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e Approximation of the relative entropy (Kullback—Leibler divergence):

lim Da (pllg) = D(pllq) : Ze;p
xT

e Nice mathematical properties: positivity, monotonicity under
stochastic maps, etc.

e Operational significance: Quantifies the trade-off between the relevant
quantities in many coding problems.
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Trade-off relations

e Most coding problems are characterized by two competing quantities,
an error and a rate.

error rate
channel coding decoding error coding rate
state compression decompression error | compression rate
binary hypothesis testing type | error type Il error rate

e First-order coding theorems: optimal rate with vanishing error.

Strong converse property:
For rates above the optimal, the error goes to 1.

e Direct exponent: The optimal exponential decay of the error
probability when the rate is below the optimal.

Strong converse exponent: The optimal exponential decay of the
success probability when the rate is above the optimal.



Classical trade-off relations

e X,: relevant Rényi quantity of the problem

Xa
channel coding Rényi capacity
state compression Rényi entropy
binary hypothesis testing | Rényi divergence
e Direct rate:
-1
d(r) = sup a [r — Xa]
O<a<l &
e Strong converse rate:
—1
sc(r) = sup a [r— Xa]
l<a &

e Operational interpretation of X.
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e New version:!
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e Are either of these the right quantum generalizations?

Miiller-Lennert, Dupuis, Szehr, Fehr, Tomamichel, arXiv:1306.3142 (JMP);
Wilde, Winter, Yang, arXiv:1306.1586 (CMP)
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_a «
e Do(pllo) == 5 log Trp®o' = or —LilogTr (p%alTp%> ?
Are either of these the right quantum generalizations?

Yes, both.

e For a€(0,1): old Rényi divergences.
For o> 1: new Rényi divergences.

Direct and strong converse rates in quantum hypothesis testing and
other problems.

e Other versions may also be of interest.
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e Both D&Old) and D&new) are monotone increasing in «
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o Araki-Lieb-Thirring inequality:
DY (pllo) = DY (pllo), € [0,4od]
Equality iff &« = 1 or the states commute.

e Audenaert’s converse ALT:

DEY) (p| o) > aDPY (p| o) — |a — 1] log dim H
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Mathematical properties

e Monotonicity: ® CPTP

DY (2(p) | ®(0)) < DYV (p]| o), ae[0,2]
DIV (2(p) || @(0)) < DY (pllo),  a€[1/2,+00]
e Sufficiency for DY, « € (0,2):

DEY (3(p) || () = DE (o] 0)
I V@) =p,  U(@(0) =0

Petz recovery map

. D%r/l;w) and D) don't satisfy sufficiency

(because they can be achieved by measurements)

How about o € (1/2,400)?
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Quantum hypothesis testing

e Two candidates for the true state of a system: Hy:p vs. Hi:o

e Many identical copies are available: Hy: p®* vs. Hy:o®"

Decision is based on a binary POVM (T,I —T) on H®".

error probabilities: v, (T') := Tr p®"(I,, — T) (first kind)
Bn(T) := Tro®"T (second kind)

trade-off: @, (T') + Bn(T) > 0 unless p, L oy,

1

Quantum Stein's lemma:
an(Tp) =0 = Bu(Ty) ~ e "P1lo) s the optimal decay

Operational interpretation of the relative entropy.

“Hiai, Petz, 1991, Ogawa, Nagaoka, 2001.
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Quantifying the trade-off

e Stein's lemma:  a,(T,) = 0 = B,(Ty) ~ e—nD1(pllo)

e Direct domain: Quantum Hoeffding bound?

Bn(Tn) ~e " = an(Tn) ~ eanT7 r < Dl(pHU)

Converse domain:  Quantum Han-Kobayashi bound?

Bn(Tn) ~ e = an(Th) ~1- e M, r > Di(p|o)

¢ Hoeffding divergence/anti-divergence:

—1
H, = sup 7= DFY (o)
O<a<l &
-1
Hy = sup “——= [r = DP) (p] )|
l<a «

'Hayashi 2006; Nagaoka 2006; Audenaert, Nussbaum, Szkota, Verstraete 2007
2Ogawa, Nagaoka 2000; Hayashi 2006; Mosonyi, Ogawa, 2013
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Moral

The right quantum extension is Dg’ld) for « < 1 and Dglew) for a > 1.

Do) = d P52 Pll0). o€ [0.1),
* DY (pllo), o€ (1,+od].

Monotonicity holds for every o € [0, +00].

Trade-off relations for other coding theorems?



Correlated states

Hypothesis testing for correlated states

Gibbs states on a spin chain,

temperature states of non-interacting fermions/bosons on a lattice
(gauge-invariant Gaussian states)

The trade-off relations are quantified by the regularized Rényi divergences!

