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Entanglement detection

We would like to distinguish entangled states from separable
states.

The problem is very difficult, there are no general methods.
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Separability and entanglement of pure states

if the pure state is a product state then it is separable. If it is not a
product state then it is entangled.

If the reduced state
ϱ1 = Tr2(|Ψ⟩⟨Ψ|)

is pure then the state is a product state, otherwise it is entangled.
In other words, if

Tr{[Tr2(|Ψ⟩⟨Ψ|)]
2} = 1

then the state is a product state.



Separability and entanglement for pure states I

A quantum state is called separable if it can be written as a
convex sum of product states as

ϱ =
∑

k

pkϱ
(1)
k ⊗ ϱ

(2)
k ,

where pk form a probability distribution (pk > 0,
∑

k pk = 1), and
ϱ
(n)
k are single-qudit density matrices. A state that is not separable

is called entangled.

R. F. Werner, 1989:



Separability and entanglement of mixed states II

.



Separability and entanglement of pure states III

Comments:

For pure states it is easy to decide whether a state is separable of
not. For mixed states, it is very hard.

Hand waving meaning of the definition above: with probability pk a
machine produced the product state ϱ(1)k ⊗ ϱ

(2)
k .

The two parties (i.e., 1 and 2) can be far from each other (i.e., on
the Moon and on Earth).

No real quantum dynamics is needed between the two parties to
create the separable state.
Local Operation and Classical Communiation (LOCC) cannot
create an entangled state from a separable one.



Separability and entanglement of pure states IV

Comments (continued)
Let us see the following two maximally entangled states

|Φ±⟩ =
1
√

2
(|00⟩ ± |11⟩).

An equal mixture of these states is

1
2
(|00⟩⟨00|+ |11⟩⟨11|) ,

which is separable.

Thus, if we mix two entangled states, we might end up with a
separable state.



Separability and entanglement of pure states V

Comments (continued)
Separable states can be correlated. For example, the state

1
2
(|00⟩⟨00|+ |11⟩⟨11|)

has nonzero correlations, however, it is separable.

This can be seen noting that

⟨σz ⊗ σz⟩ = +1.

We can also say that

⟨σz ⊗ σz⟩ − ⟨σz ⊗ 1⟩⟨1 ⊗ σz⟩ = +1.



Separability and entanglement of pure states V

Separable states

Entangled states

ρ
1

ρ
2

ρ'

The set of entangled states and the set of separable states. Again, the
set of all states is convex, similarly, as the set of separable states is
convex. ϱ′ = pϱ1 + (1 − p)ϱ2.
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Entanglement criteria

Deciding whether a state is entangled or not is a difficult problem.
There are no necessary and sufficient conditions for entanglement
in general.

However, there are conditions that are necessary and sufficient for
small systems.

There are also conditions that are sufficient conditions for
entanglement for larger systems, but does not detect all entangled
states.



Partial transposition

Partial transposition
(ϱT1)ij ,kl = ϱkj ,il .

Let us see how to do the partial transposition on a system of two
qutrits.

Strongly entangled

Strongly entangled

Entangled
Entangled

Entangled

Entangled

ϱ=

00 01 02 10 11 12 20 21 22

00
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Partial transposition II

Let us take a bipartite separable state

ϱsep =
∑

k

pkϱ
(1)
k ⊗ ϱ

(2)
k .

Let us carry out the so called partial transposition operation on the
second subsystem. Then we get

ϱT2
sep =

∑
k

pkϱ
(1)
k ⊗ (ϱ

(2)
k )T ≥ 0.

That is, if all ϱ(n)k ≥ 0, then the matrices obtained from them by
tensor product and transposition are also positive semidefinite.



Partial transposition III

However, in general, there are states for which

ϱT2 ⩾̸ 0.

Such states cannot be separable thus they are entangled.



Partial transposition IV

How to check whether a state is entangled with the
Peres-Horodecki criterion?

1 Take the density matrix.

2 Calculate the partial transpose.

3 Calculate its eigenvalues.

4 If there is a negative eigenvalue, the state is entangled. If not, then
we do not know.

The Peres-Horodecki criterion is necessary and sufficient for 2 × 2
(qubit-qubit) and 2 × 3 (qubit-qutrit) systems.

