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Overview

multipartite entanglement:
classification / qualification / quantification

partial separability / criteria / entropic measures
one-parameter partial separability / criteria / depths
metrological criteria (bound)

DoF(ρ) ≤

D(ρ) (prod.)

≤ ≤

FQ(ρ, J
z)/n ≤ DoF

avg(ρ) ≤ Davg(ρ) (avg.)

“Alternatives of entanglement depth
and metrological entanglement criteria”

Szalay, Tóth, arXiv:2408.15350 [quant-ph] (2024), under review in Quantum

2 / 11

https://arxiv.org/abs/2408.15350


Overview

multipartite entanglement:
classification / qualification / quantification
partial separability / criteria / entropic measures

one-parameter partial separability / criteria / depths
metrological criteria (bound)

DoF(ρ) ≤

D(ρ) (prod.)

≤ ≤

FQ(ρ, J
z)/n ≤ DoF

avg(ρ) ≤ Davg(ρ) (avg.)

“Alternatives of entanglement depth
and metrological entanglement criteria”

Szalay, Tóth, arXiv:2408.15350 [quant-ph] (2024), under review in Quantum

2 / 11

https://arxiv.org/abs/2408.15350


Overview

multipartite entanglement:
classification / qualification / quantification
partial separability / criteria / entropic measures
one-parameter partial separability / criteria / depths

metrological criteria (bound)

DoF(ρ) ≤

D(ρ) (prod.)

≤ ≤

FQ(ρ, J
z)/n ≤ DoF

avg(ρ) ≤ Davg(ρ) (avg.)

“Alternatives of entanglement depth
and metrological entanglement criteria”

Szalay, Tóth, arXiv:2408.15350 [quant-ph] (2024), under review in Quantum

2 / 11

https://arxiv.org/abs/2408.15350


Overview

multipartite entanglement:
classification / qualification / quantification
partial separability / criteria / entropic measures
one-parameter partial separability / criteria / depths

metrological criteria (bound)

DoF(ρ) ≤

D(ρ) (prod.)

≤ ≤

FQ(ρ, J
z)/n ≤ DoF

avg(ρ) ≤ Davg(ρ) (avg.)

“Alternatives of entanglement depth
and metrological entanglement criteria”

Szalay, Tóth, arXiv:2408.15350 [quant-ph] (2024), under review in Quantum

2 / 11

https://arxiv.org/abs/2408.15350


Overview

multipartite entanglement:
classification / qualification / quantification
partial separability / criteria / entropic measures
one-parameter partial separability / criteria / depths

metrological criteria (bound)

DoF(ρ) ≤

D(ρ) (prod.)

≤

≤

FQ(ρ, J
z)/n ≤ DoF

avg(ρ) ≤

Davg(ρ) (avg.)

“Alternatives of entanglement depth
and metrological entanglement criteria”

Szalay, Tóth, arXiv:2408.15350 [quant-ph] (2024), under review in Quantum

2 / 11

https://arxiv.org/abs/2408.15350


Overview

multipartite entanglement:
classification / qualification / quantification
partial separability / criteria / entropic measures
one-parameter partial separability / criteria / depths

metrological criteria (bound)

DoF(ρ) ≤ D(ρ) (prod.)

≤ ≤

FQ(ρ, J
z)/n ≤

DoF
avg(ρ) ≤ Davg(ρ) (avg.)

“Alternatives of entanglement depth
and metrological entanglement criteria”

Szalay, Tóth, arXiv:2408.15350 [quant-ph] (2024), under review in Quantum

2 / 11

https://arxiv.org/abs/2408.15350


Overview

multipartite entanglement:
classification / qualification / quantification
partial separability / criteria / entropic measures
one-parameter partial separability / criteria / depths
metrological criteria (bound)

DoF(ρ) ≤ D(ρ) (prod.)

≤ ≤

FQ(ρ, J
z)/n ≤ DoF

avg(ρ) ≤ Davg(ρ) (avg.)

