2), for even N,
1− pnoise(2− 3 · 2−(N+1)/2), for odd N.

(3.4.42)

The difference is ∆F ≈ pnoise for large N. Our calculations for estimating the fidelity with
the presented entanglement witnesses is summarized in Fig. 3.3.

3.5 Experimental applications of our results

Our findings have already been used in several experiments for detecting entanglement
in cluster states created with photons through parametric down-conversion and selective
detection. Such are the experiments, for example, by the Weinfurter group (Max Planck
Institute for Quantum Optics, Munich, 2005) [40], by the De Martini group (University
“La Sapienza”, Rome, 2007) [101], and by the group of J.-W. Pan (Hefei, China, 2007)
[102]. The results of the paper have also been used in Refs. [103] and [104]. The ideas
of the witnesses have been generalized and used in further experiments for graph states
of qubits (e.g., Ref. [105]). The ideas of cluster state witnesses have been used even for
cluster states of qudits with a dimension higher than two in Ref. [106, 107]. It has been
shown that schemes needing few measurements can even be used to quantify entanglement
with two mutually unbiased bases [108, 109].
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Chapter 4

Entanglement detection close to Dicke
states

In this Chapter, entanglement detection close to Dicke states is discussed based on
Ref. [42]. We will also show how to measure the entanglement conditions efficiently [46].
We also show examples of entanglement conditions that need only collective measurements
[42].

4.1 Background

4.1.1 Definition of the Dicke state

In his seminal paper Ref. [16], Dicke considered the spontaneous emission of light by
a cloud of two-state atoms, which are coupled to the electromagnetic field as electric
dipoles. He found that when the cloud acts as a coherent quantum system, the maximal
light intensity is roughly proportional to the square of the number of atoms. This Dicke
called superradiance. The highly correlated Dicke states, defined to describe the system
above, are the simultaneous eigenstates of the squared collective angular momentum, J2

and its z-component, Jz.

In a typical many-qubit experiment, in which the qubits cannot be individually ac-
cessed, both the initial state and the dynamics are symmetric under the permutation of
qubits. Thus, here we will consider only symmetric Dicke states. These are also the states
with maximal J2. An N -qubit symmetric Dicke state with m excitations |m,N〉 is defined
as in Eq. (1.1.5). |1, N〉 is the well known N -qubit W state.

33
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4.1.2 Collective measurements

In large ensembles, only collective quantities can be measured, which are the sum of
single-particle quantities. For qubits, the collective quantities most often referred to are

Jl =
1

2

N∑
n=1

σ
(n)
l , (4.1.1)

where l = x, y, z and σ(n)
l is a Pauli spin matrix corresponding to the nth particle. Any

other collective quantity can be given as a linear combintation of the form

J~n =
∑
l

nlJl, (4.1.2)

where for the vector ~n the condition |~n| = 1 holds.

In a usual experiment, one can measure the expectation values of Jl. Based on Eq. (4.1.2)
we can see that if we know 〈Jx〉 , 〈Jy〉 , and 〈Jz〉 , then we can calculate 〈J~n〉 for any ~n.
One can typically also measure the variances of the angular momentum components

(∆Jl)
2 = 〈J2

l 〉 − 〈Jl〉2. (4.1.3)

In principle, one can try to measure higher moments of the angular momentum compo-
nents. However, measuring higher order moments needs longer experiments in order to
obtain a better statistics of the measured data.

4.2 Detecting entanglement close to Dicke states

We will first discuss some of the advantages of using Dicke states [16] to study the non-
classical phenomena of quantum mechanics. We will present a criterion for detecting
entanglement around symmetric Dicke states, which is described in Ref. [42].

Observation 4.2.1 For biseparable quantum states ρ

Tr(ρ|N/2, N〉〈N/2, N |) ≤ 1

2

N

N − 1
=: CN/2,N . (4.2.4)

Any state that violates Eq. (4.2.4) is genuine multipartite entangled. This condition detects
entanglement close to an N-qubit symmetric Dicke state with N/2 excitations. Here N is
assumed to be even.

dc_1593_18

Powered by TCPDF (www.tcpdf.org)



CHAPTER 4. ENTANGLEMENT DETECTION CLOSE TO DICKE STATES 35

Proof. The Schmidt decomposition of |m,N〉 according to the bipartition (1, 2, ..., N1|N1+

1, N1 + 2, ..., N) is [15]

|m,N〉 =
∑
k

λk|k,N1〉 ⊗ |m− k,N −N1〉, (4.2.5)

where the Schmidt coefficients are

λk =

(
N

m

)− 1
2
(
N1

k

) 1
2
(
N −N1

m− k

) 1
2

. (4.2.6)

We do not have to consider other bipartitions due to the permutational symmetry of our
Dicke states. For |N/2, N〉 we have m = N/2. Now we use that(

N1

k

)(
N −N1

N
2
− k

)
≤
(

2

1

)(
N − 2
N
2
− 1

)
. (4.2.7)

The proof of Eq. (4.2.7) can be found in the Ref. [42]. Thus we find that the maximal
Schmidt coefficient can be obtained for N1 = 2 and k = 1. For N1 = 2 we obtain
λ2

1 = N/(N − 1)/2. �

Equation (4.2.4) indicates that for large N, it is sufficient to have a fidelity larger
than 1/2 to detect genuine multipartite entanglement. This is the minimal value one can
obtain when detecting genuine multipartite entanglement with fidelity based entanglement
witnesses, which makes the Dicke state especially suitable for experimental detection of
multipartite entanglement. So far, other states known to have a fidelity bound 1/2 are
the GHZ states, cluster states and the generalizations of cluster states called graph states
(see Sec. 3.1.1 and 3.1.2).

4.3 Efficient measurement of the witness

After determining the entanglement condition Eq. (4.2.4), we need to find a way to mea-
sure the fidelity with respect to the Dicke state efficiently in order to evaluate the con-
dition. This is possible by decomposing the projector to Dicke states into the linear
combination of multi-qubit correlations, as explained in Sec. 3.1.3.

Next we present explicitly two decompositions that have been used in experiments,
described in Ref. [46]. It seems that there are no other decompositions that need fewer
local measurement settings.
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Figure 4.1: (a) The measurement settings needed to measure the projector to the six-qubit
symmetric Dicke state with three excitations based on the decomposition Eq. (4.3.8). A
point at (x, y, z) indicates measuring xσx + yσy + zσz on all qubits. (4) Settings for
Merminx,z, (5) settings for Merminy,z, (�) σx ± σy ± σz , and (©) rest of the settings.
(b) Settings for the four-qubit Dicke state with two excitations based on Eq. (4.3.11). (�)
±σx,±σy,±σz , and (©) σx ± σy, σx ± σz, and σy ± σz. Figure taken from Ref. [46].

Observation 4.3.1 The projector to the six-qubit Dicke state can be decomposed as

64|3, 6〉〈3, 6| = −0.6[1] + 0.3[x± 1]− 0.6[x] + 0.3[y ± 1]− 0.6[y]

+0.2[z ± 1]− 0.2[z] + 0.2 Mermin0,z

+0.05[x± y ± 1]− 0.05[x± z ± 1]− 0.05[y ± z ± 1]

−0.05[x± y ± z] + 0.2[x± z] + 0.2[y ± z] + 0.1[x± y]

+0.6 Merminx,z + 0.6 Merminy,z. (4.3.8)

Here we use the notation [x + y] = (σx + σy)
⊗6, [x + y + 1] = (σx + σy + 1)⊗6, etc. The

± sign denotes a summation over the two signs, i.e., [x± y] = [x+ y] + [x− y].

The Mermin operators are defined as

Mermina,b :=
∑
k even

(−1)k/2
∑
m

Pm(⊗ki=1σa ⊗Ni=k+1 σb), (4.3.9)

where σ0 = 1, and the summation over m is just the summation over all distinct permu-
tations of the qubits. That is, it is the sum of terms with even number of σa’s and σb’s,
with the sign of the terms depending on the number of σa’s. The expectation value of the
operators Mermina,b can be measured based on the decomposition [97]

Mermina,b =
2N−1

N

N∑
k=1

(−1)k
[

cos
(
kπ
N

)
σa + sin

(
kπ
N

)
σb

]⊗N
. (4.3.10)
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Hence, Merminx,z and Merminy,z can be measured with six settings. Mermin0,z, on the
other hand, needs only the measurement of the {σz, σz, σz, σz, σz, σz} setting.

Knowing that [A], [A+1] and [A−1] can be measured with a single setting {A,A,A, ..., A},
we find that 21 measurement settings are needed to measure |3, 6〉〈3, 6| : x, y, z, x± y, x±
z, y ± z,

√
3x ± z,

√
3z ± x,

√
3y ± z,

√
3z ± y, and x ± y ± z. Here, x means measuring

σx on all qubits, x+ y means measuring σx + σy on all qubits, etc. The settings are also
shown in Fig. 4.1(a).4

Observation 4.3.2 The projector to the four-qubit Dicke state can be decomposed into
the linear combination of correlation terms as

16|2, 4〉〈2, 4| = 2
3
([x] + [x± 1] + [y] + [y ± 1])

+ 1
3
(8[z]− [z ± 1]− [x± z]− [y ± z]) + 1

6
[x± y]. (4.3.11)

The 9 measurement settings are x, y, z, x± y, x± z, and y± z, shown also in Fig. 4.1(b).

Observation 4.3.1 and Observation 4.3.2 can be verified by simple direct calculation.

4.4 Witnesses with collective operators

Now let us look for criteria for four-qubit system based on collective measurements. Col-
lective measurements are generally much simpler to carry out than fidelity measurements.
Remarkably, we can detect genuine multipartite entanglement with these criteria. We will
now describe results presented in Ref. [42].

In order to proceed, we will need the followings.

Observation 4.4.1 For a two-qubit quantum state

〈M1〉2 + 〈M2〉2 + 〈M3〉2 ≤
16

3
(4.4.12)

holds, where the Mk operators are defined as

M1 := σ(1)
x σ(2)

x + σ(1)
y σ(2)

y ,

M2 := σ(1)
x + σ(2)

x ,

M3 := σ(1)
y + σ(2)

y . (4.4.13)
4Note that Ref. [45] presents another decomposition that needs also 21 settings.
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Proof. The proof is rather technical. Let us consider the vector

v := (〈M1〉, 〈M2〉, 〈M3〉). (4.4.14)

We want to find an upper bound on |v|. We can easily write

|v|2 = 〈M1〉2 + 〈M2〉2 + 〈M3〉2. (4.4.15)

We have to look for the maximum of this expression for quantum states. The problem is
that it is nonlinear in operator expectation values. Because of that we will employ the
following equality

|v| = max
|n|=1

vn, (4.4.16)

where n is a real unit vector. The meaning of Eq. (4.4.16) is clear: The length of a vector
equals to the maximum of its scalar product with a unit vector. Now the right hand side
of Eq. (4.4.16) can be rewritten as

|v| = max
|n|=1
〈n1M1 + n2M2 + n3M3〉. (4.4.17)

The advantage of this expression is that it is linear in operator expectation values. The
disadvantage is that we have to maximize over n. Now we will find an upper bound
on the right hand side of Eq. (4.4.17). We will use the fact that for an operator A
the expectation value is bounded as 〈A〉 ≤ Λmax(A). Here Λmax(A) denotes the largest
eigenvalue of operator A. Thus

|v| ≤ max
|n|=1

Λmax(n1M1 + n2M2 + n3M3). (4.4.18)

The eigenvalues of (n1M1 + n2M2 + n3M3) can easily be obtained analytically as the
function of nk. They are

λ1 = 0,

λ2 = −2n1,

λ3/4 = n1 ±
√
n2

1 + 4n2
2 + 4n2

3. (4.4.19)

Assuming |n| = 1, the eigenvalues given in Eq. (4.4.19) are bounded from above by
√

16/3.

