Nontopological solitons in Abelian gauge theories
coupled to U(1) x U(1) symmetric scalar fields

Based on 2008.09844 [Phys. Rev. D102, 076017 (2020)] and 2011.01634 [Eur. Phys. J. C81, 243 (2021)]

Arpad Lukacs,
in collaboration with Péter Forgacs
UPV/EHU Leioa, Spain

Wigner RCP RMKI, Budapest, Hungary

oman ta zabal zazu

it Ghsner

Universidad  Euskal Herriko
del Pais Vasco  Unibertsitatea

ACHT 2021, 21-23 April 2021



Outline

@ Introduction
What's a Q-ball
Motivation

@ Q-balls in the Abelian gauge theory coupled to a U(1) x U(1)
symmetric scalar sector
The model considered
Analytical results

© Numerical solutions

O Varying w
Varying charges

@ Summary



Why Q-balls?

Theoretical motivation: solitons in 3d

| Derrick’s theorem]|

® consider scalar fields with “usual” action

e rescaling ¢, (x) = ¢(Ax): scaling of energy terms
OE/ON =0

® no finite-energy, purely scalar solitons in d > 2

Hobart 1963, Derrick 1964, Rosen 1966



Why Q-balls?

Theoretical motivation: solitons in 3d

| Derrick’s theorem]|

® consider scalar fields with “usual” action
e rescaling ¢, (x) = ¢(Ax): scaling of energy terms
OE/ON =0

® no finite-energy, purely scalar solitons in d > 2

Hobart 1963, Derrick 1964, Rosen 1966

® Infinite energy (cosmic strings)
® Higher spin (e.g., gauge) fields (monopoles)

Higher derivatives (Skyrmions)
Time-dependent fields (Q-balls)

Kibble 1976, 't Hooft 1974, Polyakov, 1974, Skyrme 1961, Rosen 1968, Coleman 1985



Why Q-balls?

Theoretical motivation: solitons in 3d

| Derrick’s theorem]|

® consider scalar fields with “usual” action
e rescaling ¢, (x) = ¢(Ax): scaling of energy terms
OE/ON =0

® no finite-energy, purely scalar solitons in d > 2

Hobart 1963, Derrick 1964, Rosen 1966

® Infinite energy (cosmic strings)
® Higher spin (e.g., gauge) fields (monopoles)

Higher derivatives (Skyrmions)
Time-dependent fields (Q-balls)

Kibble 1976, 't Hooft 1974, Polyakov, 1974, Skyrme 1961, Rosen 1968, Coleman 1985



What's a Q-ball?

e finite-energy
® |ocalised
® contains scalar field oscillating in time



What's a Q-ball?

e finite-energy
® |ocalised
® contains scalar field oscillating in time

Oscillating scalar — charge‘

Important consequence: stability

® particle number

N=Q/q



What's a Q-ball?

e finite-energy
® |ocalised
® contains scalar field oscillating in time

Oscillating scalar — charge‘

Important consequence: stability

® particle number

N=Q/q

® bound if
E < Epee, Etree = mN

Rosen 1968, Coleman 1985, Lee & Pang 1992
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Physics of Q-balls

® (Q-balls in SM extensions kusenko 1907
® QQ-balls as Dark Matter rieman, Gelmini, Gleiser & Kolb 1988; Kusenko & Shaposhnikov 1998

® Role in baryogenesis pedelson & Widrow 1990, Enavist & McDonald 1998

Previous work ‘

® Screening in the Abelian Higgs model Self-interaction?

® [nterior of screened Q-balls homogeneous

e Existence of Q-balls of arbitrary large
charge

Limiting cases?

Ishihara & Ogawa, 2018, 2019



The model

1
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® ¢ Higgs, complex scalar, (¢) # 0
® ) matter, complex scalar, (¢) =0
® A, gauge field
g = diag(+,—,—, =), Fuv = 04A, — 0,A,, Dyt = (0, — ie1A,) o,
D, = (0, —ieAu)Y
Potential: most general U(1) x U(1) with (¢) # 0, () = 0:

A A
V= Z(16F =)+ FIl + Aa16 — ) + m? o)

Forgacs & AL 2016

Rescaling:
n—1e—q =e/e Az = Pr212 = A212/€, p=m>/(€*n°)
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Ansatz

Looking for a solution:

® Start with an Ansatz
Assume spherical symmetry

® Solve numerically for radial profile functions
regular at origin, approach vacuum at infinity

® (Calculate integrated quantities
What goes into an Ansatz?