“Alternatives of entanglement depth
and metrological entanglement criteria”

Szalay, Tóth, arXiv:2408.15350 [quant-ph] (2024), under review in Quantum

2 / 11

https://arxiv.org/abs/2408.15350


Overview

multipartite entanglement:
classification / qualification / quantification
partial separability / criteria / entropic measures
one-parameter partial separability / criteria / depths
metrological criteria (bound)

DoF(ρ) ≤ D(ρ) (prod.)

≤ ≤

FQ(ρ, J
z)/n ≤ DoF

avg(ρ) ≤ Davg(ρ) (avg.)

“Alternatives of entanglement depth
and metrological entanglement criteria”

Szalay, Tóth, arXiv:2408.15350 [quant-ph] (2024), under review in Quantum

2 / 11

https://arxiv.org/abs/2408.15350


Entanglement Depth of Formation

entanglement depth: D, discrete measure
D(ρ) = k if ρ is k-producible but not (k − 1)-producible

ρϵ := ϵ|ψGHZ⟩⟨ψGHZ|+ (1 − ϵ)|ψsep⟩⟨ψsep| with ⟨ψsep|ψGHZ⟩ = 0
problem: D(ρϵ) = n for all ϵ > 0
entanglement depth of formation: convex roof extension

DoF(ρ) = min
{(pj ,πj )}⊢ρ

∑
j

pjD(πj)

problem solved: DoF(ρϵ) ≤ ϵn + (1 − ϵ)1
for pure state D(π) is the size of the largest entangled subsys., and
for mixed state

D(ρ) = min
{(pj ,πj )}⊢ρ

max
j

D(πj)
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avg-Entanglement Depth of Formation

avg-entanglement depth: Davg, discrete measure
for pure state Davg(π) is the average size of entangled subsystems

w.r.t. picking elementary subsystems
Davg(ρ) = k if ρ can be mixed by pure states
where the average size of entangled subsystems is k but not smaller

ρϵ := ϵ|ψGHZ⟩⟨ψGHZ|+ (1 − ϵ)|ψsep⟩⟨ψsep| with ⟨ψsep|ψGHZ⟩ = 0
problem: Davg(ρϵ) = n for all ϵ > 0
avg-entanglement depth of formation: convex roof extension

DoF
avg(ρ) = min

{(pj ,πj )}⊢ρ

∑
j

pjDavg(πj)

problem solved: DoF
avg(ρϵ) ≤ ϵn + (1 − ϵ)1

note that
Davg(ρ) = min

{(pj ,πj )}⊢ρ
max

j
Davg(πj)
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Bounds among depths

average size of entangled subsys. ≤ maximal size of entangled subsys.

convex roof extension is monotone
convex roof extension is always smaller than the function

(lower semicontinuous)

DoF(ρ) ≤ D(ρ) (prod.)

≤ ≤

DoF
avg(ρ) ≤ Davg(ρ) (avg.)
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Convex metrological entanglement criteria

estimation of parameter θ in the dynamics U(θ) = e−iAθ

Cramér-Rao bound (∆θ)2 ≥ 1
NFQ(ρ,A) , on the precision

of parameter estimation by quantum Fisher information

bound on qFI for collective 1/2-spin-z observable

FQ(ρ, J
z)/n ≤ D(ρ)

but it is actually

FQ(ρ, J
z)/n ≤ Davg(ρ) ≤ D(ρ)

qantum Fisher information is the convex roof of the variance
convex bound by the convex roof of the original bound

FQ(ρ, J
z)/n ≤ DoF

avg(ρ) ≤ DoF(ρ)
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The meaning of the quantities

DoF(ρ) ≤ D(ρ) (prod.)

≤ ≤

FQ(ρ, J
z)/n ≤ DoF

avg(ρ) ≤ Davg(ρ) (avg.)

