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• Isolated (no phonon/heat bath)      Coherent quantum dynamics 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Beyond “traditional” quantum many-body physics:
time

Synthetic matter

• Ultracold atoms 

• Rydberg atom arrays

• Trapped ions

• Superconducting qubits

• …



Thermalization of isolated systems?
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Nonequilibrium states/phases of matter

Rapid thermalization|Ψ0⟩

|Ψ′ 0⟩ |Ψ′ ′ 
0⟩

e−βH

Z

Many-body localization


Quantum glasses
Prethermalization


Metastability


Disorder-free localization


Quantum many-body scars


…

Quantum many-body chaos

|Ψ0⟩

|Ψ′ 0⟩ |Ψ′ ′ 
0⟩

Suppressed/Slow thermalization
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Experimental discovery of quantum many-body scars
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Surprising long-lived revivals

Bernien et al. - Nature (2017)



Theory of quantum many-body scars

Q1: Is there a class of systems with robust scars?

anomalous 
eigenstates−20 −10 0 10 20

E

0

2

4

6

S

0
1 2 3 4 5 6 7

−20 −10 0 10 20
E

0

−3

−6

−9

lo
g 1

0
|〈Z

2
|ψ

〉|2

0

1
2

3
4 5 6 7

20
40
60
80
100
120
140

5
10
15
20
25
30
35
40

(a)

(b)

En
ta

ng
le

m
en

t e
nt

ro
py

thermal 
eigenstates

cf quantum scars in billiards
Heller - PRL (1984)Energy

Construction of local  with exact scarsH Shiraishi & Mori - PRL (2017) 
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• Two-level systems (“spins-1/2”/“qubits”)


• Interactions mediated by spatially delocalized degrees of freedom

Long-range interactions in synthetic matter

Dipolar atoms α = 3 or 6

Atoms in cavity

Nuclear spins

Diamond NV-centers

Polar molecules α = 3

Spinor condensates α = 0

α ≈ 0

α = 3

α = 3

…

Trapped ions

Boulder (J. Bollinger)

system are the valence electron spin states in the Beþ ion
ground state which, in the 4.46 T magnetic field, are split
by 124 GHz [16,17,36,37]. The interplay of the Coulomb
repulsion and the electromagnetic confining potentials
supports a set of normal vibrational modes of the crystal
[38], which we couple to the spin d.o.f. via a spin-
dependent optical dipole force (ODF), generated by the
interference of a pair of lasers with beat note frequency ωR
[36]. The frequency ωR is detuned from the center-of-mass
(c.m.) mode frequency, ωc:m:, by δ≡ ωR − ωc:m: (Fig. 1).
The detuning is chosen to predominantly excite the c.m.
mode which uniformly couples all the ions in the crystal
[16]. In the presence of an additional transverse field,

generated by resonant microwaves, we implement the
Dicke Hamiltonian [39–41]

ĤDicke=ℏ ¼ −
g0ffiffiffiffi
N

p ðâþ â†ÞŜz þ BðtÞŜx − δâ†â: ð1Þ

in the frame rotating with ωR. The operator âðâ†Þ is the
bosonic annihilation (creation) operator for the c.m. mode,
BðtÞ is the time-varying strength of the applied transverse
field, and g0 represents the homogeneous coupling between
each ion and the c.m. mode. Here, δ < 0. We have
introduced the collective spin operators Ŝα ¼ ð1=2Þ

P
jσ̂

α
j

where σ̂αj is the corresponding Pauli matrix for α ¼ x, y, z
which acts on the jth ion.
The Dicke Hamiltonian exhibits a quantum phase

transition at Bc ¼ g20=jδj in the thermodynamic limit,
i.e., N → ∞, [42–44], separating the normal (B > Bc)
and superradiant (B < Bc) phases. The Hamiltonian
remains unchanged under the simultaneous transformations
Ŝx → Ŝx, Ŝz → −Ŝz, Ŝy → −Ŝy, and â → −â. These are
generated by the parity operator Π̂ ¼ eiπ½â

†âþŜxþðN=2Þ&.
In the strong-field regime of the normal phase, B ≫ Bc,

the spins and phonons decouple into a product state. When
jBj > jδj the corresponding ground state, jψNor

0;N=2i, and low
lying excitations, jψNor

n¼1;2;…i, are jψNor
n;N=2i¼ jni⊗ j−N=2ix.