Hence, based on Eq. (4.4.18) we obtain |v|2 ≤ 16/3 and Eq. (4.4.12) follows. �
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Observation 4.4.2 For a four-qubit biseparable state

〈
J2
x

〉
+
〈
J2
y

〉
≤ 7

2
+
√

3 ≈ 5.23 (4.4.20)

holds. For the left-hand side of Eq. (4.4.20) the maximum is 6 and it is obtained uniquely
for the |2, 4〉 state.

Proof. First we present the proof for biseparable pure states with a (12|34) bipartition.
For these 〈J2

x〉+
〈
J2
y

〉
= 2 + v1v2/2, where

v1 := (x1x2 + y1y2, x1 + x2, y1 + y2, 1),

v2 := (1, x3 + x4, y3 + y4, x3x4 + y3y4). (4.4.21)

Here we used the notation x1x2 = 〈σ(1)
x σ

(2)
x 〉. Now, note that the elements of v1 are just

the functions of the state of the first two qubits. Three of the elements are the same as
the elements v is defined in Eq. (4.4.14), while the fourth element is 1. Hence,

|v1|2 = |v|2 + 1 (4.4.22)

follows. Then, using Observation 4.4.1, one obtains

|v1|2 ≤ 19/3. (4.4.23)

Note also that the elements of v2 are only the functions of the state of the third and fourth
qubit. An argument similar to the previous one leads to

|v2|2 ≤ 19/3. (4.4.24)

Hence a bound can be obtained using the Cauchy-Schwarz inequality as〈
J2
x

〉
+
〈
J2
y

〉
≤ 2 + |v1||v2|/2 ≤ 31/6 ≈ 5.17. (4.4.25)

Note that the upper bound we have just obtained for 〈J2
x〉+

〈
J2
y

〉
is smaller than the bound

in Eq. (4.4.20) thus biseparable pure states with a (12|34) bipartition fulfill Eq. (4.4.20).

Now let us take biseparable states with a bipartition (1|234). We will follow similar
steps as in the proof of Observation 4.4.1. Let us define the matrices

Qa := σ(2)
a + σ(3)

a + σ(4)
a ; a = x, y,

R :=
∑
l=x,y

σ
(2)
l σ

(3)
l + σ

(2)
l σ

(4)
l + σ

(3)
l σ

(4)
l . (4.4.26)
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Using these matrices we can write

〈
J2
x

〉
+
〈
J2
y

〉
= 2 +

1

2
(x1〈Qx〉+ y1〈Qy〉+ 〈R〉)

≤ 2 +
1

2
max

x21+y21≤1
Λmax(x1Qx + y1Qy +R).

(4.4.27)

Now for finding an upper bound we need the eigenvalues of (x1Qx + y1Qy +R). These are

λ1,2 = −2 +X,

λ3,4 = −2−X,
λ5,6 = 2 +X ± 2

√
1 +X +X2,

λ7,8 = 2−X ± 2
√

1−X +X2, (4.4.28)

where X =
√
x2

1 + y2
1. Assuming |X| ≤ 1, the upper bound of the eigenvalues in

Eq. (4.4.28) is 3 + 2
√

3. Thus based on Eq. (4.4.27) we obtain Eq. (4.4.20) for bisep-
arable states with a (1|234) bipartition.

Since the measured operators are symmetric under the permutation of qubits, this
also proves that Eq. (4.4.20) holds for any biseparable pure state. Due to the convexity
of biseparable states, it also holds for mixed biseparable states. �

4.5 Related experimental and theoretical works

In an experiment aiming at creating a four-qubit Dicke state described in Ref. [43], Obser-
vations 4.2.1, and 4.3.2 have been used. In an experiment aiming at creating a six-qubit
Dicke state described in Ref. [44], Observations 4.2.1, 4.3.1, and 4.4.2 have been used.
In another experiment aiming at creating a six-qubit Dicke state described in Ref. [45],
Observation 4.4.2 has been applied, while a decomposition slightly different from the one
given in Observation 4.3.1 has been used. References [47, 72] describe entanglement condi-
tions that detect entanglement close to Dicke states, see also Sec. 7.3. References [31, 110]
present criteria for multipartite entanglement for states close to Dicke states, which work
even for larger systems of spin-1/2 particles. There have been criteria even for ensembles
of particles with a higher spin [111].
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Chapter 5

Entanglement and permutational
symmetry

In this Chapter, the relation between entanglement and permutational symmetry is dis-
cussed. We will present symmetric states that are not detected by the criterion based on
the positivity of the partial transpose based on Ref. [70].

5.1 Background

5.1.1 Criterion based on the positivity of the partial transpose
(PPT)

Definition 5.1.1 For a density matrix of a bipartite system

% =
∑
klmn

cklmn|k〉〈l| ⊗ |m〉〈n| (5.1.1)

the partial transposition according to the first subsystem is defined as

%T1 =
∑
klmn

cklmn|l〉〈k| ⊗ |m〉〈n|. (5.1.2)

The entanglement condition based on the positivity of partial transpose (PPT condition)
claims that for every separable state

%T1 ≥ 0. (5.1.3)

41
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CHAPTER 5. ENTANGLEMENT AND PERMUTATIONAL SYMMETRY 42

If a state violates Eq. (5.1.3) then it is entangled. It is usual to call quantum states
satisfying Eq. (5.1.3) PPT, while states not satisfying Eq. (5.1.3) non-PPT.

It has been shown that PPT entangled states do not exist in 2×2 and 2×3 systems. For
such systems all entangled states violate Eq. (5.1.3). However, for larger systems, there
are entangled quantum states that have a positive partial transpose [112, 113]. Such states
are called bound entangled states, since their entanglement cannot be distilled with local
operations and classical communication.

In a multipartite system, we can talk about partial transposition with respect to a bi-
partition of the parties. For example, the (1|23) bipartition denotes a bipartition in which
particle 1 is in one group, particles 2 and 3 are in the other group. The most interesting
bound entangled states have positive semidefinite partial transpose with respect to all
bipartitions, while they are not separable. There are also other bound entangled states
that have a positive semidefinite partial transpose with respect to some bipartitions, while
have a non-positive semidefinite partial transpose with respect to some other bipartitions
[114]. Note that separable states given in Eq. (2.1.2) all have a positive semidefinite
partial transpose with respect to all bipartitions.

5.1.2 Computable cross norm/realignment criterion (CCNR)

Definition 5.1.2 Let us consider the matrix Schmidt decomposition of a density matrix

% =
∑
k

λkAk ⊗Bk, (5.1.4)

where λk > 0, and Ak and Bk are Hermitian matrices. Here we assume that Tr(AkAl) =

δkl and Tr(BkBl) = δkl, where δkl is the well known Kronecker delta. According to the
computable cross norm/realignment criterion (CCNR), for every separable state∑

k

λk ≤ 1 (5.1.5)

holds. If a state violates Eq. (5.1.5) then it is entangled [115, 116].

5.2 Entanglement conditions for symmetric states

Before presenting our entanglement conditions, we start with some important definitions.
For two d-dimensional quantum systems, there are two types of permutational symmetry.
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(i) We call a state permutationally invariant if % is invariant under exchanging the
particles. This can be formalized by using the flip operator

F =
∑
ij

|ij〉〈ji| (5.2.6)

as
F%F = %. (5.2.7)

The reduced state of two randomly chosen particles of a larger ensemble has this symmetry.
The flip operartor can also be expressed as

F =
∑
k

Mk ⊗Mk, (5.2.8)

where Mk is a full basis of Hermitian matrices such that Tr(MkMl) = δkl.

(ii) We call a state symmetric (or having a bosonic symmetry) if it acts on the symmet-
ric subspace only. This space is spanned by the basis vectors |φ+

kl〉 := (|k〉|l〉+ |l〉|k〉)/
√

2

for k 6= l and |ψk〉 := |k〉|k〉. This is the state space of two d-state bosons.

The projector Ps onto this space can be written as

Ps =
1

2
(1 + F ). (5.2.9)

This implies that for symmetric states by definition

Ps%Ps = Ps% = %Ps = % (5.2.10)

and %F = F% = %. Based on these, for symmetric states, we have

〈Ps〉 = 1, (5.2.11a)

〈F 〉 = 1. (5.2.11b)

Clearly, a symmetric state is also permutationally invariant.

Next, we write down the Schmidt decomposition of a permutationally invariant state
of a d× d system. For that, let us consider a full basis of Hermitian matrices for d state
system denoted by Mk which fulfill

Tr(MkMl) = δkl. (5.2.12)
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We define the correlation matrix of the bipartite system as

ηkl = 〈Mk ⊗Ml〉, (5.2.13)

where the quantum state can be written with the correlation matrix as

% =
∑
kl

ηklMk ⊗Ml. (5.2.14)

Since our state is symmetric, η is a symmetric matrix with real elements. It can be
diagonalized with an orthogonal transformation O as

D = OTηO, (5.2.15)

where D denotes a diagonal matrix. Let us use the Λk = Dkk notation.The same orthog-
onal matrix can be used to transform the operators into a new basis as

M ′
k =

∑
l

OklMl. (5.2.16)

With these, one can write the quantum state as

% =
∑
k

ΛkM
′
k ⊗M ′

k. (5.2.17)

Equation (5.2.17) is not yet a Schmidt decomposition since Λk can also be negative. A
Schmidt decomposition of the form Eq. (5.1.4) can be obtained as

λk = |Λk|,
Ak = sign(Λk)M

′
k,

Bk = M ′
k, (5.2.18)

where sign(x) is the usual sign function.

Based on these, we can now formulate the following theorem.

Observation 5.2.1 A bipartite quantum state in the symmetric subspace has a positive
partial transpose if and only if for every Hermitian operator A the relation 〈A⊗ A〉 ≥ 0

holds.

Proof. First we have to recognize that for a symmetric state, the PPT and the CCNR
criteria are equivalent to each other. For that, let us write down the CCNR criterion as
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[117]
||(%F )T1|| ≤ 1, (5.2.19)

where ||X|| = Tr(
√
XX†). Then, for symmetric states %F = %. Hence, the statement

follows.