(prod-)entanglement depth
D(ρ) = min{(pj ,πj )}⊢ρmaxj D(πj)

(prod-)entanglement depth of formation
DoF(ρ) = min{(pj ,πj )}⊢ρ

∑
j pjD(πj)

avg-entanglement depth
Davg(ρ) = min{(pj ,πj )}⊢ρmaxj Davg(πj)

avg-entanglement depth of formation
DoF

avg(ρ) = min{(pj ,πj )}⊢ρ
∑

j pjDavg(πj)

average size of entangled subsystems (ASES)
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πj 7−→ D(πj)Davg(πj)

7−→

32.4
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Convex vs. original: FQ(ρ, J
z)/n ≤ DoF(ρ) ≤ D(ρ)

weaker bound FQ(ρ, J
z)/n ≤ D(ρ)

ρϵ := ϵπk + (1 − ϵ)ρ1 for ϵ > 0
with πk := |ψk⟩⟨ψk | ∈ Ck-prod and ρ1 ∈ C1-prod, Tr(πkρ1) = 0

ρϵ is not k ′-producible for k ′ < k , so D(ρϵ) = k

ρϵ is much less entangled as πk itself, a much lower FQ/n is expected
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Convex vs. original: FQ(ρ, J
z)/n ≤ DoF(ρ) ≤ D(ρ)

stronger bound FQ(ρ, J
z)/n ≤ DoF(ρ)

for all pure decompositions ρ =
∑

j pjπj , with qk =
∑

j :D(πj )=k pj

FQ(ρ, J
z)/n ≤ DoF(ρ) ≤

∑
j
pjD(πj)

=
n∑

k=1

qk
∑

j :D(πj )=k

pj
qk

D(πj) =
n∑

k=1

qkk

e.g., let n = 10, FQ(ρ, J
z) ≥ 30, FQ(ρ, J

z)/n ≥ 3
always exists k-producible πj for at least one k ≥ 3
if there are k-producible pure states πj for k < 3,
then this has to be compensated by k-producible πj -s for k > 3
at least 2q1 weight of 4-producible states are needed for this
3 ≤ 1q1 + 3q3 + 4q4 = q1 + 3(1 − q1 − q4) + 4q4 leads to 2q1 ≤ q4

or at least the same q1 weight of 5-producible states
3 ≤ 1q1 + 3q3 + 5q5 = q1 + 3(1 − q1 − q5) + 5q5 leads to q1 ≤ q5

9 / 11



Convex vs. original: FQ(ρ, J
z)/n ≤ DoF(ρ) ≤ D(ρ)

stronger bound FQ(ρ, J
z)/n ≤ DoF(ρ)

for all pure decompositions ρ =
∑

j pjπj , with qk =
∑

j :D(πj )=k pj

FQ(ρ, J
z)/n ≤ DoF(ρ) ≤

∑
j
pjD(πj)

=
n∑

k=1

qk
∑

j :D(πj )=k

pj
qk

D(πj) =
n∑

k=1

qkk

e.g., let n = 10, FQ(ρ, J
z) ≥ 30, FQ(ρ, J

z)/n ≥ 3
always exists k-producible πj for at least one k ≥ 3

if there are k-producible pure states πj for k < 3,
then this has to be compensated by k-producible πj -s for k > 3
at least 2q1 weight of 4-producible states are needed for this
3 ≤ 1q1 + 3q3 + 4q4 = q1 + 3(1 − q1 − q4) + 4q4 leads to 2q1 ≤ q4

or at least the same q1 weight of 5-producible states
3 ≤ 1q1 + 3q3 + 5q5 = q1 + 3(1 − q1 − q5) + 5q5 leads to q1 ≤ q5

9 / 11



Convex vs. original: FQ(ρ, J
z)/n ≤ DoF(ρ) ≤ D(ρ)

stronger bound FQ(ρ, J
z)/n ≤ DoF(ρ)

for all pure decompositions ρ =
∑

j pjπj , with qk =
∑

j :D(πj )=k pj

FQ(ρ, J
z)/n ≤ DoF(ρ) ≤

∑
j
pjD(πj)