We use jni to denote Fock states and jMiα¼fx;y;zg to denote
the fully symmetric (S ¼ N=2) eigenstates which satisfy
ŜαjMiα ¼ MjMiα with −N=2 ≤ M ≤ N=2.
In the weak-field limit, B ≪ Bc, of the superradiant

phase, the spin and phonon d.o.f. are entangled and the
ground state becomes degenerate in the thermodynamic
limit. For a finite system, it approaches jψS

0;N=2i¼
ð1=

ffiffiffi
2

p
Þðjα0;0i⊗ jN=2iz' j−α0;0i⊗ j−N=2izÞ as B→0,

where we have introduced the displaced Fock states
jα; ni≡ D̂ðαÞjni with D̂ðαÞ ¼ eαâ

†−α(â the associated dis-
placement operator [45]. Here, the sign of the superposition
is dictated by the parity symmetry: for even N, the
ground state will be the symmetric superposition with
heiπ½â†âþŜxþðN=2Þ&i ¼ 1, while for odd N, the ground state is
the antisymmetric superposition with heiπ½â†âþŜxþðN=2Þ&i ¼
−1. In this weak-field regime, the spins exhibit ferromag-
netic order, characterized by the nonzero value of the
order parameter jŜzj, while the phonon mode acquires a
macroscopic expectation value equal to jα0j2, where
α0 ¼ g0

ffiffiffiffi
N

p
=ð2δÞ. The low-lying excitations correspond

to displaced Fock states, jψS
n>0;N=2i, if δ2 < g20 and to spin-

flips along ẑ, jψS
0;M<N=2i, if δ2 > g20.

Slow quench dynamics.—At the start of the experimental
sequence (see Fig. 1), we prepare the initial spin state
j−N=2ix with the aid of a resonant microwave pulse.
Doppler-limited cooling of the phonon d.o.f. leads to an
initial transverse phonon thermal state with mean

(a)

(b)

FIG. 1. Implementation and dynamical protocol. (a) The Dicke
model is engineered with a Penning trap ion crystal of N ∼ 70
ions by applying an optical dipole force, resonant only with the
center of mass mode (which generates spin-phonon interactions)
and resonant microwaves (which generate the transverse field).
The system is initially prepared in the normal phase where all the
spins point along the transverse field and are decoupled from the
phonons. (b) As the transverse field is slowly turned off [using
linear or exponential ramp (shown here) profiles with ramp time
τramp] the infinite system enters the superradiant phase after
crossing the quantum critical point at BðtcritÞ ¼ Bc where the gap
closes. The superradiant phase with macroscopic phonon pop-
ulation, ferromagnetically aligned spins and large spin-phonon
entanglement is described by the order parameter hðâþ â†ÞŜzi,
which is tracked closely by the rescaled spin observable
jα0jhjŜzji. (c) In the perfectly adiabatic regime, the ground state
evolves from a separable spin-paramagnetic and vacuum photon
Fock state into a macroscopic spin-phonon cat state: a super-
position of two opposite spin aligned and displaced-coherent
phonon states (with the sign of the superposition dictated by a
parity symmetry, see Supplemental Material [35]).
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Maryland (C. Monroe) 
Innsbruck (R. Blatt) 

Paul trap

Penning trap

0 < α < 3

0.02 < α < 0.2

Jij ∼
J

|i − j|αVariable-range quantum Ising chain H = −
L

∑
i<j

Jijσx
i σx

j − h
L

∑
i

σz
i

1 L



ℏeff ∼ ℏ/L

Mean-field dynamics α = 0

H = − J ∑
i,j

σx
i σx

j − g∑
i

σz
i

Semiclassical picture of collective spin squeezing

⃗S(t) ∝ L

(Sx)2
Sz

Single-body dynamics      Solvable⟹

 Thermalization impossible (spin size conserved)⟹



Thermalization with finite-range interactions  ?α ≠ 0

N = 30, 40, 50
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increase (small error) breaks down at !! 1. For smaller
systems, boundary effects and finite-size effects become
significant, and the linear regime breaks down at larger !.
Note that the change in behavior for large systems at !! 1
can, in a sense, be understood since this marks the point at
which, in the thermodynamic limit, the sum in the interac-
tion term in the Hamiltonian begins to diverge with in-
creasing system size.