Due to Eqs. (5.2.8), (5.2.11b), and (5.2.17), for symmetric states for the sum of the
coefficients ∑

k

Λk = 1 (5.2.20)

holds. If the CCNR condition given in Eq. (5.1.5) is fulfilled then all Λk > 0, and hence

〈A⊗ A〉 =
∑
k

ΛkTr(AAk)
2 ≥ 0 (5.2.21)

holds for all A operators. On the other hand, if the CCNR condition is violated then
there is a k for which we have Λk < 0. Then, taking A = Ak we obtain

〈A⊗ A〉 =
∑
k

ΛkTr(AAk)
2 = Λk < 0. (5.2.22)

�

Observation 5.2.1 shows that if we find an operator A such that 〈A⊗ A〉 < 0, then the
state violates the PPT criterion (5.1.3) and hence it is entangled. Hence, entanglement
of symmetric states can be detected with a single correlation measurement.

Next, we show a simple method to generate symmetric entangled states that do not
violate the PPT criterion, that is, they are bound entangled states. Here, multiparticle
symmetric states mean states in the bosonic subspace.

Observation 5.2.2 A multiqubit symmetric state is either separable with respect to all
bipartitions, or entangled with respect to all bipartitions [70]. This fact has been used in
the proofs of [118].

We now use Observation 5.2.2 to generate bound entangled states. Let us consider a
symmetric 2(d−1)-qubit quantum state, where d is some positive integer. If it is non-PPT
with respect to some bipartition, then it is entangled with respect that bipartition. Due
to Observation 5.2.2, it is even entangled with respect to all other bipartitions. Let us
now consider a state that is PPT with respect to the (d− 1) : (d− 1) bipartition5, while
it is non-PPT with respect to some other bipartition. Then, the state must be entangled

5That is, there are (d−1) qubits in one of the subsystems and (d−1) qubits are in the other subsystem.
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even with respect to the (d− 1) : (d− 1) bipartition. Hence, we have a bound entangled
state of a bipartite system, where both systems have (d− 1) qubits.

We have now to remember, that we do not have a general 2(d − 1)-qubit quantum
state, but a symmetric one. For such states, even all the different reduced states live
in the symmetric subspace. Hence, the two parties of (d − 1) qubits mentioned can be
mapped to two d-dimensional systems, because we have in general that a symmetric state
of an N -qubit system can be mapped to an (N + 1)-dimensional state.

Observation 5.2.3 An efficient numerical method obtaining a symmetric PPT entangled
state of a d×d system is as follows. We obtain a random symmetric 2(d−1)-qubit quantum
state such that it is PPT with respect to the (d−1) qubits vs. (d−1) qubits bipartition, while
it is not PPT with respect to some other bipartition. Such a state can straightforwardly
be mapped to a d× d symmetric PPT entangled state.

In more details, one should not try to obtain directly the random state with the
properties described in Observation 5.2.3. One should just generate a random symmetric
state %0 as an initial guess. We can require that %0 is PPT with respect to the (d − 1) :

(d − 1) bipartition. If it is non-PPT with respect to one of the bipartitions, we found
the state we were looking for. If this is not the case then we generate another random
symmetric state σ and use it to step a little starting from %0 using

%′ = (1− p)%0 + pσ (5.2.23)

with some small p, like p = 0.05 or p = 0.1. We accept %′ as a new guess if it is still PPT
with respect to the (d− 1) : (d− 1) bipartition, and decreases the minimal eigenvalues of
all partial tranposes

min
b
λmin(%Tb), (5.2.24)

where λmin(A) is the minimal eigenvalue of A.When we reach a state for which Eq. (5.2.24)
is negative, we arrived at our goal. Note that we have to take care of the fact that
symmetric states, and their partial transpose are not full rank and they have several zero
eigenvalues. Numerical problems can arise since instead of zero we can obtain a negative
number close to zero using various routines calculating the eigenvalues.

Let us see a concrete example for N = 4. We obtained from numerics the following
4-qubit symmetric state [70]

%BE4 = diag(0.22, 0.176, 0.167, 0.254, 0.183)− 0.059R, (5.2.25)

where R := |3〉〈0| + |0〉〈3|. The basis states are |0〉 := |0000〉, |1〉 := sym(|1000〉), |2〉 :=
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non-PPT for the bipartition (1|234)

PPT for the bipartition (12|34)

1 2 3 4

Figure 5.1: Schematic representation of a four-qubit quantum state that is PPT with
respect to the (12|34) bipartition, but non-PPT with respect to the (1|234) bipartition.

1 2 3 4

|00

|11

|01  +|10

|00

|11

|01  +|10

Figure 5.2: Symmetric four-qubit states can be mapped to 3× 3 systems, since the state
of qubits 1 and 2 can be given in a three-dimensional space. Moreover, similarly the state
of qubits 3 and 4 can be given in a three-dimensional space.

sym(|1100〉), ..., where sym(A) denotes an equal superposition of all permutations of A,
with an appropriate normalization. The state %BE4 is PPT with respect to the 2 qubits
vs. 2 qubits bipartition, while it is non-PPT for the 1 qubit vs. 3 qubits bipartition,
see Fig. 5.1. Based on Observation 5.2.2, it is bound entangled for the 2 qubits vs. 2

qubits bipartition. The basis states of a symmetric two-qubit system are |00〉, |11〉, and
(|01〉 + |10〉)/

√
2, see Fig. 5.2. Hence, we can transform Eq. (5.2.25) into a 3 × 3 PPT

entangled state.

5.3 Related theoretical works

Later, bound entanglement in symmetric systems has been examined, for example, in
Refs. [119, 120].
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Chapter 6

Permutationally invariant tomography

In this chapter, we discuss an efficient tomographic method for permutationally invariant
systems described in Ref. [71]. Its advantage is that the number of measurements needed
scales quadratically with the number of qubits. This makes it possible to carry out
tomography of large systems.

6.1 Background

6.1.1 Full state tomography

Full state tomography [121] is a procedure that is used to obtain the density matrix of
a quantum state, i.e., all the information one can know about a quantum state. The
number of degrees of freedom (i.e., the number of independent real parameters) can easily
be counted as follows. An N -qubit density matrix can be written as

% =
∑

k1,k2,...,kN

ck1,k2,...,kNσk1σk2 ...σkN , (6.1.1)

where ki = 0, 1, 2, 3. We use the usual notation where σ0 is the identity, while σ1,σ2,

and σ3 are the Pauli spin matrices. In Eq. (6.1.1), % is written as a linear combination
of operators that are pairwise orthogonal. The coefficients ck1,k2,...,kN are real numbers
defined as expectation values

ck1,k2,...,kN =
1

2N
〈σk1σk2 ...σkN 〉. (6.1.2)

49
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There are 4N such coefficients. The density matrix has a unit trace, which fixes one of
the coefficients as

c0,0,...,0 =
1

2N
. (6.1.3)

Hence, we see that a quantum state of N qubits has

DOF
(FST)
N = 4N − 1 (6.1.4)

real degrees of freedom, where “FST” refers to full state tomography.

Note that Eq. (6.1.4) agrees with the well-known result that the number of independent
generators for the SU(d) group is d2−1, where the generators all have the form exp(−iHkθ)

and Hk are pairwise orthogonal traceless Hermitian matrices. This also means that the
number of linearly independent d× d traceless Hermitian matrices is d2− 1. With d = 2N

we obtain Eq. (6.1.4). We presented a different derivation, since it can immediately be
used to count real degrees of freedom in other related problems.

Following one of the most usual methods called “overcomplete tomography”, we mea-
sure a Pauli spin matrix at each qubit and then calculate averages of the correlation terms
to obtain the ck1,k2,...,kN coefficients in Eq. (6.1.1) [122]. For instance, for two qubits, we
need the following 15 correlations

〈1(1)X(2)〉, 〈1(1)Y (2)〉, 〈1(1)Z(2)〉,

〈X(1)
1

(2)〉, 〈Y (1)
1

(2)〉, 〈Z(1)
1

(2)〉,

〈X(1)X(2)〉, 〈X(1)Y (2)〉, 〈X(1)Z(2)〉,
〈Y (1)X(2)〉, 〈Y (1)Y (2)〉, 〈Y (1)Z(2)〉,
〈Z(1)X(2)〉, 〈Z(1)Y (2)〉, 〈Z(1)Z(2)〉,

(6.1.5)

where for better readability we use the notation X, Y and Z for the Pauli spin matrices.

Next, we need to think how many local measurement settings (see Sec. 3.1.4) are
needed. At every site we measure X, Y or Z. Hence, for N qubits we need

D(FST)
N = 3N (6.1.6)

local measurement settings. For full state tomography for two qubits the following 9
settings are needed

{X(1), X(2)}, {X(1), Y (2)}, {X(1), Z(2)},
{Y (1), X(2)}, {Y (1), Y (2)}, {Y (1), Z(2)},
{Z(1), X(2)}, {Z(1), Y (2)}, {Z(1), Z(2)},

(6.1.7)
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Here {X(1), X(2)} means that we measure X(1) on the first qubit and X(2) on the second
one. (For the definition of the measurement settings, see Sec. 3.1.4.) The number of
settings is smaller than the number of correlation terms since several correlation terms
can be measured with the same setting. For example, the correlations 〈1(1)X(2)〉, 〈X(1)

1
(2)〉

and 〈X(1)X(2)〉 can all be measured by the setting {X(1), X(2)}.

We can see that the number of settings increases exponentially with the number of
qubits, which makes full tomography impossible apart from small systems. Indeed, so far
the largest full tomography has been carried out for an 8 qubit state in trapped ions [20].
For photonic experiments, the largest full tomography was for 6 qubits [123].

6.1.2 Efficient tomographic schemes

In the previous section we discussed that full state tomography is impossible for large
systems, since the number of local measurement settings increases exponentially with the
number of qubits. A possible solution to this problem is to consider methods that assume
that the quantum state is of a certain form. Very briefly we discuss two such methods
available in the literature.

The first approach assumes that the state is a matrix product state (MPS) with a
certain bond dimension [124]. For such an ansatz state, the number of free parameters
scales polynomially with the system size. A tomographic protocol, called Matrix Product
State Tomography, has been worked out assuming that the state is of this form [125]. It
works best for ground states of spin chains.

The second approach assumes that the quantum state is of low rank. Then, we do not
have to measure all the (6.1.2) coefficients, only a randomly chosen set. This method is
called Compressed Sensing [126]. The number of measurements scale still exponentially
with the number of qubits, but exponentially better than for full tomography.

6.2 Permutationally invariant tomography

In this section, we will present our method, which works best for permutationally in-
variant states. Instead of the density matrix of the N -qubit system, it determines the
permutationally invariant density matrix

%PI =
1

N

∑
k

Πk%Π†k, (6.2.8)

where the summation is over all the permutations Πk.
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Observation 6.2.1 The number of degrees of freedom for an N-qubit permutationally
invariant density matrix of the type (6.2.8) is

DOF
(PI)
N =

(
N + 3

N

)
− 1, (6.2.9)

where “PI” refers to permutationally invariant tomography.