® Spherical symmetry

® Gauge choice 1) oc elvt

Ao=alr), ¢=Hh(r), ©=c“f(r)]




Screening

Conserved quantities

® Energy of a configuration
® Noether charges Qp, Qy

Calculated as integrals of densities



Screening

Conserved quantities

® Energy of a configuration
® Noether charges Qp, Qy

Calculated as integrals of densities

Perfect screening

® Gauge boson massive: Ay — 0 (r — 00)
— Gauss' theorem implies perfect screening

Qe +Qy=0

1

® Scale m,": on larger scales, local screening

Numerically: Ishihara & Ogawa 2018, 2019, Analytical: Forgacs & AL 2020, 2021
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Lower limit wpip:

® Radial equations have an action
— Ueﬁ‘

® |nterior solution: “true vacuum”
e Exterior solution: “false vacuum”

® At W = wWpin: difference in U vanishes



Domain of existence

Wmin < W < Wnax

Lower limit wpip:
® Radial equations have an action
— Ueﬁ‘
® |Interior solution: “true vacuum”
® Exterior solution: “false vacuum”

® At W = wWpin: difference in U vanishes

Upper limit
® Radial decay of ¥: w <

Ishihara & Ogawa, 2019



A solution

Numerical solution

030 — -1 B
025 " L/\"l("y) 3500
020 3000
015 2500
0104 2000
0.0 1500
0.00 1000
—005 500
~0.109_ )
0 20 i i 50 100 0 20 i 60 50 100

51 = 0.5, [‘312 =u= 1.4, [‘32 = 0.25, w = 1180

® 3, # 0 does not change much
® charge cancellation local

Method: collocation, error estimate: 2 x 107°
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Varying w

f1 =05 Bo=p=14 6=0
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w=1.174
Approaching win
Whole Q-ball core expands
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Approaching wmax
1) component “tail"” becomes long

Changing other parameters: Wiy OF Wmax



E & Q vs.

20000 4
\

15000 4

10000 4

5000 4

1178 1.179 1.180 1.181 1182 1.183

51 = 0.5, ﬁ12 = U= 1.4, and 52 =0.25

Energy and charge diverges at both limits
Very similar for 8, =0 and 3> # 0



E/Eiree

N=Qy/q,

Stability: E/Egyee

Evee = mN = /ziN
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Stability: E/Egyee

N:Q¢/q27 Efree:mN:\/ﬁN

—— B=025
e o
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B1=0.5,5=025and 0, o =p=1.4
Stable branch for large N, @ (other branch not energetically favourable)

Ishihara & Ogawa, 2019
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g1 # g, limiting cases

Small ¢;
® Positivity condition 3; < uq?/2
® g; = 0 cannot be reached

e distinct family of solutions (4 = o Lee & Yoon 1089)

Small g,
® a quite simple limit
® in the limiting case, « — 0

® reproduces known result (riedberg, Lee & Silin, 1970)

,8172 — 0
Cusp on E/Egee vs. N not observed



Summary

Q-balls: nontopological solitons with time-periodic scalars

Screened, gauged Q-balls extended to most general U(1) x U(1)
symmetric scalar potential

limiting cases g1 = 0, g2 = 0, f12 — 0
depending on parameters: 2 distinct families of Q-balls



Summary

® Q-balls: nontopological solitons with time-periodic scalars

® Screened, gauged Q-balls extended to most general U(1) x U(1)
symmetric scalar potential

® limiting cases g1 =+ 0, g2 — 0, 812 — 0
e depending on parameters: 2 distinct families of Q-balls
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Ansatz

Spherically symmetric solution

AOZOC(r)’ ¢:ﬂ(r)a w:ethﬁ(r)

«, fi 2 profile functions, solved for numerically

e radial equations from Action S

® boundary conditions at r = 0 from regularity
fio~ A200)+ 22+, a~a(0)+a®Pr 4.
® boundary conditions at r — oco: approach vacuum

> 1, =0, a—0



Energy and charges

Energy of spherical configuration
4m 2 Lo\ 2 2.2 _N2g2
E= 77 d” (fi )"'(7(2) ( )* +qiaf + (o —w)fy +V
0

where
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Energy and charges

Energy of spherical configuration
4m 2 Lo\ 2 2.2 _N2g2
E= 77 d” (fi )"'(7(2) ( )* +qiaf + (o —w)fy +V
0

where

B1 52

V=(/ -1+

Charges: Qp.y = f47rr drpg,

fz + (P — D + ufy

po=2a10f,  py=20(qa — W)
Both conserved. Perfect charge screening (Gauss’ thm):
Qs+ Qy=0

— test of numerical solution

Forgacs & AL 2020



Effective action
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Uet = — Bu(ff — 1)/2 = oty 2 — Pra( 7 — 1)fF — pff
+ G’ + (o — w)?fF