We can also identify the regime of linear growth of SvN
by looking at the mutual information between distant spins.
In the upper panel of Fig. 3(d), we plot the time evolution
of the mutual information I1;8, between sites 1 and 8, for
1 " ! " 2 in a system of 20 spins and for B ¼ !J. As a
clear signature of the regime of linear growth of the half-
chain entropy, we find that the mutual information remains
nearly zero for a certain time until it suddenly peaks at a
time corresponding to the arrival of an ‘‘entangling’’ qua-
siparticle pair originally produced on a site between the
two spins. For nearest-neighbor interactions, this arrival
time is consistent with the analytically calculated
Lieb-Robinson velocity (cf. Appendix B), and we find
that the same mechanism still holds for rather long-ranged
interactions of !! 2. In contrast, for the regime of loga-
rithmic growth of SvN, we find a markedly different be-
havior [lower panel of Fig. 3(d)], which is discussed in the
next section.

We emphasize that the fact that the entanglement growth
mechanism is directly reflected in the time dependence of
the mutual information between two distant spins is very
important for experimental observations. Instead of having
to reconstruct 2ðM=2Þ & 2ðM=2Þ density-matrix elements of a
large block via quantum-state tomography, the growth

behavior of the half-chain entropy can be directly verified
by measuring only 4& 4 density matrices for a system of
two composite spins. In Sec. IVB, we will show how the
measurement further simplifies for the particular quench
we consider here.

B. Entanglement dynamics for long-range interactions

In this section, we study the entanglement growth for
very long-range interactions with ! " 1. In this regime,
the picture of entangling quasiparticles that move freely
within a light cone breaks down, and instead distant parts
of the system can become almost instantaneously en-
tangled based on direct interactions. We observe that for
!! 0:8, 0.9, 1, the half-chain entropy can still increase
steadily as a function of time for our quench, but that the
increase becomes logarithmic instead of linear. When fur-
ther increasing the range of interactions for ! & 0:2, we
find a regime where SvN oscillates rapidly around small
values. We understand this behavior via an effective model
in a basis of Dicke states [48] for infinite-range interactions
! ¼ 0.

1. Logarithmic entropy growth

When increasing the range of interactions, eventually
the linear growth of SvN breaks down, and the growth
becomes logarithmic, as shown in Fig. 3(b). For very
long-range interactions, the time scale of the dynamics is
dominated by the interaction-energy term in the
Hamiltonian. Thus, to make a valid comparison, it is
favorable to measure the time in inverse units of the matrix
norm instead of !J. For Hamiltonian (1), we can calculate

(a) (b) (c)

FIG. 3. Entanglement growth after a quantum quench in the transverse Ising model in which algebraically decaying interactions are
introduced suddenly. (a) Time evolution of the half-chain entropy after the quench for B ¼ 1 and varying decay exponents ! ¼ 1:5, 2,
2.5, 3, and 1 (from bottom to top). Solid lines are ED results for M ¼ 20 spins; dashed lines are MPS/MPO results for 50 spins
(converged with MPS bond dimension D ¼ 192). For ! ' 2, the growth is clearly linear and independent of the system size. (b) Time
evolution of 2SvN . Each of the three bundles of lines contains the results for M ¼ 30, 40, and 50 spins and ! ¼ 0:8, 0.9, and 1 (MPS/
MPO simulation, converged with D ¼ 192). On top of the oscillations, the growth is logarithmic (straight line on the exponential
scale). Time is given in units of the inverse Hamiltonian norm, "" (cf. Sec. III B 1). (c) Finite-size scaling of the crossover from linear
SvN growth to a logarithmic one visualized by the error of a linear fit, #fit, in the interval 1< t !J < 3 as a function of ! and M (B ¼ 1,
ED and MPS/MPO simulations, D ¼ 192). For large systems, the crossover occurs around !! 1. (d) Time evolution of the mutual
information between spins 1 and 8, I1;8 (M ¼ 20, B ¼ !J, ED). The upper panel shows results for 2 ' ! ' 1, the lower panel for
1 ' ! ' 0:2. The signature of linear growth of the half-chain entropy is the arrival of a quasiparticle peak after a certain time, whereas
for ! & 1, distant spins become entangled instantaneously.