Proof. We can use a technique similar to the one applied in Sec. 6.1.1 to count the
number of real degrees of freedom for full tomography. We will have fewer degrees of
freedom, since several of the ck1,k2,...,kN coefficients must be equal to each other due to
permutational invariance. In particular,

ck1,k2,...,kN = cki1 ,ki2 ,...,kiN (6.2.10)

is always true, if i1, i2, ..., iN are some permutations of 1, 2, .., N.We should now remember
that ki ∈ {0, 1, 2, 3}.We have to count how many different ways N numbers can be chosen
from 0, 1, 2, and 3 such that the order does not matter, which is just the well known
“stars and bars problem” in combinatorics. We exclude the choice k1, k2, ..., kN = 0 since
c0,0,...,0 is fixed [see Eq. (6.1.3).] Hence, the number of different coefficients is obtained as
Eq. (6.2.9). �

From Observation 6.2.1 we can see that the number of real degrees of freedom depends
polynomially on the number of qubits.

Let us now relate the coefficients ck1,k2,...,kN to operator expectation values. Knowing
all these coefficients is the same as knowing all the expectation values

〈(X⊗k ⊗ Y ⊗l ⊗ Z⊗m ⊗ 1
⊗n)〉%PI

. (6.2.11)

Let us now relate the coefficients to the density matrix % rather than to %PI. Simple
arguments show that knowing all the coefficients ck1,k2,...,kN is the same as knowing all the
expectation values

〈(X⊗k ⊗ Y ⊗l ⊗ Z⊗m ⊗ 1
⊗n)PI〉%, (6.2.12)

where we defined the permutationally invariant part of an operartor as

XPI =
1

N

∑
k

ΠkXΠ†k. (6.2.13)

Based on these, now we will calculate the number of measurements needed to obtain
%PI.
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Observation 6.2.2 The number of local measurement settings necessary to measure an
N-qubit permutationally invariant density matrix of the type (6.2.8) is

D(PI)
N =

(
N + 2

N

)
. (6.2.14)

Proof. First, one has to recognize that for permutationally invariant tomography, we
need to measure settings of the type

{A,A, ..., A}, (6.2.15)

that is, we need to measure the same operator A on all qubits [71]. (For the definition of
the measurement settings, see Sec. 3.1.4.) If we measure such a setting, we will know all
the expectation values

〈(A⊗(N−n) ⊗ 1
⊗n)PI〉 (6.2.16)

for n = 0, 1, ..., N − 1.

Let us consider expectation values of the type (6.2.16) for a given n. If we know all such
expectation values then we know all correlations of the type (6.2.12) for k + l +m+ n =

N. For a given n, the number of such correlations is D(PI)
(N−n), where D

(PI)
(N) is defined in

Eq. (6.2.14).

Let us now bound from below the number of measurement settings necessary for
permutationally invariant tomography. Any measurement setting of the type (6.2.15)
gives at most one expectation value for every such space characterized by a given n.

Hence the number of settings cannot be smaller than the largest dimension, which is
D(PI)
N . Let us now see, whether D(PI)

N settings are sufficient. We can see that a generic
choice of D(PI)

N settings is sufficient to recover the correlations in each of these spaces, and
hence completely characterizes %PI. �

Permutationally invariant tomography has been used to study a six-qubit quantum
state experimentally. The results can be seen in Fig. 6.1. In Fig. 6.1(a), we can see the
results of full tomography vs. the results of permutationally invariant tomography. As
Fig. 6.1(b) shows, the Aj operators chosen are distributed in a way that the uncertainties
of the reconstruction are small. One can see that the vectors corresponding to Aj seem to
be equally distributed on the sphere. In Fig. 6.1(c) and (d), similar results are shown for
the case when the Aj operators are chosen randomly. Due to that the uncertainties of the
results of the permutationally invariant tomography are much larger. In Fig. 6.2, the den-
sity matrices obtained from full tomography and permutationally invariant tomography
are shown.
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Figure 6.1: (a) Comparison of the 34 symmetrized correlations coming from (crosses with
error bars) 15 permutationally invariant measurement settings with optimized Aj matrices
for N = 4 qubits and (diamonds) from full tomography requiring 81 local settings. The
average uncertainty of all symmetrized correlations obtained from full tomography is
±0.022, and is not shown in the figure. The labels refer to symmetrized correlations of the
form given in Eq. (6.2.12). The results corresponding to the 15 full four-qubit correlations
are left from the vertical dashed line. (b) Measurement directions. A point at (ax, ay, az)
corresponds to measuring operator axX + ayY + azZ. (c) Results for randomly chosen Aj
matrices and (d) corresponding measurement directions. Figure taken from Ref. [71].
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Figure 6.2: (a) The real and (b) imaginary parts of the density matrix coming from full
tomography. (c), (d) The same for permutationally invariant tomography with optimized
and (e), (f) random measurement directions, respectively. Figure taken from Ref. [71].
The experiment has been carried out and the figure has been drawn by W. Wieczorek, R.
Krischek, C. Schwemmer, and H. Weinfurter.
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6.3 Connected results

It has been worked out how to store the permutationally invariant state efficiently on
a digital computer [127]. Hence, not only the number of measurements needed scales
polinomially with the number of qubits, but even the amount of data stored scales that
way. It is even shown that fitting the density matrix obtained experimentally to a positive
semidefinite density matrix, which is an important task for experimental quantum tomog-
raphy, can be done efficiently with semidefinite programming. Permutationally invariant
tomography has been carried out for a six-qubit photonic quantum state, and compared
to compressed sensing and also to full tomography [123]. Permutationally invariant to-
mography has been combined with the compressed sensing method. Hence, a density
matrix can be obtained even before the settings necessary for permutationally invariant
tomography are measured [123].
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Chapter 7

Optimal spin-squeezing inequalities

In this Chapter, entanglement detection with collective observables are discussed. A
generalized spin sqeeezing entanglement condition is presented that detects entanglement
close to singlet states, described in Ref. [69]. Later, a complete set of entanglement criteria
based on collective observables is presented based on Refs. [47, 72].

7.1 Background

7.1.1 Spin squeezing

Spin squeezing has originally been defined as a notion for spin systems that is analogous
to squeezing for bosonic modes. One of the most popular definitions is based on the
Heisenberg uncertainty relation [128]

(∆Jx)
2(∆Jy)

2 ≥ 1

4
| 〈Jz〉 |2. (7.1.1)

A quantum state is spin squeezed if

(∆Jx)
2 <

1

2
| 〈Jz〉 | (7.1.2)

holds, where the right-hand side of Eq. (7.1.2) is the square root of the right-hand side
of Eq. (7.1.1) and is called the standard quantum limit. It is an important part of the
definition that z points into the direction of the mean spin.

Based on Eq. (7.1.2) we see that spin-squeezed states typically have a large spin along
the z direction, and have a small spin uncertainty in an orthogonal direction, as shown in
Fig. 7.1. We note that there is also a well known, but slightly different definition [6].

57

dc_1593_18

Powered by TCPDF (www.tcpdf.org)



CHAPTER 7. OPTIMAL SPIN-SQUEEZING INEQUALITIES 58

J
z
 is large

Variance of J
x 
is small

z

y

x

Figure 7.1: A typical spin-squeezed state. The arrow is the collective spin. At the end of
the arrow, there is an uncertainty ellipse.

7.1.2 The relation of spin squeezing to entanglement

There is a criterion that can detect the entanglement of spin squeezed states with collective
measurements. For N spin-1/2 particles, let us define a spin-squeezing parameter as

ξ2
s = N

(∆Jx)
2

〈Jy〉2 + 〈Jz〉2
. (7.1.3)

It has been shown that
ξs < 1 (7.1.4)

implies entanglement [7].

It is possible to generalize this approach to an ensemble of spins with j > 1/2. One
can determine the minimal (∆Jx)

2 achievable for separable states for a given 〈Jz〉. If a
quantum state reaches a value smaller than this bound, then it is entangled [23]. For
j = 1/2, this approach detects the same entangled state as the entanglement condition
based given in Eq. (7.1.4).

7.2 Entanglement conditions with three variances

A method will now be presented that detects entangled states in optical lattices of two-
state atoms even if there are several atoms per lattice site. This is a very useful property
of our entanglement detection scheme, since in practice, it is difficult to prepare a lattice
with a unit occupancy [129]. Our method needs the measurement of collective observables,
which makes it applicable to large ensembles. Our results are described in in Ref. [69].
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Observation 7.2.1 For separable states

(∆Jx)
2 + (∆Jy)

2 + (∆Jz)
2 ≥ 〈N〉

2
(7.2.5)

holds, where N is the total particle number and Jl are the collective angular momentum
coordinates. They are the sum of the corresponding single site Schwinger type angular
momentum operators. For a lattice site, omitting the index (k), these are defined as

jx =
1

2
(a†b+ ab†), (7.2.6a)

jy =
i

2
(b†a− ab†), (7.2.6b)

jz =
1

2
(a†a− b†b), (7.2.6c)

where a and b are the bosonic destruction operators corresponding to the two internal
states of the atoms. The particle number at a site is a†a+ b†b.

Proof. If the system is in a pure state and a lattice site is not entangled with the other
sites, then its state has the form

|Ψ〉 =
∑
m

cm|jm, zm〉. (7.2.7)

A separable state is just the convex combination of products of such single site states.
Here |j, z〉 is an eigenstate of j2

x+j2
y +j2

z with eigenvalue j(j+1), and of jz with eigenvalue
z. For example, | ↑〉 = |1/2, 1/2〉 and | ↓〉 = |1/2,−1/2〉 denote a single atom at the lattice
site in states a and b, respectively, while |∅〉 = |0, 0〉 denotes an empty lattice site.

This representation does not take into account entanglement between particles within
the lattice site, as expected, and models a lattice site as a particle with a large spin. The
spin squeezing criterion [130], however, detects both entanglement between particles on
the same site and entanglement between particles on different sites.

As we will show, criterion (7.2.5) is able to distinguish entanglement due to particle
number variance (e.g., | ↑〉|∅〉 + |∅〉| ↑〉) from entanglement in the internal states (e.g.,
| ↑〉| ↓〉 − | ↓〉| ↑〉 ). Our aim is to detect the second kind of entanglement. In the
first case we have a superposition of states with different on-site particle numbers. The
Schwinger operators commute with the Nk particle number operators, thus by measuring
them one cannot distinguish between a superposition and a mixture of such states [131].
Consequently an entanglement condition in terms of such observables will not take into
account entanglement due to particle number variance.
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The proof of criterion (7.2.5) is based on the relations

〈
(j(k)
x )2 + (j(k)

y )2 + (j(k)
z )2

〉
=

〈
Nk

2

(
1 +

Nk

2

)〉
, (7.2.8a)

〈
j(k)
x

〉2
+
〈
j(k)
x

〉2
+
〈
j(k)
x

〉2 ≤ 〈Nk〉2

4
. (7.2.8b)

Here Eq. (7.2.8a) expresses the fact, that a two-mode bosonic system has maximal angular
momentum [132]. Subtracting Eq. (7.2.8b) from Eq. (7.2.8a) one obtains the uncertainty
relation for spin (k)

(∆j(k)
x )2 + (∆j(k)

y )2 + (∆j(k)
z )2 ≥ (∆Nk)

2

4
+
〈Nk〉

2
. (7.2.9)

For separable states

(∆Jx)
2 + (∆Jy)

2 + (∆Jz)
2 ≥

∑
l

pl
{

(∆Jx)
2
l + (∆Jy)

2
l + (∆Jz)

2
l

}
=

∑
l

pl
∑
k

{
(∆j(k)

x )2
l + (∆j(k)

y )2
l + (∆j(k)

z )2
l

}
(7.2.10)

holds, which together with Eq. (7.2.9) proves criterion (7.2.5). Thus the uncertainty
relations (7.2.9) for the individual lattice sites gave a lower bound for the uncertainties
of the corresponding collective quantities for separable states in Eq. (7.2.5)[131]. This
lower bound is the highest possible, since any pure product state with unit lattice site-
occupancy saturates the inequality. [For atoms on the lattice a particle number conserving
superselection rule applies, thus (∆Nk)

2 = 0 for all pure product states.] �

Inequality (7.2.5) is maximally violated for angular momentum eigenstates with total
angular momentum J = 0 (many-body spin singlet). The spin squeezing criterion [130]
does not detect these states as entangled, since they have

〈
Jx/y/z

〉
= 0.

