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Abstract. We study gradient magnetometry for various quantum states. Based on the quantum Fisher information, we calculate precision bounds for estimating the gradient of the
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Representation of an atomic clound in a magnetic field with a gradient term
different from zero, similar to the Stern-Gerlach apparatus.

» The Interaction Hamiltonian be-
tween the magnetic field and a
single particle is

» For 1D atomic systems, the mag-
netic field can be represented by
a linear equation as

B(z,0,0) = By +xB; + O(z?). p) = 4B g (V)

where v = gusg .
» For N point-like particles, we
assume that the state is a » Colectivelly, the unitary evolution

product of the internal and operator can be written as

spatial parts, U — ¢ i(boHo+biHy)

Z j(m =
me) ()

0= o™ @ o where

Q(X) :/P<w) |:1:>(ar;|dw,

(x|x)

where x = ((131,5132,. .. ,ZIJN).

In this work, we find bounds for b1, even when the state is sensitive to the
homogeneous fields. In the last case a simultaneous measurement is needed
to saturate the bound.

Cramer-Rao bounds

When computing the CR bounds one must take into account that the
homogeneous field may affect the state.

The quantum Fisher information for two arbitrary operators is

F [Q,AB —22 pk :_pk/) Akk’Bk’
kK Pk T Pk

For separable states the CR cannot surpass the shot-noise scaling, ~-N. The
ultimate limit is called Heisenberg scaling, ~N%.

Bound for states insensitive to the homogeneous fields

For states insensitive to the homogeneous fields, we can use the CR bound
for a single parameter,

(Ab1) " |max = Folo, H1, Hi] = Fqlo, Hi).

For point-like particles the matrix elements of the Hamiltonian are

A|Zf1j i)

(Hl)mkyy—(sa}_

Finally, we arrive at

(Abl 2|max Z / xnwm

The bound is invariant under translations of the system, represented by
Ug = exp(—idP,),

) da Fo[o®, 5, 5]

where P, is the collective operator of the linear momentum along x and d is
the displaced distance.

Bound for states sensitive to the homogeneous fields

For states sensitive to the homogeneous fields a second unkown parameter
has to be considered, b,. The CR bound becomes into a matrix inequality,

C>Fy

where Cz'j = <bzb]> — <bz><b3> and Fij = .FQ[Q, HMH]]

The bound for the precision of the gradient estimation is

Fo1F1o0

(Aby) 2 < Fiq — For

We have that for point-like particles, the matrix elements of the operator
related to the homogeneous field is
)(A ZJS”’)I

(HO)aszu—5 r—y

and hence,

dm; [9(5)7]§ )7.],7{’ )] ’

FII—Z/xnxm
Jo1 = Z/xn

Foo = Folo®™, J.].

) dxFo g(5>,g§ n) ,J2]

Finally, for point-like particles, the precision bound is

Abl —2 <Z/$nl’m

2
(S0l [ anP(@) daFole®, 5, J.])
FQ[Q(S)a JZ]

) dzFolo®, 5, 55

The bound is invariant under translations of the system.

Measurements compatibility

magnetic field. We consider a 1-dimensional lattice of atoms, two separated ensembles, a single atomic cloud and a Bose-Einstein condensate to model the spatial parts of the
systems. For quantum states sensitive to the homogeneous magnetic field, a simultaneous estimation of the gradient and the homogeneous field is needed in order saturate our
bounds. In all the cases we present in this work, we domonstrate that the precision bounds are saturable, and in some cases they can even reach the Heisenberg scaling.

Spin-chain and double well

The symmetric logarithmic derivative for an arbitrary operator is A spin-chain under the Initial state
Dy — Dy magnetic field. Initially all ‘ ‘ $ $ ‘ ‘
L{e,A) =2 Z Ny Al ANV the spins point to the same / i
s b direction.  After  the ° Final state

The condition for a simultaneous measurement which allows to optimally

estimate the gradient parameter is
[L(0, Ho), L(0, H1)| = 0.
For point-like particles we have that

L(e, Ho) = 1 @ L(o"), J.)

N
L(o, Hy) = Z/dwxn\waI ® Lo, ™).
n=1

Finally, for permutationally invariant spin states

Lo, Hy) = 4 ® L(o", J.),

st UL SRS S

P : oy

For the spin-chain, we have the following probability distribution function,
and hence the variance which characterizes the spatial state,

N?—1
H5 —na) and o3 = a? .
12

Hence for the totally polarized state, |i,) = |j >§’N, the achievable precision is

(Ab1) ™| = 205N

Similarly, for the double well, we have

and for two different permutationally invariant ensembles and product spin N/2 N
states, = H d(z, + a) H §(xy, —a) and o3, =a’.
L(o, Hy) =aVe1®Ve L(|jp) O, T 11 +109 0 i®e 11 o L(|h) ®,7®), n= n=N/2+1

in which, in both cases, the condition for a simutalneous measurement holds.