SCHACHENMAYER et al. PHYS. REV. X 3, 031015 (2013)

031015-6
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well described by the propagation of quasiparticles at a rate
equal to or slower than the Lieb-Robinson bound [42–44].
This leads to a linear increase in bipartite entanglement in
time, so that the dynamics cannot be efficiently computed
in existing classical simulations beyond short times
[16,17]. Interestingly, in this limit, we find that the maxi-
mum growth rate of bipartite entanglement, even in small
systems, occurs when we quench the interaction strength to
the value corresponding to the quantum-phase-transition
point, shifting accordingly for varying !.

For interactions with ! & 1, we observe qualitatively
different behavior. Counterintuitively, quenches above the
critical point for these long-range interactions lead only to
a logarithmic increase of bipartite entanglement in time, so
that in this regime, long-range interactions produce a
slower growth of entanglement than short-range interac-
tions. This can be understood by the fact that the dynamics
is constrained to take place in a small part of the total
available Hilbert space. In particular, in the case of infinite-
range interactions, the system is described by the Lipkin-
Meshkov-Glick (LMG) Hamiltonian [45,46], where the
eigenspace of the model is spanned by relatively few
Dicke states. We show that, in this case, the bipartite
entanglement is bounded by a constant value, which grows
logarithmically with the size of the system. For a large
system size, this can be thought of as a mean-field limit,
where the dynamics is simple to capture with a small
number of basis states.

Finally, we discuss specific experimental parameters for
the realization of different regimes in ion traps with finite
chain lengths, and experimental measurement protocols for
these effects, creating possibilities for the regimes consid-
ered here to be observed in the laboratory. We show that the

crossover from linear to logarithmic entanglement growth
can be observed also for inhomogeneously decaying inter-
actions. Furthermore, we take typical experimental noise
sources into account and show that the observable features
are robust against these. The result that long-range inter-
actions do not always give rise to strong entanglement in
quench dynamics has implications for the realization of
large-scale entanglement in quantum simulations in gen-
eral systems with long-range interactions.
This paper is organized as follows. In Sec. II, we in-

troduce the setup and the model, as well as the entangle-
ment measures we compute. In Sec. III, we show how the
entanglement growth depends on the model parameters
and how the entanglement distribution mechanisms can
be understood. In Sec. IV, we show entanglement growth
for typical experimental parameters with inhomogeneously
decaying interactions and how the entanglement behavior
can be measured in noisy experiments. Finally, in Sec. V,
we provide a conclusion and an outlook.

II. MODEL FOR A QUENCH WITH LONG-RANGE
INTERACTIONS

In this paper, we study the nonequilibrium dynamics of
spatial entanglement in systems with long-range interac-
tions, especially as they are realizable with variable range
in ion traps. In this section, we introduce the long-range
transverse Ising model governing the time evolution, and
the measures of entanglement we compute.

A. Transverse Ising model

We consider the transverse Ising model with long-range
interactions, described by the Hamiltonian

Ĥ ¼
X

i<j

Ji;j"̂
x
i "̂

x
j þ B

X

i

"̂z
i : (1)