For larger systems, there are quantum states that are entangled,
but not detected by the Peres-Horodecki criterion.



Partial transposition V
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A quantum system consisting of two subsystems isseparableif its density matrix can be written
as r ­

P
A wAr

0
A ≠ r

00
A, where r

0
A and r

00
A are density matrices for the two subsystems, and the

positive weightswA satisfy
P

wA ­ 1. In this Letter, it is proved that a necessary condition for
separability is that a matrix, obtained by partial transposition ofr, has only non-negative eigenvalues.
Some examples show that this criterion is more sensitive than Bell’s inequality for detecting quantum
inseparability. [S0031-9007(96)00911-8]

PACS numbers: 03.65.Bz, 03.65.Ca

A striking quantum phenomenon is the inseparability of
composite quantum systems. Its most famous example is
the violation of Bell’s inequality, which may be detected
if two distant observers, who independentlymeasure
subsystems of a composite quantum system,report their
results to a common site where that information is
analyzed [1]. However, even if Bell’s inequality is
satisfied by a given composite quantum system, there
is no guarantee that its state can beprepared by two
distant observers who receiveinstructionsfrom a common
source. For this to be possible, the density matrixr has
to be separable into a sum of direct products,

r ­
X
A

wAr0
A ≠ r00

A, (1)

where the positive weightswA satisfy
P

wA ­ 1, and
where r

0
A and r

00
A are density matrices for the two

subsystems. A separable system always satisfies Bell’s
inequality, but the converse is not necessarily true [2–
5]. In this Letter, I shall derive a simple algebraic test,
which is a necessarycondition for the existence of the
decomposition (1). I shall then give some examples
showing that this criterion is more restrictive than Bell’s
inequality, or than thea-entropy inequality [6].

The derivation of this separability condition is best
done by writing the density matrix elements explicitly,
with all their indices [1]. For example, Eq. (1) becomes

rmm,nn ­
X
A

wAsr0
Admn sr00

Admn . (2)

Latin indices refer to the first subsystem, Greek indices
to the second one (the subsystems may have different
dimensions). Note that this equation can always be
satisfied if we replace the quantum density matrices by
classical Liouville functions (and the discrete indices are
replaced by canonical variablesp and q). The reason
is that the only constraint that a Liouville function has
to satisfy is being non-negative. On the other hand,
we want quantum density matrices to have non-negative
eigenvalues,rather than non-negative elements, and the
latter condition is more difficult to satisfy.

Let us now define a new matrix,

smm,nn ; rnm,mn . (3)

The Latin indices ofr have been transposed, but not the
Greek ones. This is not a unitary transformation but,
nevertheless, thes matrix is Hermitian. When Eq. (1)
is valid, we have

s ­
X
A

wAsr0
AdT ≠ r00

A. (4)

Since the transposed matricessr
0
AdT ; sr

0
Adp are non-

negative matrices with unit trace, they can also be
legitimate density matrices. It follows thatnone of

0031-9007y96y77(8)y1413(3)$10.00 © 1996 The American Physical Society 1413
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Entanglement witnesses

Definition. An entanglement witness W is an operator such that

Its expectation value is nonnegative on all separable states.

For some entangled state it is negative.



Entanglement witnesses II

Separable states

Entangled states

Quantum states detected 
by the witness

Entanglement witnesses. The are entanglement conditons that are
linear in operator expectation values.



Example 1
Example 1: Let is see the following entanglement witness

Wxz = 1 − σx ⊗ σx − σz ⊗ σz .

Why is this a witness? For product states of the form
|Ψ⟩ = |Ψ1⟩ ⊗ |Ψ2⟩, we have

⟨σx ⊗ σx ⟩+ ⟨σz ⊗ σz⟩ = ⟨σx ⟩Ψ1⟨σx ⟩Ψ2 + ⟨σz⟩Ψ1⟨σz⟩Ψ2 ≤ 1.

Here, we have to use the Cauchy-Schwarz inequality, that is

v⃗1 · v⃗2 ≤ |v⃗1||v⃗2|.