DY (pllo) = lim ~DP (pullow)

n—+oo n

{old, for the direct domain, 0 < a < 1,
X =

new, for the converse domain, 1 < a.

IHiai, Fannes, Mosonyi, Ogawa 2008; Mosonyi, Ogawa 2014



Mutual information and conditional entropy

o Ho: p%% VS. Hi: 75" ®S(HE)

Relevant Rényi quantities:

DS (pagllta) = aeig(fm D (pagllta ® o)

Direct rate:!

d(r)= inf H.(paBllTa®0c)= sup a

_D(Old)
oeS(H) O<a<l « [T “ (pABHTA)}

e Strong converse rate:!

a—1

s(r) = sup H(paplra®0) = sup [ = D& (paplira)]

ceS(H) O<a<l

e 74 = p4: mutual information; 74 = I4/d4: conditional entropy.

'Hayashi, Tomamichel, 2014



Channel discrimination

e null-hypothesis: A7; alternative hypothesis: N3
CPTP maps from system A to system B.

e Non-adaptive strategy: Feed in 1, an, measure the outcome.

Product strategy: g, an = a4

e channel divergences:

D) (N1 N2) == sup D) (N19ppalNatipa)

YRA

Hoeffding divergence H,(N:|N2) and anti-divergence H;¥(N7||N2)
defined as before

e Only product strategies allowed: The trade-off relations are quantified
by the channel divergences.



Channel discrimination

e null-hypothesis: Ni; alternative hypothesis: N3

e adaptive discrimination strategy is allowed

e classical channels:  (Hayashi 2009)
trade-off relations are given by H,.(N7||A2) and H} (N7 [|AN3)

No advantage from adaptive strategies.

o Nj(.) = Tr(.)o replacer channel:  (Cooney, Mosonyi, Wilde 2014)
strong converse exponent is given by H; (N7 ||N2)

No advantage from adaptive strategies.

e both channels are replacers:  Ni(.) = Tr(.)p, Na(.) =Tr(.)o

state discrimination



Classical-quantum channels

Channel:  W: X — S(H)

memoryless extensions: classical-quantum channel

W (z1,...,2n) == W(z1) ®...0 W(xy), z; € X

Code: €M = (c{™,c{™)
¢ {1, M,y — X encoding
M {1,..., M.} = B(H®") .  decoding POVM

e average error probability:

M,
1 n
®n o(n) — ®n(r(n) _ (n)
pe (WEn.0) = 5 > T CI ) -G )

classical capacity:

._ —— : &n_o(n)
C(W).max{%glirgnlogMn.pe(W ,C )—>O}



Classical-quantum channels

e Channel: W: X — S(H) Wz |2) (] @ W,

Zp )|x) (x| @ W(x) classical-quantum state
TEX

e a-Holevo quantities:

WIWep) = inf DO (W(p)lp© o)

lima—1 X (W, p) = X(W.p) := S (W(p)) = Xyea p(2)S(W ()

e Theorem:1

cC(W) = Sup x(W, p)

Holevo, 1996; Schumacher-Westmoreland, 1997



Classical-quantum channels

e Channel: W: X — S(H) W: e |2) (] oW,

Zp )|x) (x| @ W(x) classical-quantum state
T€EX

e «a-Holevo quantities:

@ (W,p) := inf D&(W
X" (W, p) 061?(%) (W(p)llp@ o)

hma—>1 X( )(W p) (W p) =9 (W(p)) - ZzGX p(a:)S(W(x))
1

e Theorem:

a—1

sc(r) = sup

r — sup X((lnew) (W,p)
l<a « p

e Direct rate is unknown even classically.

Mosonyi, Ogawa 2014



Classical-quantum channels

e Yet another quantum Rényi divergence:

alog p+(1—a) log o

D (pllo) = log Tre

a—1

e Theorem:1

[0
Ditollo) = sup {Dirlle) — 2 Dlrlo)}.
TES,(H) =

"Hiai, Petz, 1993; Mosonyi, Ogawa, 2014



Classical-quantum channels

e Yet another quantum Rényi divergence:

Dz(PHU) — alog p+(1—a) log o

1
7 log Tre

e Theorem:1

Ditollo) = sup {Dirlle) — 2 Dlrlo)}.

TES,(H)

e Not monotone.

Dy (pllo) < DX (pllo) < DYV (pllo)

"Hiai, Petz, 1993; Mosonyi, Ogawa, 2014



Summary

d(r) se(r)
binary state discrimination DYoo) D& (p)|o)
binary state discrimination D(()éO Ypaslra) | DL (pap|ra)
bipartite, composite H;
binary channel discrimination ? D& (N1]IN2)
adaptive, H; replacer
binary channel discrimination ? ?
adaptive
classical-quantum channel coding ? sup,, X (new)(W p)

Other problems? Quantum capacity, entanglement-assisted capacity, etc.?

Conditional Rényi mutual information?