Here, the "̂!
i denote the local Pauli matrices (! ¼ x, z), Ji;j

is a general interaction matrix with potentially long-range
interactions, and B is the transverse field. This Hamiltonian
can be realized experimentally, e.g., with a string of
trapped ions that are harmonically confined in a linear
trap, as depicted in Fig. 1. Using two stable (or metastable)
electronic states of these ions as local spin representations
at site i, j "ii and j #ii, it has been shown [23] that one can
use collective couplings of these local states to motional
degrees of freedom of the whole chain to produce the
effective spin model (1) [an example of Ji;j for the ion-
trap experiment, ‘‘case B’’ of Sec. IV, is shown in
Figs. 1(b) and 1(c)]. Note that, throughout this paper, we
will deal with open boundary conditions, which are typical
in ion-chain experiments.
We define the local eigenstates of "̂z

i as j0ii # j #ii and
j1ii # j "ii, with eigenvalues $1 and 1, respectively. We
consider a quench experiment [see Fig. 1(a)], where the
system starts in the fully polarized state jc 0i ¼

QM
i j0ii,

(b)

FIG. 1. (a) Illustration of the quench experiment. We consider
a linear chain of ions (effective spin model) with long-range
interactions. Initially, all spins are fully polarized along the axis
of the magnetic field B. After a time evolution, spatial entangle-
ment entropy (SvN) builds up between blocks of the system.
(b) A typical calculated experimental interaction matrix for 20
ions (see text for further details and parameters). (c) The decay
of the interactions with a tunable decay exponent !. Here, the
grey dots show the mean interactions from diagram (b).
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3.1 Comparison with spin waves for standard quenches
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Theory of entanglement entropy growth for 0 ≤ α ≤ d
AL & Pappalardi - PRR (2020)

   Slow (logarithmic) growth for 

          in absence of semiclassical chaos
⟹ 0 < t ≪ Nβ

2020:

   Fast (linear) growth for 

          in presence of semiclassical chaos
⟹ 0 < t ≪ log N

…

Q2: Do long-range systems ultimately thermalize?



This talk:

Long-range interacting quantum spin systems  

 

Robust quantum many-body scars

↕

➡ No thermalization for strongly polarized initial states


➡ Robust non-equilibrium states with useful entanglement properties



I. Numerical analysis of spectrum 

II. Analytical theory of eigenstate localization 

III. Verification of new theory predictions 

IV. Summary and conclusions



Numerics:   Level statistics
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rn =
min(ΔEn+1, ΔEn)
max(ΔEn+1, ΔEn)

Level spacing ratio

Std metric of quantum chaos

Level repulsion (quantum chaos) for infinitesimal α > 0
cf. Russomanno et al. - PRB 2022



Thermalization metrics

Large-spin scars   vs   chaotic spectrum
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i) Collective spin size

   depletion

δS = L /2 − S

ii) Half-chain 

    entanglement

    entropy

iii) Overlap with

    spin-coherent

    state

SL/2 = Tr(ρL/2 log ρL/2)

:  Dicke manifoldδS = 0



Scaling with system size?

Stability of scars for  ?0 < α ≲ 1

Larger  :α

New numerical method



I. Numerical analysis of spectrum 

II. Analytical theory of eigenstate localization 

III. Verification of new theory predictions 

IV. Summary and conclusions



Theory:    spectrumα = 0

Large-  semiclassical spectrum:L

EδS,N ∼ L ℰ(n) + ω(n) δN + ω̄(n) δS + 𝒪( 1
L )ω(n) δN ω̄(n) δS

δS

EδS,N0

1

L /2

…

…

EδS,δN

δS

⋮

⋮

⋮

⋮

⋮

⋮

⋮⋮⋮

ω

ω̄

N = nL /2 + δN

δS

local regular lattice

H = − J ∑
i,j

σx
i σx

j − g∑
i

σz
i

(Sx)2
Sz

δS = L/2 − S

N = 0,1,…,2S

Quantum numbers:



Magnon labelling of unperturbed states

| ⇑ ⟩

| ⇓ ⟩

S

Sz
S−

k≠0

S−
k≠0

S−
k≠0

 eigenstates labelled by “inert” magnonsα = 0

 spectrum:α = 0

Sz → N

|{k1, …, kδS
} ; N⟩

  towers

labelled by magnon occupation
⟹ SU(2)

|{k1, …, kδS
} ; Sz⟩

S−
k=0

S−
k=0

S−
k=0

⋮

S−
k=0

S−
k=0

⋮
S−

k=0

⋮⋮ ⋮



Intuition for eigenstate localization

⇝

…

…… …

// …… …// ……
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 :Hα≠0

off-resonant creation/destruction of magnons

⇝

…// …… …// ……
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eigenstate localization in subspace