Using this we obtain(
⟨σx ⟩Ψ1

⟨σz⟩Ψ1

)
·

(
⟨σx ⟩Ψ2

⟨σz⟩Ψ2

)
≤

√
⟨σx ⟩

2
Ψ1

+ ⟨σz⟩
2
Ψ1

√
⟨σx ⟩

2
Ψ2

+ ⟨σz⟩
2
Ψ2
≤ 1,

since the length of Bloch vector is at most 1.



Example 1, II
Due to the convexity of the set of quantum states, this is also true
for separable states. That is

⟨W ⟩ϱsep = Tr(Wϱsep) = Tr(W
∑

k

pkϱ
(1)
k ⊗ ϱ

(2)
k )

=
∑

k

pk Tr(Wϱ(1)k ⊗ ϱ
(2)
k ) ≥ 0.

On the other hand, the maximum for quantum states is 2. Such a
maximum is obtained for the state (|00⟩+ |11⟩)/

√
2.

How to see this? We need

σx ⊗ σx |00⟩ = |11⟩,
σx ⊗ σx |11⟩ = |00⟩.

Then,

σx ⊗ σx
|00⟩+ |00⟩

2
=
|00⟩+ |11⟩

2
,

Hence
⟨σx ⊗ σx ⟩ = 1.



Example 1, III

We also need

σz ⊗ σz |00⟩ = |00⟩,
σz ⊗ σz |11⟩ = |11⟩.

Then,

σz ⊗ σz
|00⟩+ |11⟩

2
=
|00⟩+ |11⟩

2
.

Hence
⟨σz ⊗ σz⟩ = 1.

In summary,
⟨σx ⊗ σx ⟩+ ⟨σz ⊗ σz⟩ = 2.



Example 2

Example 2: Let us see the following entanglement witness

Wxyz = 1+ σx ⊗ σx + σx ⊗ σx + σz ⊗ σz . (1)

It can be proven to be a witness like before. Which state is it good
for? It is the singlet state

|Ψsinglet⟩ =
1
√

2
(|0⟩A|1⟩B − |1⟩A|0⟩B). (2)

For this state,
⟨σl ⊗ σl⟩ = −1 (3)

holds for l = x , y , z.



Example 3
Observation. We show that

Tr(ABT1) = Tr(AT1B).

Proof.–Remember that

(X T1)ij ,kl = Xkj ,il .

Based on that
(AB)ij ,kl =

∑
m,n

Aij ,mnBmn,kl ,

(ABT1)ij ,kl =
∑
m,n

Aij ,mnBkn,ml ,

Tr(ABT1) =
∑
i ,j

∑
m,n

Aij ,mn(BT1)mn,ij =
∑
i ,j

∑
m,n

Aij ,mnBin,mj ,

Tr(AT1B) =
∑
i ,j

∑
m,n

(AT1)ij ,mnBmn,ij . =
∑
i ,j

∑
m,n

Amj ,inBmn,ij .

We can see that Tr(ABT1) = Tr(AT1B), since if we exchange i and
m with each other then we get one formula from the other. □



Example 3, II
Example 3: Let us design an entanglement witness that detects
the state |Ψ⟩ as entangled. Such a witness can be defined as

W = |v⟩⟨v |T1,

where |v⟩ is the eigenvector of |Ψ⟩⟨Ψ|T1 with the smallest
eigenvalue (which is negative).

Proof . If |v⟩ is the eigenvector of |Ψ⟩⟨Ψ|T1 with the smallest
eigenvalue then we have

|Ψ⟩⟨Ψ|T1|v⟩ = λ|v⟩,

where λ < 0. Then, we have

Tr(W |Ψ⟩⟨Ψ|) = Tr(|v⟩⟨v ||Ψ⟩⟨Ψ|T1) = λ < 0.

Here we used that Tr(AT1B) = Tr(ABT1). Thus, the witness
detects the state |Ψ⟩ as entangled.



Example 3, III

Moreover, for every separable state we have

Tr(Wϱsep) = Tr(|v⟩⟨v |ϱT1
sep) > 0.