Effective action

Ser=h—5h, h= 47T/drr2Keff, K= 47T/drr2Ueﬁ

kinetic term:
Ket = () + () — (o')?/2,

effective potential

Uet = — Bu(ff — 1)/2 = oty 2 — Pra( 7 — 1)fF — pff
+ G’ + (o — w)?fF

Virial argument (r — Ar): h = 3k,

E 2
JE— _w& + 7/1
g e



Effective action

Ser=h—5h, h= 47T/drr2Keff, K= 47T/drr2Ueﬁ

kinetic term:
Ket = () + () — (o')?/2,

effective potential

Uet = — Bu(ff — 1)/2 = oty 2 — Pra( 7 — 1)fF — pff
+ G’ + (o — w)?fF

Virial argument (r — Ar): h = 3k,

E 2
- = _w& + 7/1
g e
Asymmetry in ¢,1: gauge choice (Qy = —Qy)

Forgacs & AL 2020
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Domain of existence

For other parameters fixed:

Wmin < W < Wmax

Wmin -
® |nterior of solution: “true”’ vacuum of U.g
e Exterior of solution: “false” vacuum of Ueg (true vac.)

® at W = wWmin Uesr(“'true vac’) = Usg(“false” vac)

wmax
® asymptotic solution f; ~ exp(—+/p — w?r)/r
2
Whmax = M

+ positivity conditions, 51 < 512/2 (g1 = g2)

Ishihara & Ogawa, 2019



Radial equations

Ansatz, §Sex = 0:

1

S(PR) = f[—aio® + Bi(F = 1) + o]
1
rj(f2'3')/ = [~(qa —w)* + Bafy + p+ Pra(£ — 1)]

1
S(2a) =2 [Gaf? + a0 — )]



Radial equations

Ansatz, 6S.¢ = O:

1

S(PR) = f[—aio® + Bi(F = 1) + o]
1
rj(f2'3')/ = [~(qa —w)* + Bafy + p+ Pra(£ — 1)]
1

S(Pa) =2[qaf? + g:(g0 — w)F]

Boundary conditions

® f12(0) =«(0)=0

® fi(c0) =1, K(0) =a(oco) =0
Numerical solution:

e large interval 0... L

® collocation, COLNEW package (ascher 1087)



Screening in the Abelian Higgs model

Abelian Higgs model (A,¢) & external chargepext
Global screening: consequence of Gauss’ theorem:

/ Bx(MAA® — pex — pg) = — / d3xV2A° = / d*x9,A° = 0

Perturbation theory: ¢ = 1+ x/V/2,

Agl) = eAgl) + ezAéQ) +.o, x=ex® ..
(V2 = m2)x ¥ = 0 (V2 - m2)AY) = o
with o o
¢® =o, 75" = pext »

§(2) = eQVAE})A(l)“ , 0'(()2) = —2e2vX(1)A(()1) ,



Order-by-order cancellation:

Solution using Green's functions:

1
A = [ Gl — ). Gal) = o espl(-malx).

W) = [ X6 =D, Gl (- mo) .

=——e¢
47 |x|

Consequently,
ng) = —/d3xmiA(k) = —mf\/d3xd3X’GA(X,- - x,{)o(()k)(xl-’) = —Qék)

Including Qﬁ\l) —_oW

ext



Point charge:

Point charge

Pext = q53 (r)

— 10x(r) /2! 0.0
0.030 {\ —_— rA(r)
\\
0.025 ‘\ 02
\
\\
sy
\ =
0.015 \ 3
\ —0.6
o8
0.005
0.000 1.0 ¥
0.0 0.5 10 1.5 2.0 25 3.0 3.5 0 1 2 3 4 5 6 7
e=1,1=20 g=04
Wy L —mar
AO ( )_ )
4r
2
e‘v _ . ms —2mau
XO(r) = — 5 S [ (Eif(m, — 2ma)r] — log 17 =274l
2(4m)2mgr mg +2mpa

—e™ Ei[—(ms +2ma)r]| .



Point charges

Numerical and leading order agrees within line width

Perturbative solution to calculate interaction between point charges
Two length scales: 1/ma (screening) and 1/m; (scalar perturbations)

Type Il: mg > ma: due to gauge field

q192 _
Vin(r) = 7417”26 mr

Type I: mg < mp: due to scalar field

e*v?q2q3 2mp — mge™ ™"
4(47)3msma " 2ma+mg r

Vi(r) =

For type I: like charges attract!
Analogy: superconductivity; method: Speight, 1997

Forgacs & AL, 2020



	Introduction
	What's a Q-ball
	Motivation

	Q-balls in the Abelian gauge theory coupled to a U(1)xU(1) symmetric scalar sector
	The model considered
	Analytical results

	Numerical solutions
	Varying 
	Varying charges

	Summary
	Backup slides
	Ansatz
	Energy and charges
	Radial solutions
	Screening in the AH model