,   δS ≪ L /2 |δN | ≪ L

small  :α

→



Collective spin and spin-waves

Hα = − J
L

∑
i<j

σx
i σx

j

| i − j |α − h
L

∑
i

σz
i

Vα = − J∑
k≠0

fk(α)(S̃+
k S̃−

−k + S̃−
k S̃+

−k + S̃+
k S̃+

−k + S̃−
k S̃−

−k)
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-dependent couplings:α

Fourier space: Hα = Hα=0+

Hα=0 = − J(Sx)2 − gSz

 partk = 0  partk ≠ 0

Vα



Effective rotor-magnon Hamiltonian

Ĥα,eff = Lℰ + ω ̂δN + ω̄∑
k≠0

b̃†
kb̃k

+∑
k≠0

fk(α)[J(φ̂)(b̃†
kb̃k + b̃−kb̃†

−k) + K(φ̂) b̃−kb̃k + K*(φ̂) b̃†
kb̃

†
−k]δS

EδS,N0

1

L /2

…

…
   effective quantum impurity model⟹



Analytical diagonalization of the rotor-magnon Heff

ei ̂S Ĥα,eff e−i ̂S = Lℰ(α) + ω Δ̂N + ∑
k≠0

ω̄k(α)β̃†
k β̃k

  exactly solvable away from resonances ( )Ĥα,eff ω ≠ pω̄

     Continuity in  !⟹ α

̂S = ∑
k≠0

[Fk(φ̂)(b̃†
kb̃k + b̃−kb̃†

−k) + Gk(φ̂) b̃−kb̃k + G*k (φ̂) b̃†
kb̃

†
−k]entangling ansatz



Self-consistency of eigenstate localization

⟨ ̂δS⟩ ∼ ⟨ ̂δ2
N⟩ ∼ ∑

k≠0

| fk(α) |2 ∼

finite for 0 < α < 1/2 ,
log L for α = 1/2 ,
L2α−1 for 1/2 < α < 1 .

c(α) ⋅ L for α > 1

Calculation:

Eigenstate self-consistency    ,             δS ≪ L/2 |δN | ≪ L ⟺ 0 < α < 1

//
…

∼ L
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Prediction: Instability of scars from mean-field chaos
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Quantum many-body kicked top:

 : semiclassical integrability-chaos crossoverα = 0 Haake, …
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Summary and conclusions (1)

General conditions for robust scars:


• Classical integrability of mean-field Hamiltonian

• Slowly decaying interactions 0 < α < d

 :  
Semiclassical spectrum

α = 0  :  
Rotor-magnon 

α ≠ 0
Heff

 :  
Self-consistent eigenstate localization

0 < α < d
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Summary and conclusions (2)
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<latexit sha1_base64="SzehGKRc1Ab+hUDDafBp3C9dSeA=">AAACKXicbVC7TsNAEDzzJrwClDQnIiSgiGzEq0QgJEqQCCDlpfWxhFPOZ+tuDYqctPwMtPAfdEDLH/AFnEMKXlONZnY1uxMmSlry/VdvaHhkdGx8YrIwNT0zO1ecXzizcWoEVkSsYnMRgkUlNVZIksKLxCBEocLzsH2Q++c3aKyM9Sl1EqxH0NLySgogJzWLvFtToFsK+WFTN7JVf63XPWys10xf7DY2msWSX/b74H9JMCAlNsBxs/hRu4xFGqEmocDaauAnVM/AkBQKe4VaajEB0YYWVh3VEKGtZ/1PenwltUAxT9BwqXhfxO8bGUTWdqLQTUZA1/a3l4v/edWUrnbrmdRJSqhFHkTSPZ0HWWGkqwj5pTRIBPnlyKXmAgwQoZEchHBi6jr7EXgLtuOu6RVcScHvSv6Ss41ysF3eOtks7e0P6ppgS2yZrbKA7bA9dsSOWYUJdsce2CN78u69Z+/Fe/saHfIGO4vsB7z3T5y0pwo=</latexit>