This can be seen knowing that ϱT1
sep ≥ 0. □



Variance based criteria
For a bipartite system, with parties A and B, we have for both
parties

(∆Xk )
2 + (∆Yk )

2 ≥ Lk

for k = A,B. For product states of the form |Ψ⟩ = |ΨA⟩ ⊗ |ΨB⟩,we
have

[∆(XA +XB)]
2 = ⟨(XA +XB)

2⟩ − ⟨XA +XB⟩
2 = (∆XA)

2
ΨA

+(∆XB)
2
ΨB
.

This is because for product states we have

⟨XAXB⟩ − ⟨XA⟩⟨XB⟩ = 0.

Hence, we have

[∆(XA + XB)]
2 + [∆(YA + YB)]

2 ≥ LA + LB .

This is also true for separable states due to the convexity of
separable states. What does this mean? The variance is concave,
by mixing it will be never smaller than the average.



Variance based criteria II

Example: we have

(∆x)2(∆p)2 ≥
1
4
.

Hence, using x2 + y2 ≥ 2xy

(∆x)2 + (∆p)2 ≥ 1.

Then, we get

[∆(xA − xB)]
2 + [∆(pA + pB)]

2 ≥ 2.

The "-" sign is needed, since otherwise the relation is true for
separable states, but no quantum state can violate it.



Variance based criteria III

The entangled state
∞∑

k=0

|k⟩|k⟩

gives zero for both of the variances on the left-hand side.

Thus, we can have
[∆(xA − xB)]

2 = 0

and
[∆(pA + pB)]

2 = 0.

This is possible since

[xA − xB , pA + pB] = 0.



Variance based criteria IV

Example: Equation with three variances

(∆jx ,k )2 + (∆jy ,k )2 + (∆jz,k )2 ≥ j

for k = A,B.
This is because

⟨(jx ,k )2 + (jy ,k )2 + (jz,k )2⟩ = j(j + 1),

⟨jx ,k ⟩2 + ⟨jy ,k ⟩2 + ⟨jz,k ⟩2 ≤ j2.

Using
[∆(jl ,A + jl ,B)]2 = (∆jl ,A)2

ΨA
+ (∆jl ,B)2

ΨB
,

we get for separable states

[∆(jx ,A + jx ,B)]2 + [∆(jy ,A + jy ,B)]2 + [∆(jz,A + jz,B)]2 ≥ 2j .

Any state violating this is entangled.



Variance based criteria V

For two qubits, this relation is

[∆(jx ,A + jx ,B)]2 + [∆(jy ,A + jy ,B)]2 + [∆(jz,A + jz,B)]2 ≥ 1.

The singlet is the two-qubit state violating this criterion maximally

|Ψsinglet⟩ =
1
√

2
(|0⟩A|1⟩B − |1⟩A|0⟩B).

For this state
[∆(jl ,A + jl ,B)]2 = 0

for j = x , y , z.

Thus, the state violates the criterion maximally.
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Fully separable states/biseparable state/genuine
multiparticle entanglement

An N-qudit quantum state is called fully separable if it can be
written as a convex sum of product states as

ϱ =
∑

k

pkϱ
(1)
k ⊗ ϱ

(2)
k ⊗ ... ⊗ ϱ

(3)
k .

genuine multipartite entanglement.

An N-qudit pure quantum state is called biseparable if it can be
written as the tensor product of two states as

|Ψ1⟩ ⊗ |Ψ2⟩,

where |Ψk ⟩ are multiqubit states. A mixed state is called
biseparable if it is the mixture of biseparable pure states.

If a state is not biseparable then it is genuine multipartite
entangled.



Fully separable states

Example: fully separable state

|000⟩.

Biseparable state
1
√

2
|0⟩(|00⟩+ |11⟩).

Genuine multipartite entangled state

1
√

2
(|000⟩+ |111⟩).

Example: entanglement criterion for multipartite states

(∆Jx)
2 + (∆Jy )

2 + (∆Jz)
2 ≥ Nj .



Fully separable states

Genuine multipartite
 entangled states

Separable states

Biseparable states

The set of entangled states and the set of separable states. Again, the
set of all states is convex, similarly, as the set of separable states is

convex.
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