7.3 Complete set of inequalities for qubits

As the number of particles is increasing rapidly in recent experiments, it is important to
consider entanglement detection in systems in which the particles cannot be individually
addressed. Such systems are, for example, clouds of millions of atoms. We determined the
full set of entanglement conditions, the Optimal Spin Squeezing Inequalities, that detect
entanglement in a system of spin-1/2 particles using first and second order moments of
collective quantities. These results are quite general. In any experiment with many two-
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Figure 7.2: The polytope of separable states corresponding to Eqs. (7.3.13) for N = 6

and ~J = 0. S corresponds to a many body singlet state. Figure from Ref. [47].

state particles our conditions can be used for entanglement detection and, as we proved
it, no further conditions can be found. Thus, again, it is expected that our results will be
used to verify the success of several many-particle experiments. Our entanglement criteria
are described in Refs. [47, 72].

Let us assume that for a physical system the values of the first moments

~J := (〈Jx〉, 〈Jy〉, 〈Jz〉) (7.3.11)

and the second moments
~K := (〈J2

x〉, 〈J2
y 〉, 〈J2

z 〉) (7.3.12)

are known. Next, we will define a set of entanglement conditions that that detect entan-
glement with these quantites.

Observation 7.3.1 Violation of any of the following inequalities implies entanglement:

〈J2
x〉+ 〈J2

y 〉+ 〈J2
z 〉 ≤ N(N + 2)/4, (7.3.13a)

(∆Jx)
2 + (∆Jy)

2 + (∆Jz)
2 ≥ N/2, (7.3.13b)

〈J2
i 〉+ 〈J2

j 〉 −N/2 ≤ (N − 1)(∆Jk)
2, (7.3.13c)

(N − 1)
[
(∆Ji)

2 + (∆Jj)
2
]
≥ 〈J2

k 〉+N(N − 2)/4, (7.3.13d)

where i, j, k take all the possible permutations of x, y, z.

Proof. The variance, defined as

(∆A)2 := 〈A2〉 − 〈A〉2, (7.3.14)
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is concave in the state, that is, if we mix two states as

% = p%1 + (1− p)%2, (7.3.15)

then for the variance of the mixture

(∆A)2
% ≥ p(∆A)2

%1
+ (1− p)(∆A)2

%2
(7.3.16)

holds. Thus, it suffices to prove that the inequalities of Observation 7.3.1 are satisfied by
pure product states. Based on the theory of angular momentum, inequality Eq. (7.3.13a)
is valid for all quantum states and the equality holds for states of the symmetric subspace.
However, for separable states it can be proved easily without this knowledge using that
for such states Eq. (2.2.11) holds [67]. For Eq. (7.3.13b), one first needs that for product
states

(∆Jk)
2 = N

4
− 1

4

∑
i

〈σ(i)
k 〉

2 (7.3.17)

holds. Then, for a product state, one has

(∆Jx)
2 + (∆Jy)

2 + (∆Jz)
2 = 3N

4
− 1

4

∑
k

x2
k + y2

k + z2
k. (7.3.18)

Here xi := 〈σ(i)
x 〉, yi := 〈σ(i)

y 〉, and zi := 〈σ(i)
z 〉. Knowing that x2

i + y2
i + z2

i ≤ 1, the right
hand side of Eq. (7.3.18) is bounded from below by N

2
.

Concerning Eq. (7.3.13c), we have to show that

Y := (N − 1)(∆Jx)
2 + N

2
− 〈J2

y 〉 − 〈J2
z 〉 ≥ 0. (7.3.19)

This can be written as

Y = (N − 1)[N
4
− 1

4

∑
i

x2
i ]− 1

4

∑
i 6=j

(yiyj + zizj)

= (N − 1)[N
4
− 1

4

∑
i

x2
i ]− 1

4
[(
∑
i

yi)
2 + (

∑
i

zi)
2] + 1

4

∑
i

(y2
i + z2

i ). (7.3.20)

Using the inequality (∑
i

si

)2

≤ N
∑
i

s2
i , (7.3.21)

and the normalization of the Bloch vector, it follows that

Y ≥ N−1
4

∑
i

(1− x2
i − y2

i − z2
i ) ≥ 0. (7.3.22)
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Equation (7.3.13d) can be proved in a similar way. We have to show that

Z := (N − 1)
[
(∆Jk)

2 + (∆Jl)
2
]
− 〈J2

m〉 −
N(N−2)

4
≥ 0. (7.3.23)

This can be proved by rewriting Z with the individual spin coordinates and using Eq. (7.3.21):

Z = (N − 1)[N
4
− 1

4

∑
i

x2
i + y2

i ]− 1
4

∑
i 6=j

zizj

≥ N−1
4

∑
i

(1− x2
i − y2

i − z2
i ) ≥ 0. (7.3.24)

�

For any value of ~J these eight inequalities define a polytope in the three-dimensional
(〈J2

x〉, 〈J2
y 〉, 〈J2

z 〉)-space. Observation 7.3.1 shows that separable states lie inside this poly-
tope. For the case ~J = 0 and N = 6 the polytope is depicted in Fig. 7.2. Such a polytope
is completely characterized by its extreme points. Direct calculation shows that they are

Ax :=

[
N2

4
− κ(〈Jy〉2 + 〈Jz〉2),

N

4
+ κ〈Jy〉2,

N

4
+ κ〈Jz〉2

]
, (7.3.25a)

Bx :=

[
〈Jx〉2 +

〈Jy〉2 + 〈Jz〉2

N
,
N

4
+ κ〈Jy〉2,

N

4
+ κ〈Jz〉2

]
, (7.3.25b)

where κ := (N − 1)/N. The points Ay/z and By/z can be obtained in an analogous way.

One might ask whether there are separable states corresponding to all points inside
the polytope. This would imply that the criteria of Observation 7.3.1 are complete, that
is, if the inequalities are satisfied, then the first and second moments of Jk do not suffice
to prove entanglement. In other words, it is not possible to find criteria detecting more
entangled states based on these moments. Due to the convexity of the set of separable
states, it is enough to investigate the extreme points.

Observation 7.3.2 For any value of ~J there are separable states corresponding to Ak.
For certain values of ~J and N there are separable states corresponding to points Bk.

However, there are always separable states corresponding to points B′k such that their
distance from Bk is smaller than 1/4. In the limit N →∞ for a fixed normalized angular
momentum ~j := ~J/(N/2) the difference between the volume of polytope of Eqs. (7.3.13)
and the volume of set of points corresponding to separable states decreases with N at least
as ∆V/V ∝ N−2, hence in the macroscopic limit the characterization is complete.

Proof. A separable state corresponding to Ax is

ρAx := p(|ψ+〉〈ψ+|)⊗N + (1− p)(|ψ−〉〈ψ−|)⊗N . (7.3.26)

dc_1593_18

Powered by TCPDF (www.tcpdf.org)



CHAPTER 7. OPTIMAL SPIN-SQUEEZING INEQUALITIES 64

Here |ψ+/−〉 are the single qubit states with Bloch vector coordinates

(〈σx〉, 〈σy〉, 〈σz〉) =

(
±cx,

〈Jy〉
J

,
〈Jz〉
J

)
, (7.3.27)

where J := N/2 and

cx :=

√
1− 〈Jy〉

2 + 〈Jz〉2
J2

. (7.3.28)

The mixing ratio is defined as p := [1 + 〈Jx〉/(Jcx)]/2. If M := Np is an integer, we can
also define the state corresponding to the point Bx as

|φBx〉 := |ψ+〉⊗M ⊗ |ψ−〉⊗(N−M). (7.3.29)

IfM is not an integer, we can approximate Bx by taking m := M−ε as the largest integer
smaller than M, defining

ρ′ := (1− ε)(|ψ+〉〈ψ+|)⊗m⊗ (|ψ−〉〈ψ−|)⊗(N−m) + ε(|ψ+〉〈ψ+|)⊗(m+1)⊗ (|ψ−〉〈ψ−|)⊗(N−m−1).

(7.3.30)
This state has the same coordinates as Bx, except for the value of 〈J2

x〉, where the difference
is c2

x(ε − ε2) ≤ 1/4. The dependence of ∆V/V on N can be studied by considering the
polytopes in the (〈J2

x〉, 〈J2
y 〉, 〈J2

z 〉)-space corresponding to 〈Jk〉 = jk × N/2, where jk are
the normalized angular momentum cordinates. As N increases, the distance of the points
Ak to Bk scales as N2, hence the volume of the polytope increases as N6. The difference
between the polytope and the points corresponding to separable states scales like the
surface of the polytope, hence as N4. �

7.4 Experimental applications of our results and fur-
ther work

In Ref. [11], Observation 7.2.1 has been used to detect singlet states in atomic ensembles
experimentally (see Ref. [133] for a theoretical description of the method). In Ref. [31],
conditions similar to Eq. (7.3.13c) have been developed to detect multipartite entangle-
ment in Dicke states of spin-1/2 particles and have been used in a cold gas experiment.
In Ref. [111], general conditions appear for detecting multipartite entanglement in Dicke
states of ensembles of spin-j particles. In Refs. [134, 135], the inequalities (7.3.13) have
been generalised to ensembles of spin-j particles.
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Chapter 8

Entanglement and quantum metrology

In this Chapter the relation of multipartite entanglement and quantum metrology is dis-
cussed. Based on that the method given in Ref. [56], we show that full multipartite
entanglement is needed to reach the maximum sensitivity.6

8.1 Background

8.1.1 Cramér-Rao bound

In metrology, as can be seen in Fig. 8.1, one of the basic tasks is phase estimation connected
to the unitary dynamics of a linear interferometer

%output = e−iθJ~n%e+iθJ~n , (8.1.1)

where % is the input state of the interferometer, while %output is the output state, and J~n
is a component of the collective angular momentum in the direction ~n.

The important question is, how well we can estimate the small angle θ by measuring
%output. For such an interferometer the phase estimation sensitivity, assuming any type of
measurement, is bounded by the Quantum Cramér-Rao inequality as [137, 138]

∆θ ≥ 1√
FQ[%, J~n]

, (8.1.2)

where FQ is the quantum Fisher information.
6In Ref. [136], an independent work about a similar topic has been published. The two articles

appeared next to each other in Phys. Rev. A.
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ϱθϱ U (θ )=exp (−iAθ )

Figure 8.1: A basic problem of linear interferometry. The parameter θ must be estimated
by measuring %θ.