|hE(0)
n |E⇤i|2

<latexit sha1_base64="SzehGKRc1Ab+hUDDafBp3C9dSeA=">AAACKXicbVC7TsNAEDzzJrwClDQnIiSgiGzEq0QgJEqQCCDlpfWxhFPOZ+tuDYqctPwMtPAfdEDLH/AFnEMKXlONZnY1uxMmSlry/VdvaHhkdGx8YrIwNT0zO1ecXzizcWoEVkSsYnMRgkUlNVZIksKLxCBEocLzsH2Q++c3aKyM9Sl1EqxH0NLySgogJzWLvFtToFsK+WFTN7JVf63XPWys10xf7DY2msWSX/b74H9JMCAlNsBxs/hRu4xFGqEmocDaauAnVM/AkBQKe4VaajEB0YYWVh3VEKGtZ/1PenwltUAxT9BwqXhfxO8bGUTWdqLQTUZA1/a3l4v/edWUrnbrmdRJSqhFHkTSPZ0HWWGkqwj5pTRIBPnlyKXmAgwQoZEchHBi6jr7EXgLtuOu6RVcScHvSv6Ss41ysF3eOtks7e0P6ppgS2yZrbKA7bA9dsSOWYUJdsce2CN78u69Z+/Fe/saHfIGO4vsB7z3T5y0pwo=</latexit>

|hE(0)
n |E⇤i|2

<latexit sha1_base64="ZO2qkKR7N+fB6l0A+vYi5ZJ+AyI=">AAACEXicbVBLTgJBFOzBH+IPdemmIzFxRWaMvwULohuXmMgnAiFvmgd06OmZdL/REMIpdKv3cGfcegKv4QkckIWAtapUvZeqlB8pacl1v5zU0vLK6lp6PbOxubW9k93dq9gwNgLLIlShqflgUUmNZZKksBYZhMBXWPX712O/+oDGylDf0SDCZgBdLTtSACXSvVtogIp6UGi3sjk3707AF4k3JTk2RamV/W60QxEHqEkosLbuuRE1h2BICoWjTCO2GIHoQxfrCdUQoG0OJ41H/Ci2QCGP0HCp+ETEvx9DCKwdBH5yGQD17Lw3Fv/z6jF1LptDqaOYUItxEEmFkyArjEymQN6WBolg3By51FyAASI0koMQiRgn28wEPoIdJG1GmWQkb36SRVI5yXvn+bPb01zxajpXmh2wQ3bMPHbBiuyGlViZCabZM3thr86T8+a8Ox+/pyln+rPPZuB8/gAMqJ3t</latexit>

0 < ↵ < d
<latexit sha1_base64="ZO2qkKR7N+fB6l0A+vYi5ZJ+AyI=">AAACEXicbVBLTgJBFOzBH+IPdemmIzFxRWaMvwULohuXmMgnAiFvmgd06OmZdL/REMIpdKv3cGfcegKv4QkckIWAtapUvZeqlB8pacl1v5zU0vLK6lp6PbOxubW9k93dq9gwNgLLIlShqflgUUmNZZKksBYZhMBXWPX712O/+oDGylDf0SDCZgBdLTtSACXSvVtogIp6UGi3sjk3707AF4k3JTk2RamV/W60QxEHqEkosLbuuRE1h2BICoWjTCO2GIHoQxfrCdUQoG0OJ41H/Ci2QCGP0HCp+ETEvx9DCKwdBH5yGQD17Lw3Fv/z6jF1LptDqaOYUItxEEmFkyArjEymQN6WBolg3By51FyAASI0koMQiRgn28wEPoIdJG1GmWQkb36SRVI5yXvn+bPb01zxajpXmh2wQ3bMPHbBiuyGlViZCabZM3thr86T8+a8Ox+/pyln+rPPZuB8/gAMqJ3t</latexit>

0 < ↵ < d
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Robust Dicke-like states with       Useful metrological applications?α ≠ 0 →