A Some interesting properties of the Fo[p, A, B] are:
Z FQ o, A’w B; ]

- Linear Falo, D Ais 2 Byl
6,

-A<->B FQ:Q,A,B] ZFQ[Q,B,A]

. Pure st. Follth), A, Bl = 4 ((AB)y — (A)y(B)y)

-Convex  Fqlpo1+(1—p)e2, A] < pFoler, Al+(1

We introduce important quantities, the average position of all particles, the
variance, and the correlation among the position of the particles.

The optimal state which maximizes the variance of H; is
B g YR g )Y ) (R)
NG :

with which we obtain the best achievable precision for a given size, 0%,

(Aby) 2| max = 403, N?52.

gy = 4

General bound for internal product states in the double-well

Interestingly for product states, 1) (") @ [1/)®) the achievable precision is

“relen A Foll$)1)®, Hi] = 22 Fol|g)®), 1]

Hence, we can write the precision bounds for the gradient as a function of the
precision the state has when estimating the homogeneous field.
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We are interested in the scaling of S 1 Zn b States Fole™, J27] (Ab1) ™ |max
the {acl)unds Zs a function of the JHEM @ |5)8M 2Ny j 24%Nj
particle number. 5
1 Z Tse Uy 4NLj? 4a° Nj*
o2 — / Zn—l np(x)de — MQ p) @ |Wsep) LJ a V]
Introducing more patrticles into the N GHZ) ® |GHZ) N? a2 N? /2
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precision, merely because its size ) — / nZm nTm P(z)dx — 12 Dn Yo @ DN, ) NL(NL +2)/2 a“N(N +4)/4
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The PDF of a single ensemble of particles is permuta-

tionally invariant
z) = 37 ) i[P(2)

k
The correlation, n, is bounded by

Bounds for different internal states

Any singlet state is in the subspace of all eigenstates of
J, and J,* with eigenvalue equal to zero,

‘Qsmglet ZPD“) 0 D><O 0 D|
D=1

The precision bound is then

4 +1)
T

This bound can be saturated measuring the 2™
moment of /,,

(Ab1) o = (0" = )N

singlet | max

10, (J2)I°

(AJZ)?
which is analytically proven to coincide with the bound
for the short time limit.

(Aby) ™% =

For the totally polarizedstate along the y direction, a
state sensitive to the homogeneous field, we have

(Ab1)i |max = 202N

Bose-Einstein condensates

(x

In a BEC all the particles share the same spatial state, QB%C = (WY w|)®N, >

Since the bound is invariant under th translations of the system, we only have

Note that N, = N/2.

Rigth: A cloud of atoms in a gradient mag-
netic field pointing towards the z direction.
Left: Different collective spin polarization
(red) and uncertainties (green): singlet,
Dicke,, totally polarized, Dicke, and GHZ.

For states insensitive to the homogeneous fields, the bound can only scale with N as

(Abl)_2|max— ‘7 > ZF Q(S)Jz

For states sensitive to the homogeneous fields, the shot-noise limit can be surpassed

(Ab1) "2 max = (02 — 7 ZFQ 09,55 + nFole®, J.].

n=1

The best posible bound for a separablestate is com-
puted considering that the bound is translationally
invariant. Hence, we only have to compute the F;,

which is maximized by the pure state

QN
|¢Sep> (I J)\—/l-§|+]>) _

Finally, the bound for separable states is

For both Dicke states the precision bounds are

(Ab1)52|max = ((72 - 77)N'

N(N +2)

(Abl)gymax — (02 —n)N +n 5

To conclude, we present the GHZ state

100+ -+ 00) + 11+ 11)
(Abl)sep|max _ 40_2NJ ‘GHZ> = \/i .

For estimating the homogeneous field this state
reaches the Heisenberg limit, (Ab,)? - N? and hence,
the bound for the gradient estimation is

(Ab1) gy lmax = (0 — )N + nN?.

which scales with N? whenever n is constant.

The unpolarized Dicke state, which are symmetric
eigenstates of the J, operator are written as

—1/2
D= ( 7o) PO @ ).

We are interested in [ = x, which is sensitive to the

homogeneous fields, and [ = z, which is not. All the bound in this section are saturable, as it was

shown in "Measurements compatibility".

Conclusions

We obtained general formulas to compute the precision bounds for
gradient magnetometry for spin-chains, double-wells, atomic single
clouds and BECs.

to compute F;; even if the state is sensitive to the homogeneous fields,

Fi1 = 4o’ tr [Zn(jgn))QQ(s)] :

The state that maximizes the QFl is the totally polarized state along the z >
direction, |¥)opt.3ec = |5)®", from which we obtain the bound

(Ab1) ™ ?|max = 40°Nj* .

Note that the totally polarized state is insensitive to the homogeneous fields, >
so the bound can be saturated and no state can surpass it.

> These bounds are based on the internal state of the system.

Among the bounds we presented for an atomic clound, there is the
bound for the best separable state.

We proved that all bounds in this work are saturable, in particular if the
internal spin state is permutationally invariant.
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