8.1.2 Quantum Fisher information

The quantum Fisher information is defined as [137–140]

FQ[%,A] = 2
∑
i,j

(λi − λj)2

λi + λj
|Aij|2. (8.1.3)

Here λi are the eigenvalues of the density matrix and Aij are the matrix elements of the
operator A in the eigenbasis of the density matrix.

We summarize now some important properties of the quantum Fisher information.

1. For pure states FQ[|Ψ〉, A] = 4(∆A)2
Ψ holds.

2. It is convex in the state. Hence, for mixed states FQ[%,A] ≤ 4(∆A)2
%.

8.2 Entanglement and the quantum Fisher information

The relationship between phase estimation sensitivity and entanglement in linear inter-
ferometers has already been examined [55], and an entanglement condition has been for-
mulated with the sensitivity of the phase estimation, that is, with the quantum Fisher
information. It has been found that for separable states of N -qubit states of the form
Eq. (2.1.2) we obtain [55]

FQ[%, Jl] ≤ N, (8.2.4)

where Jl is an angular momentum component. All states violating Eq. (8.2.4) are en-
tangled. Based on Eq. (8.2.4) we see that entanglement is needed for having a precision
better than what can be reached by separable states. It has also been shown that not all
entangled states are useful for phase estimation, at least in a linear interferometer [141].

It is instructive to find an upper bound on the left-hand side of Eq. (8.2.4) for general
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states. For pure states, we have

FQ[%, Jl] = 4(∆Jl)
2 ≤ N2, (8.2.5)

which is a valid bound even for mixed states. By comparing Eq. (8.2.4) and Eq. (8.2.5),
one can see the large difference between the precision achievable by separable states and
by entangled states.

After defining the basic notions, we will find the bounds for the metrological sensitivity
of quantum states with various levels of multipartite entanglement.

Observation 8.2.1 For N-qubit k-producible states, the quantum Fisher information is
bounded from above by [56, 136]

FQ[%, Jl] ≤ sk2 + (N − sk)2, (8.2.6)

where
s = bN

k
c, (8.2.7)

and bN
k
c denotes the integer part of N

k
.

Proof. Let us consider pure k-producible states of the form (2.1.6) where |ψm〉 are multi-
particle states with km ≤ k particles. Clearly,

∑
m km = N. For such states

(∆Jl)
2 =

∑
m

(∆Jl)
2
ψm
≤
∑
m

k2
m

4
. (8.2.8)

Let us now maximize the right-hand side of Eq. (8.2.8) for the case when k is a divisor
of N. It is maximized by a state of the type

|Ψ〉⊗s, (8.2.9)

where |Ψ〉 is a state of k qubits and s = N/k. For this state, km = k for m = 1, 2, .., s. If
k is not a divisor of N then a state maximizing Eq. (8.3.17) is of the type

|Ψ〉⊗s ⊗ |Φ〉, (8.2.10)

where |Ψ〉 is a state of k qubits and |Φ〉 is a state of (N − sk) qubits. For this state, km
equals k for m = 1, 2, .., s while ks+1 = N − sk. Based on these, we arrive at Eq. (8.2.6).
�
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It is instructive to write Eq. (8.2.6) for the case N divisible by k as

FQ[%, J~n] ≤ Nk. (8.2.11)

Equation (8.2.11) is saturated by a tensor product of k-qubit GHZ-states |GHZk〉⊗(N/k).

Based on Eq. (8.2.11) we can see that the bounds reached by k-producible states are
distributed linearly, i.e., (2k)-poducible states can reach a twice as large value for FQ[%, Jl]

as k-producible states can.

Note the criterion (8.2.11) for k-producible states for k = 1 is just that he same as
the criterion for separable states given in Eq. (8.2.4). Moreover, the criterion (8.2.11) for
k = N − 1 is fulfilled by all biseparable states. Hence, states that violate Eq. (8.2.11) for
k = N − 1 are genuine multipartite entangled. Thus, genuine multipartite entanglement
is needed to reach the maximum sensitivity in metrology.

Note also that if N is not divisible by k then Eq. (8.2.11) is still a valid bound, which
can be seen as follows. We need to prove that

sk2 + (N − sk)2 ≤ Nk. (8.2.12)

By substracting sk2 from both sides of Eq. (8.2.12), we arrive at

(N − sk)2 ≤ k(N − sk). (8.2.13)

Equation (8.2.13) is evidently true, knowing that N − sk < k.

8.3 Condition with three quantum Fisher information
terms

Next we show that it is possible to obtain relations similar to Eq. (8.2.4), but for the
sum of several quantum information terms. In order to construct such a relation, let us
consider the average quantum Fisher information defined as

avg~nFQ[%, J~n] =

∫
|~n|=1

FQ[%, J~n]d~n. (8.3.14)

Equation (8.3.14) is relevant for the following metrological task. It gives an upper bound
on the average (∆θ)−2 for a quantum state %, if the direction of the magnetic field is
chosen randomly based on a uniform distribution. Simple calculations show that the
integral (8.3.14) equals the average of the quantum Fisher information corresponding to
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the three angular momentum components

avg~nFQ[%, J~n] = 1
3
(FQ[%, Jx] + FQ[%, Jy] + FQ[%, Jz]). (8.3.15)

Next, we present an entanglement condition with the average quantum Fisher infor-
mation.

Observation 8.3.1 For N-qubit k-producible states, for k ≥ 2, the sum of the three
Fisher information terms is bounded from above by [56, 136]

avg~nFQ[%, J~n] ≤

{
1
3
sk(k + 2) + 1

3
(N − sk)(N − sk + 2)

1
3
sk(k + 2) + 2

3

if N − sk 6= 1,

if N − sk = 1,

(8.3.16)

where s is again the integer part of N
k
. Any state that violates this bound is not k-producible

and contains (k + 1)-particle entanglement. These inequalities have been used to detect
experimentally useful multipartite entanglement in Ref. [9].

Proof. Let us again consider pure k-producible states of the form (2.1.6) where |ψm〉 are
multiparticle states with km ≤ k particles. Clearly,

∑
m km = N. For such states

(∆Jx)
2 + (∆Jy)

2 + (∆Jz)
2 =

∑
m

(∆Jx)
2
ψm

+ (∆Jy)
2
ψm

+ (∆Jz)
2
ψm
. (8.3.17)

We will now bound the righ-hand side of Eq. (8.3.17). We know that

〈J2
x + J2

y + J2
z 〉ψm ≤

km
2

(
1 +

km
2

)
, (8.3.18)

where the bound is tight. Equation (8.3.18) can be used to bound the sum of the three
variances as follows

(∆Jx)
2
ψm

+(∆Jy)
2
ψm

+(∆Jz)
2
ψm

= 〈J2
x + J2

y + J2
z 〉ψm−(〈Jx〉2ψm

+〈Jy〉2ψm
+〈Jz〉2ψm

). (8.3.19)

Now we will consider two cases depending on km.

(i) For km = 1, for pure states (〈Jx〉2ψm
+ 〈Jy〉2ψm

+ 〈Jz〉2ψm
) = 1/4.

(ii) For km > 1, there are pure states that maximize 〈J2
x + J2

y + J2
z 〉ψm , while

(〈Jx〉2ψm
+ 〈Jy〉2ψm

+ 〈Jz〉2ψm
) = 0. (8.3.20)
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Hence, the sum of variances are bounded from above as

(∆Jx)
2
ψm

+ (∆Jy)
2
ψm

+ (∆Jz)
2
ψm
≤

{
km
2

(
1 + km

2

)
km > 1,

1
2

km = 1.
(8.3.21)

Let us now maximize Eq. (8.3.17) for the case when k is a divisor of N. Then we
need to calculate the maximum for states of the type (8.2.9), similarly to the proof of
Observation 8.2.1. If k is not a divisor of N then we have to consider states of the type
(8.2.10). Based on these, we arrive at Eq. (8.3.16). �

Note that the two cases in Eq. (8.3.16) and the two cases in Eq. (8.3.21) are strongly
connected to each other. If we consider states with N − sk = 1, corresponding to the
bottom line in Eq. (8.3.16), then the the state |Φ〉 in the expression Eq. (8.2.10) is a single
qubit state, hence for its uncertainties the bottom line must be used in Eq. (8.3.21).

Let us see some special cases of Observation 8.3.1. The bound for the average of the
three variances for all quantum states, including entangled states, can be obtained from
Observation 8.3.1 with the substitution k = N as

avg~nFQ[%, J~n] ≤ 1
3
N(N + 2). (8.3.22)

Finally, we obtain the bound for separable states, which are just 1-producible states.
Note that the bound in Observation 8.3.1 was valid only for k-producible states with
k ≥ 2.

Observation 8.3.2 For separable states

avg~nFQ[%, J~n] ≤ 2
3
N. (8.3.23)

holds.

Proof. Let us again consider pure k-producible states of the form (2.1.6), where |ψm〉
are multiparticle states with k = 1 particles. For such states we have that the collective
variances can be given as a sum of individual single-qubit variances as in Eq. (8.3.17).
Moreover, for the single-qubit state ψm the relation (∆Jx)

2
ψm

+ (∆Jy)
2
ψm

+ (∆Jz)
2
ψm
≤ 1/4

holds, see also Eq. (8.3.21). From these, an upper bound can be obtained for the sum of the
three variances for pure product states. Then, a bound for the sum of the three quantum
Fisher information terms can be obtained using that the quantum Fisher information is
convex. �

Comparing Eq. (8.2.4) with Eq. (8.3.23) shows that the bound for separable states
for the average quantum Fisher information is lower than the bound for quantum Fisher
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information for a single metrological task for a given direction.

8.4 Connected experimental and theoretical work

The quantum Fisher information is estimated based on collective measurements, and
used to detect multipartite entanglement in a cold gas experiment creating Dicke states
in Ref. [142]. In Ref. [143], a method is presented to estimate the quantum Fisher in-
formation based on some von Neumann measurements. The method can be applied in
general, and can be used in a wide range of experiments with cold gases, cold trapped
ions or photons. After estimating the quantum Fisher information, we can also detect
multipartite entanglement based on the ideas of this chapter.
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Chapter 9

Bell inequalities for graph states

In this Chapter, Bell inequalities detecting the non-locality of graph states are presented
based on Ref. [66].

9.1 Background

9.1.1 Bell inequalities

In this section, we very briefly introduce Bell inequalities [58]. These inequalities are
constraining the correlations in a bipartite system that we can obtain in an experiment.
They are based on the assumption that in quantum mechanics, as in the case in classical
physics, the measurement results “exist” locally at the parties, and the measurement is
merely reading them out.

Of course, quantum mechanics does not fulfill the requirements mentioned above,
hence some quantum states have correlations that violate Bell inequalities. Interestingly,
all states that violate a Bell inequality are entangled, however, not all entangled states
violate a Bell inequality [35].