=
n∑

k=1

qk
∑

j :D(πj )=k

pj
qk

D(πj) =
n∑

k=1

qkk

e.g., let n = 10, FQ(ρ, J
z) ≥ 30, FQ(ρ, J

z)/n ≥ 3
always exists k-producible πj for at least one k ≥ 3
if there are k-producible pure states πj for k < 3,
then this has to be compensated by k-producible πj -s for k > 3

at least 2q1 weight of 4-producible states are needed for this
3 ≤ 1q1 + 3q3 + 4q4 = q1 + 3(1 − q1 − q4) + 4q4 leads to 2q1 ≤ q4

or at least the same q1 weight of 5-producible states
3 ≤ 1q1 + 3q3 + 5q5 = q1 + 3(1 − q1 − q5) + 5q5 leads to q1 ≤ q5

9 / 11



Convex vs. original: FQ(ρ, J
z)/n ≤ DoF(ρ) ≤ D(ρ)

stronger bound FQ(ρ, J
z)/n ≤ DoF(ρ)

for all pure decompositions ρ =
∑

j pjπj , with qk =
∑

j :D(πj )=k pj

FQ(ρ, J
z)/n ≤ DoF(ρ) ≤

∑
j
pjD(πj)

=
n∑

k=1

qk
∑

j :D(πj )=k

pj
qk

D(πj) =
n∑

k=1

qkk

e.g., let n = 10, FQ(ρ, J
z) ≥ 30, FQ(ρ, J

z)/n ≥ 3
always exists k-producible πj for at least one k ≥ 3
if there are k-producible pure states πj for k < 3,
then this has to be compensated by k-producible πj -s for k > 3
at least 2q1 weight of 4-producible states are needed for this
3 ≤ 1q1 + 3q3 + 4q4 = q1 + 3(1 − q1 − q4) + 4q4 leads to 2q1 ≤ q4

or at least the same q1 weight of 5-producible states
3 ≤ 1q1 + 3q3 + 5q5 = q1 + 3(1 − q1 − q5) + 5q5 leads to q1 ≤ q5

9 / 11



Convex vs. original: FQ(ρ, J
z)/n ≤ DoF(ρ) ≤ D(ρ)

stronger bound FQ(ρ, J
z)/n ≤ DoF(ρ)

for all pure decompositions ρ =
∑

j pjπj , with qk =
∑

j :D(πj )=k pj

FQ(ρ, J
z)/n ≤ DoF(ρ) ≤

∑
j
pjD(πj)

=
n∑

k=1

qk
∑

j :D(πj )=k

pj
qk

D(πj) =
n∑

k=1

qkk

e.g., let n = 10, FQ(ρ, J
z) ≥ 30, FQ(ρ, J

z)/n ≥ 3
always exists k-producible πj for at least one k ≥ 3
if there are k-producible pure states πj for k < 3,
then this has to be compensated by k-producible πj -s for k > 3
at least 2q1 weight of 4-producible states are needed for this
3 ≤ 1q1 + 3q3 + 4q4 = q1 + 3(1 − q1 − q4) + 4q4 leads to 2q1 ≤ q4

or at least the same q1 weight of 5-producible states
3 ≤ 1q1 + 3q3 + 5q5 = q1 + 3(1 − q1 − q5) + 5q5 leads to q1 ≤ q5

9 / 11



Take home message

k-producibility, k-average: one-parameter partial separability properties

partitionability, producibility, stretchability,
squareability, toughness, size-Rényi/Tsallis, Dim, DoF. . .
properties naturally characterized by depth and depth of formation
metrological entanglement criteria

metrological precision (by quantum Fisher information)
vs. multipartite entanglement (by entanglement depths)

DoF(ρ) ≤ D(ρ) (prod.)

≤ ≤

1
nFQ(ρ, J

z) ≤ DoF
avg(ρ) ≤ Davg(ρ) (avg.)
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