In order to see how Bell inequalities work, let us consider a paradigmatic example, the
Clauser-Horne-Shimony-Holt (CHSH) Bell inequality [62]

X1X2 −X1Y2 + Y1X2 + Y1Y2 ≤ 2. (9.1.1)

Here, on the first party we measure either X1 or Y1, while on the second party we measure
either X2 or Y2. All these observables can have a measurement result +1 or −1. The setup
is shown in Fig. 9.1.
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X
1

Y
1 X

2

Y
2

Figure 9.1: Measurements for a Bell inequality for a bipartite system. In both parties, we
measure either Xk or Yk. Both of these have possible outcomes +1 and −1.

Next, let us consider how we obtained the bound for Eq. (9.1.1). Simply, we have to
substitute all the 16 possibilities for the four measurement outcomes, i.e., (−1,−1,−1,−1),

(−1,−1,−1,+1), (−1,−1,+1,−1), (−1,−1,+1,+1), ..., (+1,+1,+1,+1). We can ob-
serve that the largest value we can obtain for the left-hand side of Eq. (9.1.1) is 2. Note
that for obtaining the bound, we did not need any physical model, did not need to know
the quantities measured, and, in particular, we did not need the knowledge of quantum
mechanics.

Finally, let us show a quantum state that can violate the Bell inequality Eq. (9.1.1).
When we evaluate a Bell inequality on a quantum state, we have to define what quantum
operators have to be measured. We will consider the case when Xk and Yk correspond to
measuring Pauli spin matrices X(k) and Y (k), respectively. For the quantum state

|Ψ〉 =
1− i

2
|01〉+

1√
2
|10〉, (9.1.2)

we get 2
√

2. This is also the maximum that can be obtained for any quantum state and
is called Tsirelson’s bound [144].

Let us fix the notation for formulating Bell inequalities. A Bell operator is typically
presented as the sum of many-body correlation terms. Now we will consider Bell operators
B which are the sums of some of the stabilizing operators of graph states

B =
∑
m∈J

Sm, (9.1.3)

dc_1593_18

Powered by TCPDF (www.tcpdf.org)



CHAPTER 9. BELL INEQUALITIES FOR GRAPH STATES 75

where set J tells us which stabilizing operators we use for B. (Stabilizing operators are
discussed in Sec. 3.1.1.) Since all Sm are the products of Pauli spin matrices X(k), Y (k)

and Z(k), we naturally assume that for our Bell inequalities for each qubit these spin
coordinates are measured.

The maximum of the mean value 〈B〉 for quantum states can immediately be obtained:
For the graph state |Gn〉 all stabilizing operators have an expectation value +1 thus 〈B〉
is an integer and it equals the number of stabilizing operators used for constructing B as
given in Eq. (9.1.3). Clearly, there is no quantum state for which 〈B〉 could be larger.

Now we will determine the maximum of 〈B〉 for LHV models. It can be obtained in the
following way. We take the definition Eq. (9.1.3). We then replace the Pauli spin matrices
with real (classical) variables Xk, Yk and Zk. Let us denote the expression obtained this
way by E(B):

E(B) := [B]
∣∣
X(k)→Xk,Y (k)→Yk,Z(k)→Zk

. (9.1.4)

It is known that when maximizing E(B) for LHV models it is enough to consider deter-
ministic LHV models which assign a definite +1 or −1 to the variables Xk, Yk and Zk.

The value of our Bell operators for a given deterministic local model L, i.e., an assignment
of +1 or −1 to the classical variables will be denoted by EL(B). Thus we can obtain the
maximum of the absolute value of 〈B〉 for LHV models as

C(B) := max
L
|EL(B)|. (9.1.5)

Based on Eq. (9.1.5), for LHV models we have

〈B〉 ≤ C(B). (9.1.6)

If the maximum for quantum states is larger than the classical maximum, i.e., maxΨ |〈B〉Ψ| >
C(B) then Eq. (9.1.6) is a Bell inequality, and some quantum states violate it. The use-
fulness of a Bell inequality in experiments can be characterized by the visibility defined
as a ratio of the quantum and the classical maxima as

V(B) :=
maxΨ |〈B〉Ψ|
maxL |EL(B)|

. (9.1.7)

The quantity V(B) is also called the maximal violation of local realism allowed by the
Bell operator B. The larger V(B), the better our Bell inequality.

The visibility is clearly a quantity similar to the robustness of entanglement witnesses
discussed in Sec. 2.1.5. Let us consider a pure state |Ψ〉 mixed with white noise of the
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form (2.1.7). We can assume that
〈B〉%cm = 0, (9.1.8)

which is typically the case. Here, %cm is the compeletely mixed state defined in Eq. (2.1.8).
Then, the noisy quantum state violates a Bell inequality given by Eq. (9.1.6) if the noise
fraction pnoise is smaller than

pnoise limit = 1− C(B)

〈B〉Ψ
. (9.1.9)

Based on Eq. (9.1.7), if the state |Ψ〉 maximizes 〈B〉Ψ then the noise limit is

pmax. noise limit = 1− [V(B)]−1. (9.1.10)

If any pure state is mixed with more noise than pmax. noise limit then it cannot be detected
by the Bell inequality (9.1.6).

9.1.2 Local hidden variable (LHV) models

As we discussed before, local hidden variable models assume that the a quantity existed
before its measurement and when we measure it, we just read it out, without disturbing
it. There are several possible formulations. A simple one is the following. In a bipartite
system the correlations between A(1) and B(2) can be described by a hidden variable
model, if there are pk, ak, and bk such that〈

A(1)B(2)
〉

=
∑
k

pkakbk, (9.1.11)

where pk > 0 are probabilities. The formula can be interpreted as an expectation value
of a random process that gives with pk probability a measurement result ak for A(1) and
bk for B(2). Clearly, ak and bk must be then valid measurement results, that is, they have
to be in the range of allowed outcomes for A(1) and B(2).

If we measure only a single operator on the first party, and a single operator on the
second, there is always a hidden variable model that describes their correlations. However,
if we measure at least two operators per party, this is already not the case. Hence, we
could find the state (9.1.2) that violates the CHSH inequality.

Let us consider N (1) operators on party 1 denoted by {A(1)
m }N

(1)

m=1, and N(2) operators
on party 2 denoted by {B(2)

n }N
(2)

n=1 . Then, for states that do not violate any Bell inequality
with these measurements, there must exist a hidden variable model for all possible mea-
surements assuming that we measure one of the A(1)

m on party 1 and B(2)
n on party 2. That
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is, we need pk, a
(m)
k , and b(n)

k such that〈
A(1)
m B(2)

n

〉
=
∑
k

pka
(m)
k b

(n)
k (9.1.12)

for all 1 ≤ m ≤ N (1) and 1 ≤ n ≤ N (2).

It can happen that there is an LHV model for a quantum state for a set of operators,
however, there is not an LHV model for another set of operators. Then, such a state could
violate a Bell inequality with these second set of operators. There are even quantum states,
for which there is an LHV model for all possible operators that can be measured on party
A and party B, respectively. Such quantum states do not violate any Bell inequality.

9.1.3 Multipartite Bell inequalities

So far we presented Bell inequalities for bipartite systems. In this section, we will present
a Bell inequality, called Mermin’s inequality, which works for multipartite systems [63].
Let us denote the number of parties by N. Then, let us consider the operator

B(Mermin)
N := X(1)X(2)X(3)X(4)X(5)X(6)X(7) · · ·X(N)

− (Y (1)Y (2)X(3)X(4)X(5)X(6)X(7) · · ·X(N) + perm.)

+ (Y (1)Y (2)Y (3)Y (4)X(5)X(6)X(7) · · ·X(N) + perm.)

− (Y (1)Y (2)Y (3)Y (4)Y (5)Y (6)X(7) · · ·X(N) + perm.)

+ ..., (9.1.13)

where “perm” denotes all permutations. [In Eq. (4.3.9), we have already defined the
Mermin operator. With that notation, B(Mermin)

N = Meminxy.]

Note that the first term in Eq. (9.1.13), has only X’s, no Y ′s. Then, the second term
has 2 Y ’s, the third term has 4 Y ’s, and so on. The signs of the terms are alternating. It
has been shown that for states with a multipartite LHV model we have the Bell inequality

|〈B(Mermin)
N 〉| ≤ LMermin(N) (9.1.14)

with the upper bound given as

LMermin(m) :=

{
2

m−1
2 for odd m,

2
m
2 for even m,

(9.1.15)

The state |GHZ〉 maximally violates the Mermin inequality given in Eq. (9.1.14) with
〈B(Mermin)

N 〉 = 2N−1. [Note again that the variables Xk and Yk in the Bell inequality are
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Figure 9.2: Bell inequalities for graph states. (a) The graphical representation of a Bell
inequality involving the generators of vertices 1, 2 and 3. The corresponding three-vertex
subgraph is shown in bold. The dashed lines indicate the three qubit-groups involved in
this inequality. For the interpretation of symbols at the vertices see text. (b) Graphical
representation for Bell inequalities for linear cluster states, (c) a two-dimensional lattice
and (d) a hexagonal lattice. Figure is taken from Ref. [66].

identified with the Pauli spin matrices X(k) and Y (k).]

For clarity, we write out explicitly the Mermin’s inequality for N = 3 parties

〈X(1)X(2)X(3)〉 − 〈Y (1)X(2)X(3)〉 − 〈X(1)Y (2)X(3)〉 − 〈X(1)X(2)Y (3)〉 ≥ 2 (9.1.16)

and N = 4 parties

〈X(1)X(2)X(3)X(4)〉 − 〈Y (1)Y (2)X(3)X(4)〉 − 〈Y (1)X(2)Y (3)X(4)〉 − 〈Y (1)X(2)X(3)Y (4)〉
−〈X(1)Y (2)Y (3)X(4)〉 − 〈X(1)Y (2)X(3)Y (4)〉 − 〈X(1)X(2)Y (3)Y (4)〉+ 〈Y (1)Y (2)Y (3)Y (4)〉
≥ 4. (9.1.17)

These Bell inequalities can simply be verified by substituting all possible combination of
+1 and −1 for X(k) and Y (k).

9.2 Two-setting Bell inequalities

Now we present an approach providing a Bell inequality for any graph state, discussed
in Sec. 3.1.2. Our method assigns a Bell inequality to each vertex in the graph. The
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inequality is constructed such that it is maximally violated by the |G〉 state, having
stabilizing operators S(GN )

k .

Before starting the proof of a main result, let us recall an important fact which sim-
plifies the calculation of the maximum mean value for local realistic models:

Observation 9.2.1 Let B be a Bell operator consisting of a subset of the stabilizer for
some graph state. Then, when computing the classical maximum C(B) one can restrict
the attention to LHV models which assign +1 to all Zk.

Proof. From the construction of graph states and the multiplication rules for Pauli
matrices it is easy to see that for an element S of the stabilizer the following fact holds:
we have Y (i) or Z(i) at the qubit i in S iff the number of Y (k) and X(k) in the neighborhood
N (i) in S is odd. Thus, if a LHV model assigns −1 to Z(i), we can, by changing the signs
for Z(i) at the qubit i and for all X(k) and all Y (k) with k ∈ N (i), obtain a LHV model
with the same mean value of B and the desired property. �

Now we are in the position to present the main result of this section.

Observation 9.2.2 Let i be a vertex and let

I ⊆ N (i) (9.2.18)

be a subset of its neighborhood, such that none of the vertices in I are connected by an
edge. Then the following operator

B(i, I) := S
(GN )
i

∏
j∈I

(1 + S
(GN )
j ), (9.2.19)

defines a Bell inequality |〈B(i, I)〉| ≤ LMermin(|I|+1) with LMermin(m) given in Eq. (9.1.15),
and |G〉 maximally violates it with 〈B(i, I)〉 = 2|I|. The notation B(i, I) indicates that the
Bell operator for our inequality is constructed with the generators corresponding to vertex
i and to some of its neighbors given by set I. Note that S(GN )

i contains not only operators
of site (i), but also of other sites. However, stabilizing operator corresponding to different
sites commute with each other.

Proof. Consider a Bell inequality with the Bell operator Eq. (9.2.19) with vertex 2

and its two neighbors, vertices 1 and 3. The example is depicted in Fig. 9.2(a). The
three-vertex subgraph with bold edges now represents the Bell inequality B(2, {1, 3}). In
this case, i = 2, which is indicated by a square at vertex 2. On the other hand, I = {1, 3},
which is indicated by circles at vertices 1 and 3.
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Now constructing the Bell operator B involves S(GN )
2 and (1 + S

(GN )
1/3 ), defined as

S
(GN )
1 = X(1)Z(4)Z(7)Z(2),

S
(GN )
2 = X(2)Z(1)Z(3)Z(5)Z(8),

S
(GN )
3 = X(3)Z(6)Z(9)Z(2). (9.2.20)

Then by expanding the brackets in Eq. (9.2.19), one obtains

B(2, {1, 3}) = Z(1)(Z(5)Z(8)X(2))Z(3)

+(Z(4)Z(7)Y (1))(Z(5)Z(8)Y (2))Z(3)

+Z(1)(Z(5)Z(8)Y (2))(Z(6)Z(9)Y (3))

−(Z(4)Z(7)Y (1))(Z(5)Z(8)X(2))(Z(6)Z(9)Y (3)). (9.2.21)

Equation (9.2.21) corresponds to measuring two multi-spin observables at each of the
three parties, where a party is formed out of several qubits. In fact, in Eq. (9.2.21) one
can recognize the three-body Mermin inequality with multi-qubit observables. These ob-
servables are indicated by bracketing. The corresponding three qubit groups are indicated
by dashed lines in Fig. 9.2(a).

Let us now turn to the general case of an inequality involving a vertex and itsNneigh ≥ 2

neighbors given in {Ik}
Nneigh

k=1 . Then, similarly to the previous tripartite example, this
inequality is effectively a (|I| + 1)-body Mermin’s inequality. In order to see that, let us
define the reduced neighborhood of vertex k as

Ñ (k) := N (k)\(I ∪ {i}). (9.2.22)

Then we define the following 2(Nneigh + 1) multi-qubit observables

A(1) := Y (i)
∏

k∈Ñ (i)

Z(k), B(1) := X(i)
∏

k∈Ñ (i)

Z(k),

A(j+1) := Z(Ij), B(j+1) := Y (Ij)

( ∏
k∈Ñ (Ij)

Z(k)

)
, (9.2.23)

for j = 1, 2, ..., Nneigh and Ij denotes the j-th element of I. Then we can write down our
Bell operator given in Eq. (9.2.19) as the Bell operator of a Mermin inequality with A(i)
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and B(i)

B(i, I) =
∑
π

B(1)A(2)A(3)A(4)A(5) · · ·

−
∑
π

B(1)B(2)B(3)A(4)A(5) · · ·

+
∑
π

B(1)B(2)B(3)B(4)B(5) · ··, (9.2.24)

where
∑

π represents the sum of all possible permutations of the qubits that give distinct
terms. Hence the bound for local realism for Eq. (9.2.19) is the same as for the (|I| +
1)-partite Mermin inequality [63]. To be more specific, if one takes the Bell operator
presented in Ref. [63] and replaces A(k) and B(k) by X(k) and Y (k), respectively, then the
Bell operator Eq. (9.2.24) is obtained. For |GN〉 all the terms in the Mermin inequality
using the variables defined in Eq. (9.2.23) have an expectation value +1 thus 〈B(i, I)〉 =

2|I|. �

There is also an alternative way to understand why the extra Z(k) terms in the Bell
operator do not influence the maximum for LHV models. That is, the maximum is the
same as for the (|I|+1)-qubit Mermin inequality. For that we have to use Observation 9.2.1
described for computing the maximum for LHV models for an expression constructed as a
sum of stabilizer elements of a graph state. Observation 9.2.1 says that the Zk terms can
simply be set to +1 and for computing the maximum it is enough to vary the Xk and Yk
terms. Thus from the point of view of the maximum, the extra Zk terms can be neglected
and would not change the maximum for LHV models even if it were not possible to reduce
our inequality to a (|I|+ 1)-body Mermin inequality using the definitions Eq. (9.2.23).

Furthermore, it is worth noting that the above presented inequalities can be viewed as
conditional Mermin inequalities for qubits {i} ∪ I after Z(j) measurements on the neigh-
boring qubits are performed7. Indeed, after measuring Z(j) on these qubits, a state locally
equivalent to a GHZ state is obtained. Knowing the outcomes of the Z(j) measurements,
one can determine which state it is exactly and can write down a Mermin-type inequality
with two single-qubit measurements per site which is maximally violated by this state.
Indeed, this Mermin-type inequality can be obtained from the Bell inequality presented
in Observation 9.2.2, after substituting in it the ±1 measurement results for these Z(j)

measurements. Our scheme shows some relation to the Bell inequalities presented in Ref.
[145]. These were essentially two-qubit Bell inequalities conditioned on measurement
results on the remaining qubits.

7J. I. Cirac, private communication

dc_1593_18

Powered by TCPDF (www.tcpdf.org)



CHAPTER 9. BELL INEQUALITIES FOR GRAPH STATES 82

9.3 Composite Bell inequalities

Observation 9.2.2 can also be used to obtain families of Bell inequalities with a degree of
violation increasing exponentially with the number of qubits. In order to do this, let us
start from two Bell inequalities of the form

|E1| ≤ C1, |E2| ≤ C2, (9.3.25)

where E1/2 denote two expressions with classical variables Xk’s, Yk’s and Zk’s. Then it
follows immediately that

|E1E2| ≤ C1C2. (9.3.26)

Concerning Bell inequalities, one has to be careful at this point: Eq. (9.3.26) is not
necessarily a Bell inequality. It may happen that E1E2 have correlation terms which
contain two or more variables of the same qubit, e.,g., (X1Z2)(Z1X2) = X1Z1X2Z2. Such
a correlation term cannot appear in a Bell inequality. Because of that we need the
following theorem.

Observation 9.3.1 Let us consider two Bell inequalities of the form Eq. (9.3.25). If for
each qubit k at most only one of the inequalities contain variables corresponding to the
qubit, then Eq. (9.3.26) describes a composite Bell inequality. If both of the inequalities
contain variables corresponding to qubit k, then Eq. (9.3.26) still describes a Bell inequality
if the inequalities contain the same variable for qubit k.

Proof. If the conditions mentioned above are satisfied then none of the correlation
terms of the Bell inequality Eq. (9.3.26) contain more than two variables for a qubit.
They may contain quadratic terms such as X2

k , however, these can be replaced by 1. �

Based on these ideas, composite Bell inequalities can be created from several inequal-
ities. Let us see a concrete example. For an N -qubit cluster state we have the stabi-
lizing operators g(CN )

i := Z(i−1)X(i)Z(i+1) where i ∈ {1, 2, .., n} and for the boundaries
Z(0) = Z(n+1) = 1. Then we can define the following Bell inequality for vertex i

B(CN )
i := g

(CN )
i (1 + g

(CN )
i+1 )(1 + g

(CN )
i−1 )

= Z(i−1)X(i)Z(i+1) + Z(i−2)Y (i−1)Y (i)Z(i+1)

+ Z(i−1)Y (i)Y (i+1)Z(i+2) − Z(i−2)Y (i−1)X(i)Y (i+1)Z(i+2). (9.3.27)

The maximal violation of the Bell inequality is

V(B(CN )
i ) = 2. (9.3.28)
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Now we can combine these Bell inequalities, for different i as illustrated in Fig. 9.2(b).
Here B(CN )

2 and B(CN )
6 are represented by two bold subgraphs. If N is divisible by four

then we obtain a composite inequality characterized by the Bell operator

B(CN ) :=

N/4∏
i=1

B(CN )
4i−2 , (9.3.29)

and the maximal violation of the Bell inequality is

V(B(CN )) = 2N/4. (9.3.30)

Thus, the violation increases exponentially with N .

Figs. 9.2(c-d) show the graphical representation of other composite Bell inequalities,
where a similar argument can be applied to show that the violation increases exponentially
with the number of qubits.

9.4 Comparison with existing Bell inequalities

The systematic study of Bell inequalities for graph states was initiated in an important
paper by Scarani, Acín, Schenck, and Aspelmeyer [64]. In this paper, a Bell inequality
for a four-qubit cluster state was presented which has already been used for detecting
the violation of local realism experimentally [146]. The inequality of Ref. [64] is also a
Mermin’s inequality with composite observables

X1X3Z4 + Z1Y2Y3Z4 +X1Y3Y4 − Z1Y2X3Y4 ≤ 2. (9.4.31)

It is instructive to write down its Bell operator with the stabilizing operator of a cluster
state

B(C4) = S
(C4)
3 (S

(C4)
1 + S

(C4)
2 )(1 + S

(C4)
4 ). (9.4.32)

This is different from our ansatz in Eq. (9.2.19). The inequality obtained from our ansatz
Eq. (9.2.19) for i = 3 is

Z2X3Z4 + Z1Y2Y3Z4 + Z2Y3Y4 − Z1Y2X3Y4 ≤ 2. (9.4.33)

The following two four-qubit Bell inequalities are also built with stabilizing terms and
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have a factor of two violation of local realism:

X1X3Z4 − Y1X2Y3Z4 +X1Y3Y4 + Y1X2X3Y4 ≤ 2,

Z2X3Z4 − Y1X2Y3Z4 + Z2Y3Y4 + Y1X2X3Y4 ≤ 2. (9.4.34)

Further four inequalities can be obtained by exchanging qubits 1 and 4, and qubits 2

and 3, in the previous four Bell inequalities. These eight inequalities are all maximally
violated by the four-qubit cluster state |C4〉, however, not only by the cluster state.
The maximum of the Bell operator for these inequalities is doubly degenerate. Thus, as
discussed in Ref. [64] for the case of Eq. (9.4.31), they are maximally violated also by
some mixed states.

9.5 Connected experimental and theoretical work

Bell inequalities for graph states based on the decomposition of the projector have been
presented in Ref. [65]. Bell inequalities for graph states have been tested in trapped ions
in Ref. [147]. Bell inequalities were also tested for four-photon six-qubit graph states in
Ref. [148]. Bell inequalities are presented for hypergraph states in Ref. [149].
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